
 

 

 

 
 

 
 
 

 
Résonance sol des hélicoptères : modélisation dynamique,  

analyse paramétrique de la robustesse et validation expérimentale 
 

Ce travail s’intéresse à la compréhension du phénomène de résonance sol des hélicoptères à pales 
articulées et sur l’influence du vieillissement de certains éléments mécaniques sur ce phénomène. 
Un modèle dynamique simplifié d’un hélicoptère, composé de six degrés de liberté, non amorti, est 
considéré. Trois méthodes sont utilisées pour le traitement des équations dynamiques à coefficients 
périodiques : la Méthode de Floquet (FM), la Méthode des Echelles Multiples (MMS), ainsi qu’une 
procédure d’analyse de robustesse (μ-analyse). Elles mettent en évidence toutes les zones 
critiques et vérifient l’existence d’instabilités paramétriques. 

L’analyse de stabilité des rotors isotropes et anisotropes est réalisée. Les diagrammes de stabilité 

(obtenus avec FM) montrent la complexité de l’évolution de ces zones, ainsi que l’apparition de 
points de bifurcation à faible vitesse de rotation. L’étude de la réponse temporelle de l’hélicoptère 
est approfondie au travers d’un développement analytique grâce à la MMS. L’obtention des 
expressions analytique rend cette méthode plus polyvalente et moins coûteuse en puissance de 
calcul par rapport à FM. Les analyses de robustesse montrent, en considérant des incertitudes dans 
les raideurs de trainée des quatre pales, que le pire cas correspond à une perturbation symétrique 

de toutes les pales. La validation des résultats théorique pour plusieurs configurations de rotors est 
obtenue grâce à un nouveau dispositif expérimental. 
 
Mots Clés : Méthode de Floquet, Méthode des Echelles Multiples, μ-analyse, Diagrammes de 
Stabilité, Rotors Anisotropique. 

 

Helicopter Ground Resonance: Dynamical Modeling,  
Parametric Robustness Analysis and Experimental Validation 

 

The present work focus on the further understanding of the ground resonance in helicopters with 
hinged rotors and on the aging effects of the mechanical elements on this phenomenon. A 
simplified dynamic model of a helicopter composed of six degrees of freedom, undamped, is 
considered. Three methods are used on the treatment of the periodical equations of motion: 
Floquet’s Method (FM), Method of Multiple Scales (MMS) and a robustness stability analysis 
procedure. They highlight all possible critical regions and verify the existence of parametric 

instabilities. 
Stability analysis is carried out for isotropic and anisotropic rotors. Maps of stability, computed 
through FM, verify a complex evolution of the instability zones, as well as the appearance of 
bifurcation points at low rotor speeds. Further analysis is performed towards the study of helicopter 
responses though the analytical development reached by using MMS. Since analytical expressions 
are obtained, this method is more versatile and less cpu time consuming compared to FM. The 
robustness stability analysis show, when considering uncertainties on the four blade hinge stiffness, 

that worst-case destabilizing case computed through μ-analysis corresponds to a symmetric 
perturbation for all blades. The validation of the theoretical results for several rotor configurations 
is obtained through a new experimental setup. 

 
Keywords: Floquet’s Method, Method of Multiple Scales, Lifting Procedure, μ- analysis, Parametric 
Instabilities, Maps of Stability, Anisotropic Rotors 
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“I wake to sleep, and take my waking slow.
I feel my fate in what I cannot fear.
I learn by going where I have to go.

We think by feeling. What is there to know?
I hear my being dance from ear to ear...

I wake to sleep, and take my waking slow.
I learn by going where I have to go.”

Theodore Roethke

I would like to dedicate this thesis
to my loving parents and my brother ...
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Chapter 1

Introduction

1.1 General Introduction

Entrepreneurial companies are mainly seeking for strengthening their market position
and increasing their share of revenue generated by services activities in order to achieve
sustained profitable growth. This fact leads, generally, to an internal and international
expansion which imply, for example, new customers or production units far beyond
their local markets.

For a long period, the business aviation has been an essential tool that helps these
companies to expand their business. Between privates helicopters and jets, many are the
benefits of the first option for been the favorite of the corporate executives. Beyond
it is a prestigious and impressive mean of transport, the helicopter provides a fast,
private and point-to-point travel. Moreover, it avoids the whole process of checking
and eventual delays in airports.

Due to several others advantages, the use of helicopter is extended to military
activities, offshore oil operations, diverse commercial applications and state agencies,
including coast guard, police, medical and fire-fighting services.

Accordingly to [6; 7], the value of helicopters delivered worldwide grew from an
estimated e 12 billion in 2009 to an estimated e 13.5 billion in 2010.

The city of São Paulo, the main economic center of Brazil, has the largest fleet
of urban helicopters in the world, ahead of large cities like Tokyo and New York.
Moreover, the country posses the world’s largest fleet of civil helicopters, with 1100
registered aircrafts [4; 8].

Within the executive aviation, the helicopter segment in Brazil is the fastest growing
sector with a fleet of over 400 aircraft in the state of São Paulo and some 260 helipads

1



Chapter 1. Introduction

Figure 1.1: U.S. Registered Bell Helicopter Model 47 Accidents Rates [29]

(of the 427 in the country) in the state capital.
As would be expected with such a large fleet of fielded helicopters, there has been

a variety of “lessons learned” and safety related activities over the years, since their
creation in the early 1940s.

Fox [29] relates in his work that 33 accidents were noticed in 1947 with the Model 47
delivered by Bell Helicopter. The experiences gave rise to improvements on more and
better pilot training, better maintenance/training, propulsion and structural aspects.

Such information is evidenced on Figure 1.1 that illustrates the quantity of annually
registered accidents for over 30 years since 1947 for the Bell Helicopter Model 47.
Basically, the Model 47 accident rate settled down to a constant level. The fluctuations
observed after 1976 are related to changes in the Federal Aviation Administration (FAA)
flight hours estimate process.

Major initiative towards the improvement of helicopter safety worldwide was reached
by the creation of International Helicopter Safety Team (IHST) in the United States
in late 2005. A consensus of government regulators, manufacturers and helicopter op-
erators converged to reduce fatal accident rate by 80% in 10 years (by 2016) [1; 5].

To achieve this goal IHST has adopted and adapted a process originally developed
by the United States Commercial Aviation Safety Team (US CAST). In Europe, the
equivalence for IHST and CAST are the European Helicopter Safety Team (EHEST)
and the European Commercial Aviation Safety Team (ECAST), respectively. EHEST
is also the European component IHST .

The CAST strategy is to significantly increase public safety by adopting an inte-
grated, data-driven methodology to reduce the fatality risk in fixed wing commercial
air travel. The process involves the development of safety enhancements and action

2



1.1. General Introduction

plans based on the review of occurrence data. Substantial safety benefits have been
obtained from applying this process in the fixed wing community.

The dataset of accidents of the U.S.-registered helicopter fleet for the current year
of 2006 (CY2006) reveals the dominance of Pilot Judgment and Actions in Standard
Problems Statements (SPS) on the accidents. Figure 1.2 shows a visual comparison of
the CY2006 Level 1 Standard Problem Statement categories and those from CY2000
and CY2001 [2; 3; 5].

Figure 1.2: Comparison of Standard Problem Statement Categories for the accidents
registered along the current year of 2000, 2001 and 2006 [5]

System Component Failures (SCF) was involved in more than 20% of the accidents.
Maintenance problems are identified as the primary contributing factor in 85.3% of
CY2001 SCF accidents with known causes [3]. However, a reduction of 10% form
maintenance-related SCF accidents is verified from the analysis of CY2006 data [5].

Note that, in the U.S registered CY2006, there were 152 rotorcraft accidents with
a total of 2,714,231 flight hours. It corresponds to more than 38% of the world civil-
registered helicopter accidents during the same current year, as shown in Figure 1.3.
Europe represents 22.5% of these accidents.

Most of the accident reports examined in more than three years of data analysis by
the Joint Helicopter Safety Analysis Team (JHSAT, in Europe is the EHSAT - Euro-
pean Helicopter Safety Analysis Team) lacked digital or investigative data necessary to
determine the accident circumstances. The result is a less than ideal identification of
specific mitigations that would prevent similar accidents in the future.
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Figure 1.3: Worldwide Distribution of Registered Helicopter Accidents during 2006 [5]

Therefore, some intervention recommendations were made. The JHSAT encour-
ages the installation of cockpit recording devices enabling the Flight Data Monitoring
(FDM), as well as, recommends the development and installation of Data Monitoring
Devices. This last includes the Engine-Monitoring System (EMS) to monitor the health
of the engine, Health and Usage Monitoring Systems (HUMS) to detect impeding part
failures, or Helicopter Operations Monitoring Programs (HOMP) to monitor how the
helicopter is being operate.

1.2 Ground Resonance Phenomenon

The ground resonance phenomenon consists in a potential instability that occurs in the
vicinity of a frequency coalescence between a rotor cyclic mode and a fuselage mode
while the helicopter is on the ground over its landing gear. Investigation shows that
generally helicopters with articulated and soft in-plane hingeless rotors are susceptible
to the phenomenon.

1.2.1 Registered Accidents

Accordingly to the analysis done by the U.S-JHSAT on the reported accidents during
the current year of 2006 [5], the ground resonance phenomenon in helicopter is identified
as a type of Miscellaneous Loss of Control (LOC-MISC) occurrence. From the 59 LOC
accidents registered, 11 are classified as miscellaneous in which two are of type Ground
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Resonance (GR).
The first ground resonance accident occurred when braking while ground-taxiing

a wheel-equipped twin turbine aircraft in strong gusty winds. Training on emergency
procedures (to include simulator training) might have prevented this accident. The
investigations did not determine whether struts, tires, or dampers might have been
additional factors.

With the second one, it occurred during ground operations in a skid-equipped air-
craft. Low pilot time in the aircraft (29 hours) and minimal transition training in the
aircraft were identified as problem statements in this accident.

The median pilot experience verified in these LOC-GR accidents was the lowest
(140 hours) comparing to others LOC accidents (1800 hours). It demonstrates that
pilot inexperience may have played a role.

Nevertheless, the pilot experience seems to play no role. An incident identified as a
Ramp occurrence (i.e, those occurring on or near the ground that involve ground han-
dling factors) resulted in no injures but reported substantial damage to the helicopter.
The multi-turbine-powered aircraft on an emergency medical service flight had “inad-
vertently encounter with ground resonance”, as reported the National Transportation
safety Board (NTSB). In this specific case, the pilot had accumulated over 6,500 total
flight hours experience.

1.2.2 Literature Review

During the ground resonance, the cyclic lag mode, excited by the fuselage oscillations,
creates a wobble of the rotor center of gravity. The shifting of the effective mass of
the rotor couples with the vibration of the fuselage. The continuity of this closed-loop
process leads to large displacements and may provokes the total destruction of the
aircraft [33; 44]. Figure 1.4 illustrates a private damaged Schweizer 269C-1 helicopter
after experiencing the ground resonance phenomenon in 2010, as reported the U.K-Air
Accident Investigation Branch (AAIB).

It is important to remark that ground resonance is basically a purely mechanical
instability which can be determined without taking into account the aerodynamical
effects. However, mainly in soft in-plane hingeless rotors, the stability augmentation
system can influence the helicopter dynamics on the ground. By considering the aero-
dynamic forces, the unstable ground and air resonance phenomenons are known as
aeromechanical instabilities. In this term, it is included also the air resonance, charac-
terized by the same phenomenon but with the helicopter airborne.
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Figure 1.4: Damaged Schweizer 269C-1 after experienced Ground Resonance [17]

The most common ways to overcome the instability are adding mechanism to in-
crease the damping of the rotor lag mode or the fuselage mode. Traditionally, heli-
copters have been equipped with passive elastomeric or hydraulic lag dampers at the
rotor hub. Some issues have been detected with these type of dampers, such as main-
tenance requirements and hub complexity.

Other methods have been investigated for alleviating the vibration during forward
flight or the at instability [14; 18], e.g: aeroelastic coupling, composite tailoring and
active controls. With the last method, the strategies adopted is to reduce vibration
by individual blade control (IBC). A growth on the system complexity and power
requirement are noted with the introduction of active control.

Already applied in automobile suspensions, space ans seismic structures, the use
semi-active techniques has notably interested aeronautical companies. By combining
the positive aspects of passive and active control devices, the development of semi-active
devices are in development to suppress helicopter vibrations.

The earliest research into the ground resonance phenomenon was performed by
Coleman [19]. The periodical equations of motions of the coupled rotor-fuselage system
are quite complex, even for the simplified developed model, and the fundamental theory
of air and ground resonance is reported.

Later, a more complete investigation for polar and apolar symmetry are done by
Coleman and Feingold [20]. The aerodynamical efforts are not taking into account, the
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blades are articulated and they present identical geometric and mechanical properties
(referred as isotropic rotor). This assumption reduces the complexity on treating the
equations of motion and their periodical characteristic disappears since represented on
the fixed frame. This method has been explored recently on the dynamic analysis of
wind turbines [13]. A more detailed explanation and description of this whole process
are given in chapter 4 of this work.

Other early analysis are reported by Hooper [40] and Gabel [70] on ground and air
resonance. By considering the aerodynamic effects, Donham et al. [21] reformulate the
equations of motion and predict the unstable oscillations for ground and air resonance
in helicopters. Still considering the aerodynamic efforts, Lytwyn et al. [51] analyze
the air resonance for hingeless rotors. Other contributions towards understanding the
ground resonance phenomenon in hingeless and bearingless rotors are made by army
researchers, such as Hodges [39].

The investigations mentioned above verified that the occurrences of ground reso-
nance can be accurately predicted for articulated, hingeless and bearingless isotropic
rotors. The use of linearized equations of motion provides very accurate frequency
prediction.

More general techniques are developed for analyzing rotor system stability as com-
putation power has been improved by the appearance of digital computers.

Rich and complex mathematical models, by considering dynamic inflow effects and
a quasi-steady aerodynamic model for aeromechanical stability analysis are studied
[15; 30; 58]. These theoretical results have better agreement with experimental data.

The study of asymmetric rotors and the influence of geometric nonlinearity or from
those provided by mechanical elements (e.g, spring and dampers) on the aeromechanical
instabilities started too. Peters and Hohenemser [60] determine the critical revolving
speeds for lifting rotors with Floquet Theory which treats differential equations with
periodic coefficients.

Hammond [37] uses also Floquet analysis for the prediction of mechanical instabili-
ties by examining the case of dissimilar lead-lag damping. Wang and Chopra [72] study
unbalanced rotor with single dissimilar blade. The results show a shift of the boundary
speeds of unstable regions once a slight asymmetry of ±5% is introduced on the lag
blade stiffness in hinged rotors.

Gandhi [31] and Gandhi and Malovrh [32] investigate balanced rotor anisotropy for
aeromechanical stability augmentation (the analysis are done for helicopters with hin-
geless rotor and the aerodynamical effects are taking into account). The dissimilarities
in the lead-lag blade stiffness, blade mass and blade length are beneficial for avoiding
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unstable movements while anisotropies in flap stiffness, lag damping and aerodynamic
properties has virtually no influence.

The effects of geometric nonlinearities with the use of nonlinear springs or dampers
on the prediction of instabilities are verified by Robinson et al. [62; 63; 64], Tongue et
al. [28; 43] and Kunz [48]. Most of these works take into account nonlinear effects and
treat the equations through the use of perturbation methods.

Both, Floquet and perturbation methods are applied for solving dynamic systems
under parametric excitations [12]. Nayfeh [56] in his book carried out a parametric sta-
bility analysis on the Mathieu’s equations. The obtained Strutt diagram highlights the
presence of several parametric instabilities as function of parameters values. Damper-
less systems need low forcing energy to attain these instabilities.

Instabilities are also found by Berlioz et al. [24] when studying the bending os-
cillations of beams under parametric axial efforts. Lazarus [50] and Genta [35] noted
unstable oscillations studying parametric resonances on the dynamic of asymmetric ro-
tating machines. Finally, unstable movements due to parametric instabilities are found
in time-delayed systems, as reported Nayfeh [57], Insperger [42] and Mann [34].

1.3 Focus of the Research

It is notary the growing of the research and development programs created to attain the
constraints imposed by the IHST towards the enhancements of safety in helicopters.
Still, maintenance problems are the primary contributing source within the system
component failures occurrences which represents 20% of the registered accidents in the
current year of 2006.

Indeed, the effects of aging or failure of mechanical elements in dynamical systems
through time appear randomly by compromising the nominal operation of the aircraft,
what may subject the pilot and the passengers under dangerous conditions in some
cases.

The present work aims to contribute on the further understanding of the ground res-
onance and to observe the influence of failure and aging effects on helicopter dynamics
with hinged blades, more specifically on the phenomenon.

Moreover, as reported by Lazarus, Genta and other works on the related subject
accordingly to section 1.2.2, asymmetries in rotating machines may lead to parametric
instabilities, depending on their mechanical and geometrical properties due to the ap-
pearance of parametric exciting terms. Thus, no viscous damping is considered on the
theoretical mechanical modelling of the helicopter in order to visualize all the instability
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regions, beyond the previous objectives commented.

Three methods are applied on the study of the ground resonance in hinged heli-
copters. The first method is the Floquet’s Method (FM), commonly used for predicting
numerically the stability of periodic equations. The second method, proposed on this
work, is the Method of Multiple Scale (MMS). It consists in an asymptotic perturba-
tion method used for treating nonlinear equations. The main advantages for using the
second method with respect to the first one are the versatility, CPU time consumption
through the obtention of analytical helicopter response expressions.

These two methods are used on treatment of helicopters with isotropic and anisotropic
rotors. Firstly, with isotropic rotors, the Coleman’s method is described and applied
to validate the results obtained with FM and MMS. Still for this same kind of rotor,
the study of the amplitude responses of the helicopter is intended through MMS.

Regarding the anisotropic rotors, it is envisioned the development of a parametric
study on the helicopter stability for different anisotropic rotor configurations by varying
the level of in-plane lead-lag stiffness, as well as for different quantities and location of
affected blades. High level of asymmetries (±100%) are attained for this investigation.

However, predicting the ground resonance phenomenon with these two previous
methods for a wide range of anisotropic rotor configurations means analyzing individ-
ually each point on the parametric space containing all possible cases. Furthermore,
there is no warranty that the parametric gridding includes the worst-case configuration.

Therefore, third proposed method predicts the smallest worst-case destabilizing
perturbation in helicopters under uncertainties (i.e, blade lag stiffness). The processus
envisioned is based on a developed stability robustness analysis procedure for treating
robustness stability in periodic systems. Briefly, by combining Floquet theory with the
Lifting technique, the uncertain linear time periodic (LTP) system is converted to an
uncertain linear time-invariant (LTI) system. Later and thanks to this, the worst-case
rotor configuration is computed by using the standard µ-analysis method. A more
detailed literature review about this subject is given in chapter 6.

Finally, the design of an experimental setup is envisioned to reproduce the heli-
copters ground resonance. Although for helping on the comprehension of the physical
phenomenon, it is used to valid the analytical results obtained. Being the first machine
designed in Europe for this purpose, certainly, measuring and managing risks are the
main challenges faced along this project in order to warranty total reliableness and
safety.
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1.4 Thesis Organization

Chapter 2

This chapter aims to introducing the fundamental theory used and the fundamental
concepts reached by the earliest researches on the study of helicopter ground resonance.
The mechanical model of the helicopter adopted is illustrated. It is inspired on that used
by Coleman and the assumptions considered along the modeling process are presented.
Stability analysis on two hypothetical helicopter models, HT1 and HT2 models, are
carried out. The Campbell diagrams computed highlight the coalescence of two modes
of vibration of the helicopter, leading to unstable movements.

Chapter 3

This chapter devotes its attention on the experimental setup designed for further
understanding and reproducing the ground resonance in helicopters. A detailed expla-
nation of the experimental mechanical design are made. Its main components, systems
and subsystems, mechanical and geometrical properties and functioning are described.
Three different methods are presented for determining the equivalent fuselage and blade
spring stiffness and the results are discussed. An experimental proceeding reports the
process followed for the accomplishment of an experimental tests and determination
of the boundaries of instability. The time responses recorded, when the experimental
helicopter reaches the ground resonance, are illustrated and discussed.

Chapter 4

This chapter focus on the study of the ground resonance phenomenon in helicopter
with similar blades. Two approaches are described and used for determining the bound-
aries of stable movements. The first is the commonly applied method for treating dif-
ferential equations with periodic coefficients, the Floquet’s Method (FM). The second
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method is the Method of Multiple Scales (MMS) which is often used for treating nonlin-
ear problems. The stability analysis are computed for HT1 and HT2 helicopter models.
The results obtained with FM and MMS, as well as those obtained by using Coleman’s
Method, are compared and discussed. The analysis go beyond with MMS. A study of
the amplitude responses of the aircraft in stable resonant cases at the equilibrium is
carried out. The rotor shape deformations at the limit of instability zones are given
schematically. Finally, two isotropic rotor configurations are studied on the experimen-
tal setup. A discussion of the time response of the measured signals are done and the
boundaries of instability are compared with those predicted numerically through FM.

Chapter 5

This chapter aims to verify the influence of high asymmetries in the variation of
in-plane lead-lag stiffness of blades on the ground resonance phenomenon in helicopters.
A parametric study is done for HT1 and HT2 helicopter models and the analysis con-
siders asymmetries in one blade, two adjacent blades and two opposite blades. The
periodical equations of motions are treated by using Floquet’s Theory (FM) and the
boundaries of instabilities are predicted. The stability charts represent graphically for
each anisotropic case the complex evolution of critical zones as function of asymmetry
parameters and rotor speed. Assuming only one asymmetric blade for HT2 model, the
equations are treated analytically through the use method of multiple scales (MMS). A
stability analysis is carried out and compared with the results obtained by using FM.
The ground resonance is also investigated for all cases of anisotropic rotors configura-
tions studied previously on the experimental setup. The boundaries of instability are
determined and compared with those obtained by applying FM. A discussion of the
results is given.

Chapter 6

This chapter deals with the stability robustness analysis of the ground resonance
phenomenon for helicopter with hinged blade rotor. By using the lifting procedure, the
uncertain Linear Time-Periodic (LTP) model of the helicopter is transformed into an
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augmented uncertain Linear Time-Invariant (LTI) model in order to apply µ-analysis
tools. The lifting procedure involves a periodic switching LTI piecewise model computed
on a time-gridding of the system period. The representativeness of the lifted model for
various gridding (from rough to fine gridding) and discretization methods is discussed
by comparison with Floquet analysis for some parametric configurations. Then, µ-
analysis is applied to find the worst case parametric configuration at a given rotor
angular rate. Parametric uncertainties are dynamics characteristics (stiffness) of each
blade hinge.

Chapter 7

This chapter discusses the overall conclusions of the thesis. Also, future perspectives
are mentioned in detail based on the work performed for this thesis.
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Chapter 2

Mechanical Modeling and
Fundamental Stability Analysis

2.1 Introduction

In helicopters with hinged blades, an unstable dynamical phenomenon known as ground
resonance may occur during take-off and landing phases and lead to the total destruc-
tion of the aircraft. Predicting the phenomenon is necessary to determine the stability
of periodical equations of motion. The earliest research into the phenomenon was per-
formed by Coleman [19] who laid the foundations for all subsequent studies into the
problem. His study was based on the dynamical study of a hinged blade rotor revolving
over a pylon. The equations of motion were obtained by regarding the hinge deflec-
tions of the blades and the horizontal deflections of the pylon in the plane of rotation
intersecting the superior extremity of the pylon. Thus, the flap oscillations of blades
are not taking into account. The effective mass and stiffness of the pylon represented
in the plane of rotation are similar in all directions. Moreover, the geometrical and
mechanical properties of blades are equal.

The use of linearized equations of motion provides very accurate frequency predic-
tion. The boundary speeds of ground resonance are easily obtained once the periodic
terms are eliminated through a variable transformation known as the Coleman Trans-
formation. These method is later called as multi-blade transformation and used for
treating wind-turbines systems[13].

The results obtained by Coleman verified a potential instability occurring in the
vicinity of a frequency coalescence between a rotor cyclic mode and a pylon mode.

Aimed to further study the influence of aging or failure effects of mechanical el-
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ements on the helicopter ground resonance, the simplified mechanical model adopted
in the present work presents slight differences from that used by Coleman. The me-
chanical model adopted considers different properties between the blades. A detailed
description of the model is given in section 2.2.

In section 2.3, a brief analytical development of the Coleman’s method is presented
and applied. The boundaries of instability are computed through two different numer-
ical applications. The results are then compared between them.

2.2 Mechanical Modeling

The mechanical model adopted is intended to represent an helicopter under the influ-
ence of failure and aging effects of the mechanical elements. Inspired on the mechanical
model developed by Coleman, no aerodynamic effect, no flap oscillations of the blades,
and no geometrical and mechanical nonlinearities are taking into account. Moreover,
it is not considered the gyroscopic effects of the rotor due to possible torsional defor-
mations of the fuselage.

A general diagram of the dynamic system adopted for the present work is presented
in Figure 2.1 and described, as follows.

The fuselage, considered as a rigid body with mass mf , features longitudinal x(t)
and lateral y(t) displacements. Two springs, linked to the fuselage in both directions,
represent the flexibility of the landing skids. Kf X and Kf Y are the stiffness of springs
situated along x and y directions, respectively.

Similarly, the damping efforts, modeled as a viscous damper, have coefficients equal
to CX and CY in the longitudinal and lateral directions of fuselage respectively. The he-
licopter at its equilibrium position has the fuselage center of mass (point O) coincident
with the origin of inertial reference frame (X0, Y0, Z0).

Concerning the rotor head system, it is composed of one rigid rotor hub and an
assembly of Nb blades. The blades have a mass mb k and a moment of inertia Izb k

around the z - axis located at its center of mass. The radius of gyration is defined
by length b and the rotor eccentricity is a. Each kth blade has an in-plane lead-lag
motion defined by ϕk(t) and an azimuth angle defined as ζk = 2π (k − 1) /Nb with
respect to the x - axis. Angular spring and viscous damper are considered on each
blade hinge (point B) where spring stiffness and viscous damping coefficient is Kb k and
Cb k, respectively.

The origin of a non-inertial reference frame (x, y, z), parallel to the inertial one,
is located at the geometric center of the rotor hub (coincident at point O). The rotor
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revolves at speed Ω. Both body and rotor head, are joined by a rigid shaft. In the
present work, no aerodynamic forces are considered and the rotor is composed of Nb =
4 blades.

(a)

(b)

Figure 2.1: General Schema of the Mechanical System

The position of blade k, written in the inertial reference frame, is given as:
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xb k = a cos (ψk) + b cos (ψk + ϕk(t)) + x(t) (2.1a)

yb k = a sin (ψk) + bsin (ψk + ϕk(t)) + y(t) (2.1b)

where a is the hinge offset.
A first order Taylor series is expanded on trigonometric terms containing the in-

plane lead-lag blade motions ϕk(t). The kinetic and potential energy expressions as
well as the work of dissipative forces of the dynamical system are presented separately
in Appendix A.

The general variable u, which corresponds to the degrees of freedom of the system,
is considered as follows,

u (t) = [ x(t) y(t) ϕ1(t) ϕ2(t) ϕ3(t) ϕ4(t) ]T

The equations of motion with respect to u are then obtained by applying Lagrange
equation on the energies and work expressions of the dynamical system. The matrix
equation of motion obtained, taking into account only linear terms, is:

[
M + M̂(t)

]
ü +

[
G + Ĝ(t)

]
u̇ +

[
K + K̂(t)

]
u = F̂ext(t) (2.2)

where,

M = diag
[
mf mf b2mb 1 + Izb 1 . . . mb 4 + Izb 4

]
G = diag

[
CX CX Cb 1 . . . Cb 4

]
K = diag

[
Kf X Kf Y Kb 1 . . . Kb 4

] (2.3)

M, G and K correspond to the mass, damping and stiffness diagonal matrix, re-
spectively. They represent the uncoupled fuselage-rotor dynamic system where fuselage
et blades are independent oscillators. However, M̂(t), Ĝ(t) and K̂(t) contain the pe-
riodic terms and they are non-symmetric and non-diagonal matrices. These periodic
terms appear when expressing the blade’s oscillations in a rotating referential frame.
F̂ext(t) is equal to zero if all blades have the same inertial and geometrical properties.

By doing M−1Eq.(2.2), it is obtained:

M(t) ü + G(t) u̇ + K(t) u = Fext(t) (2.4)

where,
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M(t) =


1 0 −rm1 sin(ψ1) −rm2 sin(ψ2) −rm3 sin(ψ3) −rm4 sin(ψ4)
0 1 rm1 cos(ψ1) rm2 cos(ψ2) rm3 cos(ψ3) rm4 cos(ψ4)

−rb1 sin(ψ1) rb1 cos(ψ1) 1 0 0 0
−rb2 sin(ψ2) rb2 cos(ψ2) 0 1 0 0
−rb3 sin(ψ3) rb3 cos(ψ3) 0 0 1 0
−rb4 sin(ψ4) rb4 cos(ψ4) 0 0 0 1

 (2.5a)

G(t) =


rc1 0 −2Ωrm1cos(ψ1) −2Ωrm2 cos(ψ2) −2Ωrm3 cos(ψ3) −2Ωrm4 cos(ψ4)
0 rc2 −2Ωrm1sin(ψ1) −2Ωrm2 sin(ψ2) −2Ωrm3 sin(ψ3) −2Ωrm4 sin(ψ4)
0 0 rc3 0 0 0
0 0 0 rc4 0 0
0 0 0 0 rc5 0
0 0 0 0 0 rc6

 (2.5b)

K(t) =


ω2

x 0 Ω2rm1 sin(ψ1) Ω2rm2 sin(ψ2) Ω2rm3 sin(ψ3) Ω2rm4 sin(ψ4)
0 ω2

y −Ω2rm1 cos(ψ1) −Ω2rm2 cos(ψ2) −Ω2rm3 cos(ψ3) −Ω2rm4 cos(ψ4)
0 0 ω2

b 1+Ω2r2
a 1 0 0 0

0 0 0 ω2
b 2+Ω2r2

a 2 0 0
0 0 0 0 ω2

b 3+Ω2r2
a 3 0

0 0 0 0 0 ω2
b 4+Ω2r2

a 4

 (2.5c)

Fext(t) =



Nb∑
k=1

Ω2rm k( a+b
a ) cos(ψk)

Nb∑
k=1

Ω2rm k( a+b
a ) sin(ψk)

0
0
0
0


(2.5d)

in which, by considering k=1..Nb:

rmk = bmb k

mf +
Nb∑
k=1

mb k

rb k = bmb k

b2mb k + Izb k

r2
a k = a rb k

rc 1,2 = CX,Y

mf +
Nb∑
k=1

mb k

rc k+2 = Cb k
b2mb k + Izb k

ψk = Ωt+ ζk

ω2
x = Kf X

mf +
Nb∑
k=1

mb k

ω2
y = Kf Y

mf +
Nb∑
k=1

mb k

ω2
b k = Kb k

b2mb k + Izb k

The factors rmk and rb k, which represent the ratio of blade static moment to total
translation inertia of the helicopter and the total rotational inertia of the blade, re-
spectively, are smaller than the unit. Moreover, the factors rc 1..2 are ratios of damping
coefficient of the fuselage in x and y directions, respectively, to the total mass of the
helicopter, whereas rc 3..6 are ratios of damping coefficient to the total inertia of blade
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rotational motion.
The terms ωx and ωy are the resonance frequencies of the fuselage in directions x

and y, respectively. Moreover, ωb 3..6 are the lead-lag resonance frequencies of blades 1
to 4 at rest.

For further theoretical analysis, two hypothetical helicopter models, HT1 and HT2
models, are studied. Their numerical data are given in Appendix B. Note that no
viscous dampers are considered in these models, in order to highlight all the instability
zones.

2.3 Coleman’s Method

2.3.1 General background

Coleman’s method (CM) [20], also known as “Multi-blade Coordinate Transformation”[13],
consists in transforming the equations of motion by introducing a change of variables
which eliminates their periodical characteristic. The Coleman Transformation [16] is
defined as:

η = −
(

2
Np

) Np∑
k=1

ϕk sin (Ω t+ θk) (2.6a)

ζ = −
(

2
Np

) Np∑
k=1

ϕk cos (Ω t+ θk) (2.6b)

where η and ζ corresponds to sine and cosine components of a four bladed rotor
mode shapes. These components are called the cyclic modes and they correspond to
the lateral and longitudinal shifting of the rotor center-of-mass.

Chopra et al. in [72] have treated the ground resonance phenomenon by considering
all rotor mode shapes. For a four bladed rotor, these mode shapes consists of four
fundamental components in the fixed frame. These components are: τ0, τd, τ1c and τ1s

(collective, differential, cosine and sine components, respectively). In this case, τ1c and
τ1s are exactly ζ and η presented previously.

Special names are assigned to the two fundamental coupling modes between the
cosine and sine lag motion. They are called “progressing” and “regressing” modes, or
the high frequency and low frequency modes [16].

Thus, the rotating frame equations are transformed to the fixed frame by first
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converting the rotating frame coordinate u3..6 in Eq.(2.4) to the fixed frame coordinates
as follows,

uk+2 = τ0 + τ1c cos (ψk) + τ1s sin (ψk) + τd (−1)k , k = 1 . . . 4 (2.7)

and later considering,

τ0 equation = 1
Nb

Nb∑
k=1

Eq.(2.4)k+2 = 0 (2.8a)

τ1c equation = 2
Nb

Nb∑
k=1

Eq.(2.4)k+2 cos (ψk) = 0 (2.8b)

τ1s equation = 2
Nb

Nb∑
k=1

Eq.(2.4)k+2 sin (ψk) = 0 (2.8c)

τd equation = 1
Nb

Nb∑
k=1

Eq.(2.4)k+2 (−1)k = 0 (2.8d)

The u̇3..6 and ü3..6 are obtained by taking the time derivative of Eq.(2.7).
The final matrix differential equation represented in a fixed frame is then obtained

and given as,

MC z̈ + GC ż + KC z = O4×1 (2.9)

where,

MC =



1 0 0 rmNp/2 0
0 1 0 0 −rmNp/2
0 0 1 0 0
rb 0 0 1 0
0 −rb 0 0 1


(2.10a)

GC =



rc 1 0 0 0 0
0 rc 2 0 0 0
0 0 rc b 0 0
0 0 0 rc b −2 Ω
0 0 0 2 Ω rc b


(2.10b)
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KC =



ω2
x 0 0 0

0 ω2
y 0 0

0 0 ω2
b + Ω

(
r2
a − 1

)
0

0 0 0 ω2
b + Ω

(
r2
a − 1

)
−rc b Ω

0 0 0 rc b Ω ω2
b + Ω

(
r2
a − 1

)


(2.10c)

z =
{
x y τ0 τ1c τ1s

}T
(2.10d)

and

ωb = ωb k; rb = rb k; rm = rmk; rc b = rc k+2; k = 1, . . . , Np (2.10e)

Note the subscript k is eliminated from Eq.(2.4) by considering Eq.(2.10e) once the
rotor is isotropic.

The dynamical system in Eq.(2.9) is stable at a revolving speed Ω if the real part
of all eigenvalues (ρ) is defined negative, whereas the imaginary part of ρ are the
eigenfrequencies.

2.3.2 Numerical Application

In the present section, Coleman’s Method is used to predict unstable movements for
both helicopters models (i.e.: HT1 and HT2). Their numerical data are given in Ap-
pendix B.

For both cases, the evolution of the real part of the eigenvalues (ρ) of Eq.(2.9) is
calculated with respect to the revolving speed, by varying it from 0 to 10Hz. Also, the
Campbell Diagram is obtained. Figures 2.2 and 2.3 illustrate these results for HT1 and
HT2, respectively.

Regarding the Campbell Diagram of both helicopters, one observes the existence of
unstable movements when two modes of vibration coalesce. These modes correspond
to the regressing mode of the rotor and the fuselage mode of vibration. Indeed, since
the helicopter HT1 has identical natural frequencies of the fuselage, only one instability
region is verified, while two regions are predicted for HT2. The boundaries of instability
are presented in Table 2.1.

It is important to remark that each color does not symbolize a specific mode and
the black line corresponds the evolution of the rotor angular rate. Figure 2.4 identifies
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Figure 2.2: Stability Analysis with Coleman’s Method for HT1: (a) Evolution of the
Real Part of Eigenvalue (ρ) and (b) the Campbell Diagram
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Figure 2.3: Stability Analysis with Coleman’s Method for HT2: (a) Evolution of the
Real Part of Eigenvalue (ρ) and (b) the Campbell Diagram
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Table 2.1: Limits of Instability Zones Predicted by using CM for HT1 and HT2 models
with Isotropic Rotor Configuration

Model HT1 HT2
Lower bound 4.357 4.446 5.495
Upper bound 5.191 5.034 6.367

the evolution of all modes (i.e.: fuselage in x and y directions, collective, “progressing”
and “regressing” modes) for HT2 without evidencing the coalescence between them.
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Figure 2.4: Identification and evolution of the modes of vibration for HT2 helicopter

Through a numerical integration method (i.e, adams method) developed in Matlab R©

software, a study of the helicopter HT2 responses at the critical regions is carried out.
Regarding the first instability zone,at Ω = 4.7Hz, Figure 2.5 highlights the exponential
growth of the helicopter amplitudes. Similarly, the same characteristic is observed on
the evolution of the rotor center of mass. Once the blades have the same geometrical
and mechanical properties, the coordinates of the rotor center of mass (i.e, xcg and ycg
in x and y directions) are easily obtained from the time response signals. Figure 2.6
present the evolution of the xcg and ycg, as well as the radius of gyration and the phase
plane of the rotor center of mass. This last shows the unstable wobbles of the rotor.

The same study is carried out for the helicopter HT2 at another instability zone
for Ω = 5.8Hz. Figures 2.7 and 2.8 show the time responses of the helicopter and
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Figure 2.5: Time response of the helicopter HT2 at Ω = 4.7Hz: (a) Fuselage Displace-
ment (b) Blades Lag Rotations
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Figure 2.6: Evolution of the rotor center of mass for the helicopter HT2 at Ω = 4.7Hz:
(a) time response, (b) radius of gyration and (c) phase plane
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the evolution of the rotor center of mass. The same conclusions, with respect to the
previous study, are obtained.
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Figure 2.7: Time response of the helicopter HT2 at Ω = 5.8Hz: (a) Fuselage Displace-
ment (b) Blades Lag Rotations
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Figure 2.8: Evolution of the rotor center of mass for the helicopter HT2 at Ω = 5.8Hz:
(a) time response, (b) radius of gyration and (c) phase plane
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2.4 Conclusion

Since 60’s decades, the ground resonance phenomenon has attracted much attention
from researchers. The earliest research into the phenomenon was performed by Cole-
man. The helicopter was simply modeled by an an assembly of a pylon with a hinged
blade rotor. Considering all blades been symmetric (i.e, isotropic rotors), the stability
analysis of the equations of motions are easily computed since their periodical charac-
teristic is eliminated.

The analytical development of the stability study developed by Coleman is described
in the present work. However, slight differences are observed between the mechanical
model adopted and that developed by the earliest researcher in ground resonance. This
new model is, in fact, adopted to further study the influence of ageing and failure effects
of the mechanical elements on the ground resonance phenomenon. Neither nonlinear
terms, gyroscopic effects and aerodynamical efforts are not taking into account.

Numerical analysis carried out for two model of helicopters, HT1 and HT2. The
boundaries of the ground resonance are computed for both. It is noted that the unstable
motions are related to the coalescence of two modes of vibration: a cyclic mode of the
rotor and a fundamental mode of the fuselage. It proves, then, the fact of having one
unstable regions for HT1 and two for HT2, since HT2 has two distinct fuselage natural
frequencies and HT1 has both coincident. Time responses of the helicopter HT2 at
the critical regions, computed through a numerical integration method in Matlab R©,
highlight the exponential growth of the signals, as well as, the evolution of the rotor
center of gravity through time.
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Experimental Setup

In order to enrich the present work, to help the comprehension of the physical phe-
nomenon and to validate the analytical results, the development of an experimental
setup is envisioned. Being the first machine in Europe, it is intended to design a reli-
able apparatus that reproduces the ground resonance phenomenon in a safety manner
by guarantying no danger for the users and no damage of the machine.

The design processus followed for developing the helicopter experimental setup are
shown in Figure 3.1. Firstly, a preliminary and detailed conception are made based, on
the general specifications attributed at the beginning of the project. The high resem-
blance with the mechanical model described in section 2.2 and limiting the maximum
allowable revolving speed are some examples of specifications made for this project. All
these designing processus of the machine are parts of the project definition phase.

Later, at the project test phase, simulations are made in order to verify if the project
attempt satisfactorily the following aspects: mechanical resistance, stability simulations
and safety system. It means:

• Mechanical resistance: compute and verify if the maximum stress or deformation of
the mechanical elements are within a permissible level, accordingly to the material
properties;

• Stability simulations: Compute the boundaries of instabilities by using the Cole-
man’s Method and verify if the maximum critical rotor speed is below than the
maximum allowable adopted;

• Safety system: optimizing and adapting the mechanical elements in order to min-
imize the risk factor of the experimental setup (i.e, increase the controllability of
the machine, minimize the total kinetic energy, etc.);
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If the results are not acceptable, based on criteria defined previously, modifications
are made toward the enhancement of the project.

Figure 3.1: Schema of the Processus Followed for Designing the Helicopter Experimen-
tal Setup

The achievement of an optimal, safety and reliable machine is reached after sev-
eral interactions and simulations, which represents a long time processus. Figure 3.2
illustrates the final designed experimental setup.

A briefly description about the design of the experimental setup, as well as the main
components and functions are presented, in section 3.1. The auxiliary components
are used on the measurement, control and security systems are described in section
3.2. Later, in section 3.3, it is described the experimental measurement proceeding
applied on experimental tests in order to determine the boundaries of ground resonance
phenomenon.

3.1 Design of the Experimental Setup

Before introducing the whole machine, the strategy adopted is to discuss and present
firstly the mechanical design of the experimental helicopter. Later, the global assembly,
containing the helicopter and the base system, is shown in section 3.1.2.
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(a) Global View

(b) Detailed View

Figure 3.2: The Experimental Setup: (a) Global View and (b) Detailed View
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3.1.1 Mechanical Design

The conceptual design of the apparatus was based on the same mechanisms and hy-
pothesis considered on the simplified helicopter with hinged blades illustrated in Figure
2.1 of section 2.2. Efforts have been made to get an easily adjustable parametric system
(i.e.: blade mass, blade and fuselage spring stiffness).

A schema of the designed experimental helicopter is given in Figure 3.3. For didactic
reasons, the experimental helicopter is divided in two main systems: fuselage and rotor
head.

Figure 3.3: Schema of the Designed Experimental Helicopter

The rotor head system is composed of a rigid rotor hub and an assembly of four
blades. Each blade features a maximum in-plane lead-lag rotation of ±15ř along a
vertical axis. The angular spring stiffness of the blades are obtained through flexible
laminas. Each lamina is located over the blades and links the rotor hub to the blade. At
both joints (rotor head/lamina and lamina/blade), the kinematic coupling are of type
clamped-clamped. Thus, any rotational movement of the blade deforms the lamina
creating then a restoring bending moment, like a spring.

Regarding the fuselage of the experimental helicopter, an electrical motor is the
energy source necessary to drive the rotor system at a constant angular speed Ω. The
motor is linked to the chassis and four vertical laminas are linked to it. These laminas
will be later linked to rigid traverse beams and support the whole Fuselage/Rotor Head
systems.

The fuselage, suspended by these flexible laminas over an inertial table (see Figure
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3.5), can oscillate in the longitudinal and lateral directions. Similar to those found in
the rotor head system, these thin blades represent the spring stiffness of the landing
skids of an helicopter and their kinematic couplings at each joints are of type clamped-
clamped.

The spring stiffness of the fuselage and blades are strongly dependent of the laminas
geometry, once they are made of the same material (i.e.: steel with Young Modulus
Esteel = 2.2E5 MPa). Intended to study different helicopter configurations (by alter-
ing the spring stiffness), three sets of laminas have been created for the fuselage and
blade. Figure 3.4 shows the general schema of the laminas with the main geometrical
dimensions while Table 3.1 gives their numerical values of all sets of laminas.

(a) Fuselage (b) Blade
Fuselage and Blade Lamina Thickness = ef , eb

Figure 3.4: General Schema and Dimensions of the (a) Fuselage and (b) Blade Laminas

Table 3.1: Geometrical Dimensions of Fuselage and Blade Set of Laminas

Dimensions [mm] Set 1 Set 2 Set 3

Fuselage
lf 70.0 70.0 70.0
wf 6.40 11.2 20.0
ef 0.80 0.80 0.80

Blade
lb 350.0 350.0 350.0
wb 25.0 25.0 25.0
eb 2.0 2.5 3.0

3.1.2 Global Assembly

Figure 3.5 shows the global assembly between the designed experimental helicopter and
the rigid base. This base is fixed on the ground and the laminas of the fuselage are
clamped on the two traverse beams.
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(a) Perspective View

(b) Lateral View

Figure 3.5: Global View of the Machine System in (a) Perspective and (b) Lateral View

32



3.1. Design of the Experimental Setup

Some numerical values of the mechanical and geometrical properties of the machine
and its subsystems are given in Table 3.2.

Table 3.2: Numerical Values of Mechanical and Geometrical Properties of the Machine

System Description Units Value
Fuselage mass kg 37.54

Rotor

blade mass kg 2.84
blade length m 0.55
rotor hub mass kg 7.66
eccentricity m 0.10
rotor diameter m 1.28

Machine
length m 1.28
width m 1.28
height m 1.00

It is important to remark that the value indicated for the fuselage mass takes into
account the slip ring mass located over the rotor head (see Figure 3.2b). Finally,
referring to the necessary parameters for further analysis, Table 3.3 gives the numerical
data for the Experimental Helicopter Model, called as HE.

The mechanical properties of the blades, such as position of the center of gravity
b and the rotational moment of inertia Izb are computed from CATIA R© through the
final design of the assembled blade without taking into account the blade laminas.
Nevertheless, the final blade mass mb k considers mass of the blade lamina.

Table 3.3: Numerical Data of the Experimental Helicopter (HE)

System Description Units Value
Fuselage mf kg 45.2

Rotor

mb 1..4 kg 2.84
a m 0.1
b m 0.22
Izb kg m2 0.11

Challenge and managing risks are the key points on the designing of the present
experimental setup.

3.1.3 Equivalent Spring Stiffness Identification

The present section is aimed to determine the fuselage and blade equivalent spring
stiffness of the experimental setup. The representativeness of these springs are done by
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Figure 3.6: General Representation of the Fuselage Lamina

laminas that bend (bending deformation) as the fuselage or blade oscillates.
Three methods are used to obtain the equivalent spring stiffness. The first method

determines it analytically by using the theory of strength of materials. The two re-
mainder methods consist in experimental procedure that allow to identify, statically
and dynamically, the equivalent spring stiffness.

3.1.3.1 Analytical Spring Stiffness Determination

The analytical development given here are based on the static bending equilibrium of
each lamina and on the theory of strength of material. Moreover, the kinetic coupling
are of type coupled-coupled at both extremities of the laminas and small deformations
are assumed.

• Fuselage Spring Stiffness:

Figure 3.6 represents a general schema of the fuselage lamina under a lateral shear
force Fx. The z direction is considered parallel to the longitudinal axis of the lamina
while x is parallel to the thickness direction. Also, v(z) is the lateral displacement
of a given section z where v(lf ) = x(t) which it is coincident with the longitudinal
displacement of the fuselage.

Accordingly to the theory of strength of material, the following relations are ob-
tained:

v′′ = ∂2v

∂z2 = − My

E Iy
(3.1a)

Tx = −∂My

∂z
(3.1b)
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where My and Tx are the static moment and the shear force of a given section in
z, Iy is the second moment of area around y axis and E is the young-modulus of the
material.

Regarding the boundary conditions at z = 0 and z = lf (see Figure 3.4), one
obtains:

z = 0→ v = v′ = 0 (3.2a)

z = lf → v′ = 0, Tx = Fx (3.2b)

Developing Eq.(3.1) and applying Eq.(3.2), the analytical expression of the equiva-
lent spring stiffness of the lamina in x direction is obtained and given as,

Kfbx = 12EIy
l3f

= E wf

(
ef
lf

)3

(3.3)

Admitting now a lateral force in the positive y direction equal to Fy and repeating
the previously steps, the equivalent spring stiffness of the lamina in y direction due to
bending load is

Kfby = 12EIx
l3f

= E ef

(
wf
lf

)3

(3.4)

However, the existence of a preloaded axial force Faxial on each lamina correspond-
ing to a quarter of the experimental helicopter weight (in this specific case), increases
the equivalent spring stiffness of the fuselage equally in both directions (i.e.: x and y).

Accordingly to [49], this increment is determined through the following equation.

Kfa = 12
10
Faxial
lf

(3.5)
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Finally, the final equivalent spring stiffness of the fuselage in x and y directions
provided by the four fuselage laminas are:

Kf x = 4 (Kfbx +Kfa) (3.6a)

Kf y = 4
(
Kfby +Kfa

)
(3.6b)

The prediction of the equivalent spring stiffness for the fuselage are shown in Table
3.4. Later, they values are compared with those identified experimentally.

Table 3.4: Prediction of the Equivalent Spring Stiffness of the Fuselage

Set 1 Set 2 Set 3
K̂f x [kN/m] 17.75 24.06 35.62
K̂f y [kN/m] 547.39 2.893E3 16.429E3

• Blade Spring Stiffness:

Regarding the blade lamina, Figure 3.7 illustrates it (line AC) over the blade (blue
rectangle) and both are submitted to a lateral force Fx. The x and y axis are parallel
to the longitudinal axis and to the thickness direction of the lamina, respectively.

The point A (intersection between x and y axis) indicates x = 0 and ebl is the dis-
tance between this point and the blade articulation point B. Once the blade rotates of
ϕ around point B, the deformed lamina are represented by the red dash line. The fol-
lowing analytical development does not take into account any longitudinal deformation
of the blade lamina.

Figure 3.7: General Representation of the Lamina in the Blade
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Thus, the boundary conditions at x = 0 and x = lb are:

x = 0→ v = v′ = 0 (3.7a)

x = lb → v′ = ϕ = v(lb)
(lb + ebl)

, Tx = Fx (3.7b)

Following the process indicated previously and using Eq.(3.7), the equivalent spring
stiffness of the lamina in x direction due to bending loads is determined and presented
as follows:

Kbbx = 6EIz
l3b

(
lb + 2ebl
lb + ebl

)
= 1

2 E wb
(
lb + 2ebl
lb + ebl

)(
eb
lb

)3
(3.8)

Finally, the equivalent angular spring stiffness of the lamina with respect to ϕ is:

Kb = Kbbx (lb + ebl)2

= 1
2 E wb (lb + 2ebl) (lb + ebl)

(
eb
lb

)3
(3.9)

The prediction of the equivalent spring stiffness for the blades are shown in Table
3.5. Later, these values are compared with those identified experimentally.

Table 3.5: Prediction of the Equivalent Spring Stiffness of the Blades

Set 1 Set 2 Set 3
K̂b [Nm/rad] 71.17 139.00 240.20

3.1.3.2 Statically Spring Stiffness Determination

The equivalent spring stiffness of the fuselage and blade are intended to be determined
statically. The experimental measurement proceeding applied permits to know the
relation between force-longitudinal displacement of the fuselage and torque-rotation of
the blades. A force sensor, a laser displacement sensor and an data-acquisition system
are used for the tests.
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Although three sets of different laminas have been fabricated, only the set 1 of the
fuselage laminas and sets 1 and 2 of the blade laminas are used. The main reason for
this is related to time aspect.

• Fuselage Spring Stiffness:

With the pneumatic cylinders opened, the fuselage is slowly pushed on its longi-
tudinal direction by using the force sensor. Meanwhile, the laser sensor measures the
fuselage displacement undergone. Both signals are recorded through data-acquisition
equipment and shown in Figure 3.8.
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Figure 3.8: Relation between the Force x Longitudinal Displacement of the Fuselage
with the set 1 of Fuselage Laminas

Regarding the results for the fuselage in Figure 3.8, the restoring force of the fuse-
lage spring evolves linearly with respect to the longitudinal fuselage displacement.
The spring stiffness value of 15.33 kN/m is determined through a linear polynomial
regression. The value is satisfactory by examining the natural fuselage frequency
(ωx = 2.82Hz and ωy = 15.8Hz).

A difference of 14.34% is found by comparing the equivalent fuselage spring stiffness
with the predicted one given in Table 3.4. This may be explained from the imperfec-
tions on mounting the fuselage lamina in the experimental setup which alter their
characteristic length lf .
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• Blade Spring Stiffness:

With the rotor head blocked, the blade is pushed perpendicularly to its longitudinal
direction at its external tip by using the force sensor. Meanwhile, the laser sensor
measures the blade linear displacement undergone of a point near to the blade rotating
axis. Both signals are recorded through the data-acquisition equipment and shown in
Figure 3.9.

By considering the radios of the measuring points with respect to the blade rotating
axis (i.e.: radios of the application force point equal to 0.51m and the radios of the
displacement measured point equal to 0.045m), the force and the linear displacement
of specific points are transformed in torque and blade rotation, respectively, in order
to determine the blade spring stiffness.
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Figure 3.9: Relation between the Torque and Lead-Lag Rotation of the Blade with the
set 2 of Blade Laminas

Observing Figure 3.9, a nonlinear spring stiffness behavior of the blade laminas is
verified. The main reason for this happen may comes from the compression of the blade
laminas as the lead-lag angle increases. Note that this event is not take into account
on the prediction of the equivalent blade spring stiffness (see section 3.1.3.1).

Thus, a good prediction of the equivalent spring stiffness of the blade lamina is not
assured by using EMP1 proceeding. Two values are determined through a polynomial
regression of third and first order on the experimental data (i.e.: 40.6 and 58.80 Nm/rad,
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respectively). Both estimations are very different from each other and this procedure
does not allow to determine accurately the equivalent blade spring stiffness value.

3.1.3.3 Dynamically Spring Stiffness Determination

Measuring the equivalent blade spring stiffness of the experimental setup statically is
not assured (see section 3.1.3). The solution then adopted is to determined it dynam-
ically. The principle of this procedure consists in determining the blade equivalent
spring stiffness through the measured natural vibration frequency, once the mass is
known. The measuring instruments used are accelerometers and an data-acquisition
system. Figure 3.10 shows the accelerometers placed on the experimental setup.

(a) Fuselage (b) Blade

Figure 3.10: Positioning of Accelerometers in the (a) Fuselage and the (b) Blade

With the rotor head blocked, the blade is slightly rotated and then released. The
lead-lag oscillations of the blade are measured and the signals are recorded with a
sample rate of 100Hz. The analysis are carried out for the sets 1 and 2 of the blade
laminas.

• Set 1 of the Blade Laminas:

The set 1 of the blade laminas is mounting on the rotor and the blade oscillations,
as well as its frequency spectrum diagram, are collected and shown in Figure 3.11.

It is observed the existence of an unexpected nonlinear oscillations of the blade. It
is proved by regarding the frequency spectrum diagram which shows three peaks at
2.25, 4.83 and 7.08Hz on the power spectrum.

This nonlinear effect happens due to the slight rotation of the longitudinal axis of
the blade lamina with respect to the longitudinal axis of the blade at rest. This is due
to the fixed lateral distance between the blade lamina supports. Both axis are parallel
when the blade lamina has a thickness of 2.5mm that corresponds to the set 2 of the
blade laminas.
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Figure 3.11: The blade oscillations with the set 1 of the blade laminas in (a) and its
frequency spectrum diagram in (b)

However, the equivalent blade spring stiffness is determined by considering the
natural blade frequency equal to that where it is observed the maximum power spectrum
peak (i.e: at 2.25Hz).

The natural blade frequencies of the remainder blades are then obtained by repeat-
ing this same process and the numerical values are given Table 3.6. Even all blade
laminas have the same geometrical and material properties, differences between the
measured values of each blade is observed. The natural blade frequency is strongly
influenced by the tightening torque applied to mount the blade laminas on their sup-
ports.

Therefore, in order to get precise theoretical results and be honest on the judge-
ment of the experimental ones, this procedure is repeated for each rotor configuration
analyzed along the others chapters.

Table 3.6: Natural Blade Frequency for Blades with the set 1 of the Blade Laminas

Blade k 1 2 3 4
ωbk[Hz] 2.329 2.102 2.329 2.123

• Set 2 of the Blade Laminas:

The same process realized previously is applied for the rotor mounted with the set
2 of the blade laminas. The oscillations of one blade, as well as its frequency spectrum
diagram, are shown in Figure 3.12.
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In this case, regarding the results, the characteristic of a linear spring type is ob-
served. Repeating the process also for the remainder blades, Table 3.7 presents the
natural blade frequency values obtained.
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Figure 3.12: The blade oscillation with the set 2 of the blade laminas in (a) and (b) its
frequency spectrum diagram

Table 3.7: Natural Blade Frequency for Blades with the set 2 of the Blade Laminas

Blade k 1 2 3 4
ωbk [Hz] 3.184 3.138 3.473 3.072

3.2 Measurement, Control and Security Systems

3.2.1 Measurement System

The main objective of the measurement system is to permit the analysis of the fuse-
lage and blades oscillations leading to the identification of the ground resonance phe-
nomenon, as well as, the determination of the boundaries of instabilities.

Accelerometers are used then to measure the longitudinal acceleration of the fuse-
lage and the angular acceleration of each blade. The slip ring element allows the signal
transfer from a rotating to a fixed frame. The revolving rotor speed is obtained through
an optical encoder located in the motor. A data-acquisition system records the mea-
sured signals along an experimental test.
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Figure 3.13: Security Devices of the Experimental Setup

3.2.2 Security and Control Systems

Reproduce the ground resonance phenomenon safely, regarding the machine itself and
the users, is the main goal of these two systems: security and control. This section
addresses to briefly describe the main functions and elements of these systems.

The objectives of the security system are presented below:

• Protect the users against the projection of any pieces or part of the machine;

• Not allow the access to the machine while the rotor is turning;

• Avoid high displacements of the fuselage (high stress in the fuselage laminas);

• Rigidify the movement of the fuselage in the direction of unstable oscillations;

For these reasons, a rigid and transparent safety enclosure cabinet covers the whole
machine and it is fixed on the ground (see Figure 3.2a). The opening of the enclosure
cabinet is allowed by an electrical interlock device. The control and command of this
electrical device is done by the control system.

The others security devices used to attain the goals commented previously are shown
in Figure 3.13.

The machine is composed of two pneumatic cylinders which block the fuselage
movements on its longitudinal direction. The control of these cylinders are done by the
control system and they are actioned once the longitudinal or lateral displacement of
the fuselage overpass a certain limit (i.e.: 2mm and 1mm on the longitudinal and lateral
direction, respectively). The fuselage oscillations in both directions are measured by
inductive sensors (two orange sensors located in the bottom of Figure 3.2b).
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Figure 3.14: The Control Panel of the Experimental Setup

Also, there are mechanical elements that limit the fuselage oscillations. It is com-
posed of four black mechanical pieces located beside the pneumatic actuators and four
lateral screws located in the black vertical beams (see Figure 3.13).

The whole machine is commanded and controlled through a control panel illustrated
in Figure 3.14. It has the main functions/responsibilities of:

• Drive and control the active security devices;

• Not allow the beginning of an experimental test if the security conditions are not
satisfied;

• Command and control the electrical motor;

• Restrict the maximum rotor speed value at 600 rpm;

• Avoid high accelerations of the rotor;

3.3 Instability Zones Identification

For the accomplishment of an experimental test, aimed to determine the instability
zones of a given helicopter configuration, the following steps described are followed.

• With the pneumatic cylinders closed, increase the rotor speed near to that envi-
sioned;

• Start recording the signals;

• Open the pneumatic cylinders and wait for the steady-state response of the heli-
copter since a slight perturbation is transfered to the dynamical system;

• Reach the critical rotor speed value (resonance or instability zone) by smooth
increments/decrements of the revolving speed;
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3.4. Conclusions

• Stop recording the signals once the security system was actioned.

During an experimental test, the fuselage and all blades oscillations are recorded
through the data-acquisition equipment, as well as the instantaneous rotor angular
rate obtained from the output of the control panel. The sampling rate for recording
the data is 1kHz. Also, it is important to remark that the accelerometers on the blades
are situated at 0.37m from the blade rotating axis.

However, high perturbations are noted on the obtained signals due to the proximity
of the magnetic field provided from the electric motor. Thus, a post-processing of
the signals is envisioned. Firstly, a fragment of the measured signals is collected,
corresponding the unstable movements, and they are then filtered. A low-pass filter is
applied with the following characteristics: type of filter = butter, cutoff frequency =
20Hz and order = 5.

Figure 3.15 shows the filtered measured signals obtained along an experimental test
at an instability zone. A spectrum analysis of these signals are carried out and also
illustrated in the same figure. It is important to note the exponential growth of the
fuselage or blade accelerations. Also, it is observed slight variations on the rotor speeds
along the test. Thus, the nominal critical rotor speed, for further comparisons with
others methods, is determined through the mean rotor speed during the last second of
the experimental test.

3.4 Conclusions

This chapter presents the development of an experimental setup, designed and con-
ceived for helping on the comprehension of the physical phenomenon of the helicopter
ground resonance and to validate the analytical results.

The conceptual design of the apparatus is based on the same mechanisms and
hypothesis considered on the simplified helicopter with hinged blades, described in
section 2.2. The experimental helicopter, divided in two main systems (i.e.: fuselage
and rotor head system), has adjustable parametric pieces. It allows to study different
fuselage and rotor configurations.

The equivalent fuselage and blade spring stiffness, which is given by the bending de-
formation of laminas, are computed through three different methods. The first method
is based on the analytical expressions of strength of materials, while the second and
third methods are experimental proceedings in which the spring stiffness are deter-
mined statically and dynamically. The third method gives better results than others
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Figure 3.15: Time Response and the Frequency Spectrum Diagram of the Experimental
Helicopter Equipped with the set 2 of the Blade Laminas at Ω ≈ 7.3Hz
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on the fuselage and blades spring stiffness determination. The two first methods are
satisfactory only for determining the linear equivalent fuselage spring stiffness.

Later, the auxiliary components (used on the measurement, control and security sys-
tems) are described. The experimental measurement proceedments applied on experi-
mental tests, in order to determine the boundaries of ground resonance phenomenon,
are detailed.
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Chapter 4

Isotropic Rotors

4.1 Introduction

The earliest research into the ground resonance phenomenon was performed by Coleman
and Feingold [20] who laid the foundations for all subsequent studies into the problem.
All these investigations carried out verified the occurrences of ground resonance can
be accurately predicted for articulated, hingeless and bearingless rotors. The use of
linearized equations of motion provides very accurate frequency prediction.

Most of these works focused on the analysis in helicopters with isotropic rotor
configurations (all blades having the same properties). In chapter 2, a brief analytical
development of the Coleman’s method was presented. The boundary speeds of ground
resonance are easily obtained once the periodic terms are eliminated through a variable
transformation known as the Coleman Transformation.

Nevertheless, the case of anisotropic rotors is very interesting from the practical
point of view. Indeed, due to aging, damper and stiffness properties can change from
one blade to another. Consequently, as the Coleman Transformation is no longer valid
for such anisotropic rotors, a stability analysis of the periodical equations of motion
is therefore considered. Thus, Floquet’s Theory is presented [37; 66] and used on the
prediction of ground resonance in helicopters with isotropic rotors, as shown in section
4.2.

However, since the stability analysis with Floquet is performed through the mon-
odromy matrix and calculated for each combination of input parameters, the current
method is expensive in terms of computer time.

Analytic mathematical methods have already been developed and dedicated to cal-
culate differential equations with periodical coefficients. Moreover, once the analytical
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responses are determined, the boundaries of instabilities can be easily obtained for any
type of rotor configurations. Stability analysis on helicopters containing mechanical
nonlinearities have been studied by using the Method of Multiple Scales [48].

In section G.4.2, the helicopter is treated by considering it as a parametrically ex-
cited system and using the Method of Multiple Scales. The boundaries of the ground
resonance phenomenon are obtained by a stability analysis for an isotropic rotor con-
figuration. The results are compared with those obtained by using Floquet’s Theory.
Then, analysis of the amplitude response of the helicopter is carried out on the remain-
ing parametric resonances.

Later, section 4.4 shows the results obtained through tests carried out on the ex-
perimental helicopter with isotropic rotors. Two types of isotropic rotors are studied
by altering the equivalent lead-lag blade stiffness. For each rotor configuration, critical
revolving speeds are detected (when the security system is activated), the helicopter
oscillations analyzed and the ground resonance phenomenon determined. The experi-
mental results are then compared with those obtained numerically by using the Floquet
method.

4.2 Floquet’s Method

Floquet Theory [36] is used to predict unstable oscillations in helicopters on ground
with isotropic rotors. Both models of helicopters HT1 and HT2 are analyzed and their
numerical data are given in Appendix B.

Let us consider the dynamical system - Eq.(2.4) represented in state-space format
as:

v̇(t) = A(t) v(t), t > t0 (4.1a)

v(t0) = v0, (4.1b)

where A(t) ∈ Rn is the state-space matrix, piecewise continuous, bounded and
T -periodic, i.e.,

A(t+ T ) = A(t) (4.2)

and
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4.2. Floquet’s Method

A(t) =
O6 I6

−M−1(t)K(t) −M−1(t)G(t)
(4.3)

v(t) is the state variable.
The transition matrix Φ according to Floquet theory which relates v(t0) to v(t)

is define as:

Φ(t, t0) = P(t, t0) eQ(t−t0) (4.4)

where Q is a constant matrix and P(t, t0) is non singular matrix satisfying P(t +
T, t0) and P(t0, t0) = I

The monodromy matrix R defined by:

R = Φ(t0 + T, t0) = eQT , (4.5)

provides a stability criterion: the system in Eq.(4.1) is exponentially stable if and
only of R is Schur, i.e., all eigenvalues of R (also called characteristic multipliers:
λi i = 1, 2, . . . , n) have magnitude less than one.

In most of practical cases the matrix R cannot be analytically determined. Never-
theless, R can be approximated assuming that system in Eq.(4.1) can be represented
in the form of a T -periodic switching linear system [36] defined by:

v̇(t) = A(t0 + kh)v(t) = A(tk)v(t) (4.6)

∀t ∈ [t0 + lT + kh, t0 + lT + (k + 1)h[, l = 0, 1, 2, . . . , t ≥ t0

where h = T
nh

is the sampling time, k = 0, 1, 2, . . . nh−1 and nh is a positive integer.
That is the system is assumed to be LTI during the sampling time h.

By applying Floquet theory, the monodromy matrix Rc of the periodically switched
system Eq.(4.6) can be determined by nh successive integrations and the approximation
of R by Rc finally reads [24]:

R ≈ Rc =
nh−1∏
k=0

eA(tk)h = eA(tnh−1)h . . . eA(tk)h . . . eA(t0)h . (4.7)

The monodromy matrix is then calculated by assuming nh = 64, the number of
samples considered during a system period. Thus, Eq.(2.4) is exponentially stable if
Rc is Schur.
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Figure 4.1 shows the evolution of the multiplier characteristic along with the rotor
speed. The unstable regions, delineated by strictly absolute values of the ordinate
greater than one, are given in Table 4.1 for both helicopters HT1 and HT2.
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Figure 4.1: Evolution of the Maximum Multiplier Characteristic for (a) HT1 model
and (b) HT2 model with Isotropic Rotors
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Table 4.1: Limits of Instability Zones Predicted by using FM for HT1 and HT2 models
with Isotropic Rotor Configuration

Model HT1 HT2
Lower bound 4.35 4.446 5.495
Upper bound 5.18 5.034 6.367

4.3 Method of Multiple Scales

Asymptotic methods are often used to obtain analytical solutions for nonlinear and
periodic equations. The Method of Multiple Scales – MMS [55; 56] is then used to
treat the periodical equations of movement. Apart from this application, the present
method has been frequently employed in nonlinear industrial problems [54] and non-
linear rotating machines [22; 23; 68].

In the present work, great attention is paid to parametrically excited systems [9; 74].
The presence of parametric and periodic terms can subject the system to parametric
instability conditions.

By introducing the bookkeeping parameter, all the time dependent functions are
expressed as a function of multiple scales of time and represented by an expansion
having the form:

un(t) = un0 (T0, T1) + εun1 (T0, T1) + O(2), n = 1..6 (4.8)

where Tn = εnt, n ∈ R+.
By substituting Eq.(4.8) in Eq.(2.4) and considering rmk = εαk and rb k = εβk,

two sets of equations are obtained by grouping them as a function of the power of ε.
Terms with an order higher than ε2 are neglected. The periodic terms are considered
as parametric excitations and scaled to appear at the order of ε.

4.3.1 Order ε0 equations

The set of order ε0 equations of the system is collected. They represent the steady-state
response of the uncoupled rotor and fuselage dynamical system.

D2
0 un0 (T0, T1) + ω2

n un0 (T0, T1) = 0, n = 1..6 (4.9)

where D0 is the partial derivative as a function of T0 and
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ω1 = ωx, ω2 = ωy, ωk+2 =
√
ω2
b k + r2

a kΩ2, k = 1..Nb

The solutions of these homogeneous equations are trivial and take the form un0 =
1
2Cn (T1) e(i ωnT0) + [c.c] , n=1..6. Term Cn (T1) is complex and [c.c] represents the
complex conjugate of the previous terms.

4.3.2 Order ε1 equations

In the following, Eq.(4.10a) to Eq.(4.10c) represent the set of equations of order ε1.

D0
2u11 (T0, T1) + ω2

1 u11 (T0, T1) = −2D1D0u10 (T0, T1) +

6∑
n=3


−1

2 i
(n−2)αn−2D2

0 un0 (T0, T1) e(iΩT0)

+i(n−3)αn−2ΩD0 un0 (T0, T1) e(iΩT0)

+1
2 i

(n−2)αn−2Ω2 un0 (T0, T1) e(iΩT0) + [c.c]


(4.10a)

D0
2u21 (T0, T1) + ω2

2 u21 (T0, T1) = −2D1D0u20 (T0, T1) +

6∑
n=3


−1

2 i
(n−3)αn−2D2

0 un0 (T0, T1) e(iΩT0)

−i(n−2)αn−2ΩD0 un0 (T0, T1) e(iΩT0)

+1
2 i

(n−3)αn−2Ω2 un0 (T0, T1) e(iΩT0) + [c.c]


(4.10b)

D0
2un1 (T0, T1) + ω2

n un1 (T0, T1) = −2D1D0un0 (T0, T1) +

− 1
2 i

(n−2)βn−2D2
0 u10 (T0, T1) e(iΩT0)

− 1
2 i

(n−3)βn−2D2
0 u20 (T0, T1) e(iΩT0) + [c.c] , n = 3..6

(4.10c)

As can be observed, the excitation terms (i.e. the right-hand side of the above
equations) are totally dependent on the steady-state responses un0 .

4.3.2.1 Parametric Resonances of first order - ε1 equations

By substituting the solutions of Eq.(4.9) in Eq.(4.10a) to Eq.(4.10c), the product
un0 (T0, T1)e(iΩT0) and its conjugate term are represented as Cn (T1) ei(Ω±ωn)TO + [cc].
The exponents, expressed as a function of ωn and Ω, are harmonics of the excitation
terms. Depending on their origin (fuselage or blade equations), the different types of
harmonics found are presented in the following.

Body Equations - Eq.(4.10a) and Eq.(4.10b):

[|Ω± ωn|] , n = 3..6 (4.11a)
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Blade Equations - Eq.(4.10c):

[
|Ω± ω1| |Ω± ω2|

]
(4.11b)

Depending on the rotor speed value attributed for Ω, when a harmonic is identical
to the natural frequencies (ω1..6),a resonance condition is identified on the equations of
ε1 order. Under this condition, the corresponding term is considered as a secular term
[56] and the resonance is denominated as a parametric resonance of the first order.

The possible critical rotor speeds at which a resonance occurs are:
Body equation - Eq.(4.10a):

[
|ω1 ± ω3| |ω1 ± ω4| |ω1 ± ω5| |ω1 ± ω6|

]
(4.12a)

Body equation - Eq.(4.10b):

[
|ω2 ± ω3| |ω2 ± ω4| |ω2 ± ω5| |ω2 ± ω6|

]
(4.12b)

Blade equations - Eq.(4.10c):

[
|ω1 ± ωn| |ω2 ± ωn|

]
, n = 3..6 (4.12c)

They are calculated by solving Eq.(4.11a) equal to ω1 and ω2 and Eq.(4.11b) equal
to ω3..6, respectively.

4.3.2.2 Solvability Conditions - ε1 equations

Certain conditions, usually known as solvability or compatibility conditions, must be
satisfied when using perturbation methods so that the inhomogeneous equations pos-
sess solutions. With MMS, the secular terms should be eliminated by setting their
coefficients equal to zero. A set of equations known as solvability equations is then
obtained.

Analysis of the solvability equations permits extracting substantial information on
the dynamical system. This makes it possible to consider predicting the ground reso-
nance phenomenon, by identifying the boundary speeds of unstable zones and studying
the amplitude responses as a function of rotor speed (only for stable resonant cases).

Consequently, a detuning frequency parameter σ is introduced only in the harmonic
terms before scaling the equations of motion in Eq.(2.4) by considering Ω = ΩR + εσ.
This permits controlling the nearness of a resonance case identified by ΩR and listed in
Eq.(4.12a) to Eq.(4.12c).
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4.3.3 Study Case - Helicopter HT2 with Isotropic Rotor

Table B.2 contains the data used in the numerical analysis of a helicopter HT2 with
an isotropic rotor. Firstly, a stability analysis is carried out at each parametric reso-
nant case and the boundaries of unstable regions are determined. However, if stable
oscillations are found, then the amplitude responses of the helicopter at equilibrium
are studied. The results will be compared later with those obtained by a step-by-step
numerical integration.

4.3.3.1 Stability Analysis

The MMS method is used to predict the boundary speeds of the ground resonance
phenomenon in which considers the helicopter as a parametrically exited system. The
results obtained are later compared with those found by FM.

As mentioned in sections 4.3.2.1 and 4.3.2.2, parametric resonances are verified with
MMS. The critical rotor values are illustrated graphically in Figure 4.2 which shows the
evolution of the natural frequencies (ω1 to ω6) with the evolution of the harmonics of
exciting terms (see Eq.(4.11a)) as a function of rotor speed Ω. Four resonant cases (A, B,
C and D) are observed and it should be noted that two resonances occur simultaneously
for each one. Table 4.2 gives the rotor speed values for all cases.

Table 4.2: Rotor Speed Values in Hz of the Parametric Resonant Cases identified by
MMS for an Isotropic Rotor

Resonant Cases of First Order
A B C D

1.475 2.433 4.743 5.857

4.3.3.2 Stability Analysis - ε1 equations

A study of stability on the solvability equations is performed at each resonant case
and the boundaries of instability are determined. Since the blades have the same
geometrical and inertial properties and assuming ε = rm, we obtain αk = α = 1 and
βk = β = rb k

rm k
for k=1. . . 4.

• Case A - ΩR = ω1 − ω3..6 = 1.475 ∗ (2π)
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Figure 4.2: Evolution of Harmonic Combinations with the Evolution of Natural Fre-
quencies for an Isotropic Rotor at ε1 equations

The solvability equations are presented below:

−2 i
(

∂
∂T1

C1
)
ω1+ (4.13a)

α
6∑

n=3
i(n−2)

(
1
2 ω

2
n eiσ T1 + ΩR ωneiσ T1 + 1

2 Ω2
Reiσ T1

)
Cn = 0

2 i
(
∂

∂T1
C2

)
ω2 = 0 (4.13b)

− 2 i
(
∂

∂T1
Cn

)
ωn −

1
2 i

(4−n)β C1ω
2
1e−iσ T1 = 0, n = 3..6 (4.13c)

The above equations become autonomous by substituting the following Cartesian
form in the amplitudes C.

Ck = (Br k + iBi k) e( 1
2 i σ T1), k = 1..2

Ck = (Br k + iBi k) e(− 1
2 i σ T1), k = 3..6
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where Br k and Bi k are real functions of T1.
Twelve new expressions are obtained by collecting and separating the real and imagi-

nary terms. They admit nontrivial solutions having the form [Br k, Bi k] = [dr k, di k] e(ΓT1)

where Γ, dr k and di k are constants.
After arranging the set of equations in matrix form, the polynomial characteristic

equation PA (Γ, σ), expressed as function of Γ and σ, is:

PA (Γ, σ) = Γ12 + a10Γ10 + a8Γ8 + a6Γ6 + a4Γ4 + a2Γ2 + a0 (4.14)

where,

a0 =0.000244140σ12 + 0.00156162σ10 + 0.00249716σ8

a2 =0.00585936σ10 + 0.0312323σ8 + 0.0399546σ6

a4 =0.0585937σ8 + 0.249858σ6 + 0.239728σ4

a6 =0.639272 + 0.937500σ4 + 1.99886σ2

a8 =0.639272 + 0.937500σ4 + 1.99886σ2

a10 =1.59909 + 1.50000σ2

The procedure developed previously leads to the polynomial characteristic equation
for the remainder of the resonant cases Pk (Γ, σ), k = {A, B, C, D} and their stability
is determined by regarding the roots (Γ).

The system is stable when, by varying σ over a certain range, the values of Γ are
all imaginary. It implies that Γ2 should be real and negative. Figure 4.3 illustrates the
evolution of the real and imaginary values of Γ2 separately.

Regarding cases A and B, Γ2 presents purely real and negative values as a function
of the product ε σ whose value is considered to vary from -0.73 to 0.73Hz. However, in
cases C and D, unstable movements occur when ε σ vary from -0.2343 to 0.2343Hz for
case C and from -0.3514 to 0.3514Hz for case D. The boundaries of instability found by
MMS are grouped with those obtained by FM (see Table 4.1 in section 4.2) in Table
4.4. Moreover, the percentual error is presented by comparing the mean rotor speed
value of each instability region obtained with both methods.

4.3.4 Amplitude Response Analysis

The amplitude response of the helicopter on stable resonant cases (i.e., A and B) is
studied. It consists in deducing the relation between the amplitudes and phases of
the fuselage and blade movements and the detuning parameter σ, once equilibrium is
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Figure 4.3: Stability Analysis of the First Order Resonant Cases A, B, C and D - 1)
Evolution of the real part of Γ2, 2) Evolution of the imaginary part of Γ2

Table 4.4:

Comparison of Limits of Instability Zones Predicted and the Error between the mean
rotor speed value by using FM and MMS for HT2 model
Resonant Case With FM With MMS Deviation [%]

1 / C Lower Bound 4.446 4.508 1.26Upper Bound 5.034 4.978

2 / D Lower Bound 5.495 5.506 1.35Upper Bound 6.367 6.208
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reached.

4.3.4.1 Resonant case A:

A polar coordinate transformation defined below is applied on the solvability equations
- Eq.(4.13b) to Eq.(4.13c).

Cn (T1) = An (T1) eiθn(T1), n = 1..6 (4.15)

Two new sets of equations are obtained by by separating the real and imaginary
terms into groups.

The set of equations composed of real terms is:

d

dT1
A1 =

4.71239A3 cos (γ1)− 4.71239A4 sin (γ2)

−4.71239A5 cos (γ3) + 4.71239A6 sin (γ4)
d

dT1
A2 =0

d

dT1
A3 =− 61.3238A1 cos (γ1)

d

dT1
A4 =61.3238A1 sin (γ2)

d

dT1
A5 =61.3238A1 cos (γ3)

d

dT1
A6 =− 61.3238A1 sin (γ4)

(4.16)

and the set of equations composed of imaginary terms is:

d

dT1
θ1 = 1

A1

 4.71239A3 sin (γ1) + 4.71239A4 cos (γ2)

−4.71239A5 sin (γ3)− 4.71239A6 cos (γ4)


d

dT1
θ2 =0

d

dT1
θ3 =61.3238 A1 sin (γ1)

A3
d

dT1
θ4 =61.3238 A1 cos (γ2)

A4
d

dT1
θ5 =− 61.3238 A1 sin (γ3)

A5
d

dT1
θ6 =− 61.3238 A1 cos (γ4)

A6

(4.17)
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where

γn (T1) =− θ1 (T1) + σ T1 + θn+2 (T1) , n = 1..4 (4.18)

It should be noted that γn are functions of T1 and express the phase shift between the
kth blade lead-lag oscillations and the longitudinal movement of the fuselage. Moreover,
the nonexistence of any harmonic terms equal to ω2 explain why the second expression
of each set of equations is independent and equal to zero.

Imposing the dynamic system in equilibrium

d

dT1
γn = d

dT1
Ak = 0, n = 1..4, k = 1..6

the values of each γn is determined from Eq.(4.16) by assumingA1 (T1) andA3..6 (T1)
non-nulls.

We verify that two solutions are found in the interval of ] 0, 2π [ for each γ and they
are represented below as:

γ1 (T1) =
{
π

2 ,
3π
2

}
γ2 (T1) = {0, π}

γ3 (T1) =
{
π

2 ,
3π
2

}
γ4 (T1) = {0, π}

(4.19)

By combining the possible values of γ, 16 sets of solutions are obtained. The
relation between amplitudes Ak and the detuning parameter σ is found for each set,
from Eq.(4.17) to Eq.(4.18). Likewise, the correlation of the phases θk is also acquired.

For instance, by considering the solution set γ1 = γ3 = π
2 and γ2 = γ4 = 0, we

obtain:

d
dT1

θ3 = d
dT1

θ4 = d
dT1

θ5 = d
dT1

θ6 (4.20a)

A4 = A3, A5..6 = −A3 (4.20b)

A1 =
(
−0.008152σ A3 ± 0.008152

√
σ2 + 4624.0

)
A3 (4.20c)

It can be seen that Eq.(4.20b) presents the correlation between the blade lead-lag
oscillations and that Eq.(4.20c) highlights the interconnection between the fuselage
and blade amplitudes. Figure 4.4 illustrates the two possible solutions at equilibrium
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(according to the sign “+” or “-” present in the equation) by plotting the evolution of
A1
A3

as a function of the detuning parameter σ.

Figure 4.4: Evolution of the ratio between the Longitudinal Amplitude of the Fuselage
and the in-plane blade rotation as a function of σ for case A

Now, regarding phase expressions, θ3(T1) is found by substituting Eq.(4.20c) and
γn values in Eq.(4.17). The remainders θn are obtained later from Eq.(4.18), except for
θ2 which is obtained directly from Eq.(4.17).

θ1 =− π

2 + Θ3 + 0.5000σ T1 ± 0.5000T1
√
σ2 + 4624.0

θ2 =Θ2

θ3 =Θ3 − 0.5000σ T1 ± 0.5000T1
√
σ2 + 4624.0

θ4 =− π

2 + Θ3 − 0.5000σ T1 ± 0.5000T1
√
σ2 + 4624.0

θ5 =Θ3 − 0.5000σ T1 ± 0.5000T1
√
σ2 + 4624.0

θ6 =− π

2 + Θ3 − 0.5000σ T1 ± 0.5000T1
√
σ2 + 4624.0

(4.21)

Constants Θ2 and Θ3 are established from the initial conditions. Due to the fact
that Eq.(4.20c) is composed of two expressions, θn has the same property and follows
the same order of signs.

By considering Eq.(4.15), Eq.(4.20b) and Eq.(4.20c) in the solutions of Eq.(4.9), and
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by not taking into account the responses of un1 , the dynamic response of the helicopter,
defined in Eq.(4.8), becomes the following at equilibrium:

u1±(t) = A1 ei(ω1t+θ1)

u2±(t) = A2 ei(ω2t+θ2) (4.22)

un±(t) = A3 ei(ω3t+θn), n = 3..4

un±(t) = −A3 ei(ω3t+θn), n = 5..6

The un± consists of two different expressions depending on the sign used in Eq.(4.21)
which also refers to the sign used in Eq.(4.20c).

Assuming that at initial time A2 = Θ2 = 0, A3 = 0.1 and Θ3 = π
2 in Eq.(4.22),

Figures 4.5 and 4.6 illustrate the responses un+ and un− of the helicopter, respectively,
as a function of the azimuth angle of the first blade ψ1 for σ = [−25, 25]. Appendix
C.1 illustrates the numerical expressions of the responses as a function of time.

A constant amplitude of 0.1 rad is verified for the blade lead-lag oscillations as
is a null lateral displacement of the fuselage. Also, a decrease in amplitude of the
longitudinal movement of the fuselage is also observed from case a) to b) in the responses
un+, whereas the amplitude increases in responses un−. This conforms to the solutions
given by A1

A3
along with σ, as shown in Figure 4.4.

However, when regarding un+ and un− for all cases of σ, it can be seen that A3 and
A4 is phase shifted by 180ř when compared to A5 and A6, respectively, while A3 has a
90ř phase shift related to A6.

When comparing the above results with the time responses of a helicopter obtained
by step-by-step integration, there are obviously significant similarities when considering
the equilibrium, level of amplitudes and phase shift in all cases for responses un+ and
un−. Nevertheless, the absence of a beat phenomenon on the predicted responses is
due to the fact that the responses of order ε1 equations are not taken into account.
In Appendix C.2 additional information is given on the integration method and initial
conditions.

A phase shift of 180ř can be seen in the correlation between the longitudinal move-
ment of the fuselage and the displacement of the center of mass of the rotor in responses
un+ and un−. In the equilibrium responses un+, the fuselage moves forward while the
center of mass of the rotor moves rearward and vice-versa. However, in un−, the center
of the mass oscillates in phase with the fuselage. Figure 4.7 illustrates the phase shift by
representing the deformation shapes from the equilibrium responses at the maximum
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(a) σ = −25

(b) σ = 25

Figure 4.5: Amplitude Responses un+ of the Helicopter for the resonant case A along
with azimuth angle of the first blade ψ1
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(a) σ = −25

(b) σ = 25

Figure 4.6: Amplitude Responses un− of the Helicopter for the resonant case A as a
function of the azimuth angle of the first blade ψ1
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elongation of the longitudinal displacement. Symbol “0” (zero) indicates the point at
rest and the dotted lines represent zero level of the in-plane lead-lag angles.

(a) un+ with σ = −25 (b) un− with σ = 25

Figure 4.7: Deformation Shape of the Helicopter HT2 in the resonant case A

The same procedure is used to establish the amplitude response analysis for the
entire set of γn solutions presented in Eq.(4.19). Even when changing the phase shift
values, they all cause the helicopter to have the same two deformation shapes at equi-
librium.

Both equilibrium solutions shift the position of the center of mass as a function of
the rotation axis of the rotor. Also, a phase shift of 180ř is detected between them
when analyzing the longitudinal oscillation of the fuselage and the movement of the
center of mass of the rotor.

4.3.4.2 Resonant case B:

Similar to the previous study, the same series of actions is performed in order to com-
plete the amplitude response analysis for resonant case B.

Once the polar transformation described in Eq.(4.15) is applied and the equations
are grouped. It can now be seen that the first equation of each set of equations is
independent and null. The reason for this is linked to the nonexistence of any harmonic
terms at the same natural frequency of the longitudinal displacement of the fuselage
(ω1).
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The list of expressions adopted for γn is as follows:

γn (T1) =− θ2 (T1) + σ T1 + θn+2 (T1) , n = 1..4 (4.23)

Assuming the helicopter oscillates at equilibrium, the possible values for γn that
satisfy the equations are:

γ1 (T1) = {0, π}

γ2 (T1) =
{
π

2 ,
3π
2

}
γ3 (T1) = {0, π}

γ4 (T1) =
{
π

2 ,
3π
2

}
(4.24)

Combining them leads to a set of sixteen γ solutions. The relation between the
lateral displacement of the fuselage (A2) as a function of the blade amplitudes (A3 to
A6) and the detuning parameters are determined for each one. The relation between
blade amplitudes and phases are also predicted.

For example, taking into account one set of γ solutions, defined by γ1 = γ3 = 0 and
γ2 = γ4 = π

2 , we obtain:

d
dT1

θ3 = d
dT1

θ4 = d
dT1

θ5 = d
dT1

θ6 (4.25)

A4..5 = −A3, A6 = A3 (4.26)

A2 =
(
0.004713σ ± 0.0001885

√
625.0σ2 + 6666000.0

)
A3 (4.27)

Note that two possible solutions express the relation between the lateral ampli-
tude of the fuselage and the amplitude of the blade oscillations. Figure 4.8 shows the
evolution of the ratio of amplitudes A2

A3
with the detuning parameter σ.

By replacing Eq.(4.26) and Eq.(4.27) in the set of equations with real and imaginary
terms, as in the previous study in case A, the expressions of θn are obtained as shown
below.
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Figure 4.8: Evolution of the ratio between the Longitudinal Amplitude of the Fuselage
and the in-plane blade rotation with σ for case B

θ1 =Θ1

θ2 =Θ3 + 0.50000σ T1 ∓ 0.02000T1
√

625.0σ2 + 6666000.0

θ3 =Θ3 − 0.50000σ T1 ∓ 0.02000T1
√

625.0σ2 + 6666000.0

θ4 =π

2 + Θ3 − 0.50000σ T1 ∓ 0.02000T1
√

625.0σ2 + 6666000.0

θ5 =Θ3 − 0.50000σ T1 ∓ 0.02000T1
√

625.0σ2 + 6666000.0

θ6 =π

2 + Θ3 − 0.50000σ T1 ∓ 0.02000T1
√

625.0σ2 + 6666000.0

(4.28)

Constants Θ1 and Θ3 are defined through the initial conditions. By respecting
the order in which the expressions are obtained, sign “∓” appears. This means that
an expression containing “+” in Eq.(4.27) leads to sign “-” in Eq.(4.28). Contrary to
the previous study of the resonant case A, the solution with sign “+” increases as σ
increases.

Finally, knowing the relation between the phase and amplitudes of each degree of
freedom, the expressions for the responses at equilibrium un+ and un− of the helicopter
are determined.

By imposing A1 = Θ1 = 0, A3 = 0.1 and Θ3 = π
2 as initial conditions (see the
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(a) σ = −25

(b) σ = 25

Figure 4.9: Amplitude Responses un+ of the Helicopter for the resonant case B along
with azimuth angle of the first blade ψ1
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(a) σ = −25

(b) σ = 25

Figure 4.10: Amplitude Responses un− of the Helicopter for the resonant case B as a
function of the azimuth angle of the first blade ψ1
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appendix where their numerical expressions are given as a function of time C.1). Figures
4.9 and 4.10 illustrate the amplitude responses of the helicopter as a function of the
azimuth angle of the first blade ψ1 for σ = [−25, 25].

By comparing the results obtained for resonant cases A and B, it is possible to
verify the same characteristics regarding the phase shift between the blade movements.
However, regarding the level of amplitude of the oscillations, the blades reaches 0.1 rad,
while the lateral displacement attains 0.06 m and the longitudinal movement is null.
The first and third statements (blade and longitudinal movement) are consequences of
the initial conditions while the second obeys the ratio A2

A3
as a function of σ shown in

Figure 4.8.
Taking into account the previous resonant case, comparing the results with the

time responses of a helicopter achieved by step-by-step integration (see Appendix C.2),
highlights significant similarities when examining the equilibrium, level of amplitudes
and phase shift in all cases for responses un+ and un−. Nevertheless, the absence of a
beat phenomenon on the predicted responses is due to the fact that the responses of
order ε1 equations are not taken into account.

In the correlation between the lateral movement of the fuselage and the displacement
of the center of mass of the rotor in responses un+ and un−, a phase shift of 180ř can
be observed when comparing these two solutions of equilibrium. Figure 4.11 illustrates
the phase shift by representing the deformation shapes. Symbol “0” (zero) indicates the
rest point and the dotted lines represent the zero level of the in-plane lead-lag angles.

The procedure developed is repeated in order to achieve the amplitude response
analysis for the whole set of γn solutions presented in Eq.(4.24) for resonant case B.

The results verify the same shape deformation for the whole set of γn solutions and
there is a phase shift of 180ř between the lateral movement of the fuselage and the
blade oscillations when comparing the equilibrium responses at resonant case B. Both
shift the center of mass of the rotor from the axis of rotation.

4.4 Experimental Results

The helicopter oscillations at critical rotor speed values (i.e.: resonance or instability
conditions), ascertained when the security system is activated, are analyzed experimen-
tally and the ground resonance phenomenon is determined for two different isotropic
rotor configurations.

The sets 1 and 2 of the blade laminas are used to obtain the different isotropic rotor
configurations, by changing the equivalent lead-lag blade stiffness (see section 3.1.1).

71



Chapter 4. Isotropic Rotors

(a) un− with σ = −25 (b) un+ with σ = 25

Figure 4.11: Deformation Shape of the Helicopter HT2 in the resonant case B

Moreover, the EMP3 proceedings described in section 3.3 details the experimental
procedure applied to obtain the measured signals.

The results and analysis for each rotor configuration are given below, in the following
sections 4.4.1 and 4.4.2. Later, in section 4.4.3, the results are briefly discussed.

4.4.1 Set 1 of the Blade Laminas

Three critical rotor speeds values are verified during experimental tests, as listed below:

• Case A - Ω ≈ 2.5Hz

• Case B - Ω ≈ 5.9Hz

• Case C - Ω ≈ 7.5Hz

The time responses of the measured signals and their frequency spectrum diagrams
are given in Figures D.1 to D.3, respectively, for cases A to C. Regarding the evolution
of these signals through time, an exponential growth is observed on the lead-lag blades
and fuselage accelerations of cases B and C, as shown in Figures D.2 and D.3. These
cases indicate the boundaries of an instability region.

With respect to case A, a resonance condition is identified once the envelop of the
fuselage acceleration signal increases linearly. The unbalanced mass in the rotor, which
revolves neat to the fuselage natural frequency in the longitudinal direction, excite
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the fuselage movement. Moreover, the presence of small oscillations on the rotor speed
signal is verified. It may be provided by the dynamic efforts from the blades oscillations
on the rotor head element and by the motor control system.

Considering the natural frequency of each blade given in Table 3.6, the natural
frequency of the fuselage given in section 3.1.3.2 and the remainder mechanical and
geometrical properties of the experimental helicopter given in Table 3.3, the prediction
of the ground resonance phenomenon is carried out by using Floquet’s method. A
mean damping ratio of 0.2% is assumed for the fuselage and blade, after observing
their oscillations (see Figure 3.11a).

Figure 4.12 shows the evolution of the characteristic multiplier (red line) with re-
spect to the angular rate Ω. The predicted boundary of instability is represented by
the green square symbols whereas that determined experimentally is given in blue di-
amonds. Table 4.5 presents their numerical values.
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Figure 4.12: Comparison between the Analytical vs Experimental Prediction of the
Instability Zone for an Isotropic Rotor with the set 1 of the Blade Laminas

Intended to represent the relative oscillations between blades, Figure 4.13 shows a
general representation of the rotor deformation shape when the fuselage reaches the
maximum longitudinal displacement before 1s of the activation of the security system.
Each blue line corresponds one blade of the rotor whereas the black dashed line is the
origin of the blade lead-lag angle. In all cases, a shift of the rotor center of the mass
from the vertical rotating axis is verified.
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Table 4.5: The Comparison between the Boundary of Instability Predict with FM and
that Determined Experimentally for an Isotropic Rotor with the set 1 of the Blade
Laminas

With FM Experimental Deviation [%]
Lower Bound 6.33 5.92 6.47
Upper Bound 7.74 7.55 2.45

t = 36.7249 [s]

(a) Case A

t = 36.6969 [s]

(b) Case B

t = 34.4509 [s]

(c) Case C

Figure 4.13: General Representation of the Rotor Deformation Shape for the Experi-
mental Helicopter HE with the set 1 of the Blade Laminas in the (a) case A, (b) case
B and (c) case C

It is important to remark that the lead-lag angles are only illustrative. Also, due to
the absence of information, it is not possible to have a spacial orientation of the rotor
head with respect to the longitudinal direction of the fuselage.

4.4.2 Set 2 of the Blade Laminas

In this section, the link between the rotor head and the blades are done by the set 2 of
the blade laminas. Table 3.7 presents the natural frequency of each blade determined
experimentally .

Similar to the previous rotor configuration, three critical angular rate value are
found during experimental tests, as listed below:

• Case A - Ω ≈ 2.5Hz

• Case B - Ω ≈ 7.3Hz

• Case C - Ω ≈ 8.8Hz

Regarding the evolution of the measured signals with respect to time shown in
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Figures D.4 to D.6, both cases B and C present an exponentially growth on the envelop
of the blades and fuselage accelerations whereas case A increases linearly. Thus, case
A represents a resonant case where Ω ≈ ωx, and cases B and C indicate the limit of an
instability zone.

Admitting a damping factor of 0.2% for the fuselage and blade oscillations, the
experimental helicopter data of Table 3.3, the fuselage natural frequencies given in
section 3.1.3.2 and the blades natural frequencies of Table 3.7, Figure 4.14 shows the
evolution of the characteristic multiplier with respect to the rotor speed Ω computed
by using Floquet’s Method.

Indeed, the predicted boundary of the instability zone (i.e.: the green square sym-
bols) compared to that observed experimentally (i.e.: the blue diamonds symbols) is
relatively similar. Table 4.6 presents the numerical values, as well as the deviation in
% found between the analytical and experimental results.
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Figure 4.14: Comparison between the Analytical vs Experimental Prediction of the
Instability Zone for an Isotropic Rotor with the set 2 of the Blade Laminas

Looking at the blade accelerations values when the fuselage reaches the maximum
longitudinal displacement before 1s of the activation of the security system, Figure 4.13
illustrates a general representation of the rotor deformation shape.

Similar to the previous isotropic rotor configuration analysis, each blue line corre-
sponds to one blade whereas the black dashed line is the origin of the blade lead-lag
angle. In all cases, a shift of the rotor center of the mass from the vertical rotating axis
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Table 4.6: The Comparison between the Boundary of Instability Predict with FM and
that Determined Experimentally for an Isotropic Rotor with the set 2 of the Blade
Laminas

With FM Experimental Deviation [%]
Lower Bound 7.33 7.82 6.68
Upper Bound 8.63 8.80 1.97

t = 35.7719 [s]

(a) Case A

t = 32.4458 [s]

(b) Case B

t = 34.7979 [s]

(c) Case C

Figure 4.15: General Representation of the Rotor Deformation Shape for the Experi-
mental Helicopter HE with the set 2 of the Blade Laminas in the (a) case A, (b) case
B and (c) case C

is verified.
Moreover, the lead-lag angles are only illustrative on the representativeness of the

rotor deformation shape. Due to the absence of information, it is not possible to have
a spacial orientation of the rotor head with respect to the longitudinal direction of the
fuselage.

4.4.3 Discussion of Results

Even for the same set 1 or 2 of the blade laminas mounted on the blades, it is important
to notice the presence of small deviations on the measured natural frequencies between
blades. For each isotropic rotor configurations analyzed, Tables 3.6 and 3.7 show the
numerical frequency values determined with the set 1 and 2 of the blade laminas,
respectively. Additional informations are given in section 3.1.3.3.

Regarding the experimental results between the two isotropic rotor configurations
studied, the boundary speeds of the ground resonance phenomenon experienced on each
is different. It is observed that the set of stiffer blade laminas leads to high critical rotor
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angular rate.
This fact is explained through the analytical development realized in sections 2.3

and G.4.2, by using the Coleman’s Method and the Method of Multiple Scale. As
discussed on these sections, the unstable movements in helicopter dynamics on ground
are related to the dynamic coupling between the fuselage and the “progressing” rotor
modes of vibration . The coincidence of these modes happen at higher rotor speeds
values for blades with stiffer in-plane lead-lag springs (see Figures 2.4 and 4.2).

Thus, for helicopters having two distinct longitudinal and lateral natural frequencies
of the fuselage (i.e, HT2 helicopters), two instability regions are detected. However, the
experimental tests verify the presence of only one instability zone due to constraints
imposed on the maximum allowable revolving speed of the rotor.

Likewise and for further comparisons, the predicted critical speeds found with FM
based on the experimental data are constrained too. Differences are observed when
confronting these theoretical results with the experimental ones. The main possible
errors that may explain this fact are:

• The rotational inertial properties of blades are computed from the CAD software
(i.e.: CATIA) without taking into account the inertial properties of the blade
laminas;

• The nonlinear effects of the equivalent in-plane lead-lag stiffness of blades are not
take into account on the theoretical mechanical model;

• The oscillations of the rotor speed through time (see Appendix D), which affects
the helicopter dynamics, is not take into account on the analytical model;

• The experimental detection of the critical revolving speeds at the limit of unstable
oscillations is not precise;

4.5 Conclusions

Treating the periodical equations of motions is inevitable, once it is envisioned to study
the influence of dissimilarities between blades on the ground resonance phenomenon.
For this, two potential methods are recommended: Floquet’s Method and Method of
Multiple Scales. In this chapter, both methods are presented and used on the stability
analysis of helicopters with isotropic rotors.

With FM, the stability analysis is easily obtained from the monodromy matrix,
which requires high numerical computing power for a reasonable computing time. The
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instability zones predicted are similar to those found by using the Coleman’s Method
for HT1 and HT2 helicopter with isotropic rotor configuration.

In what concerns the second method (MMS), the main advantages for using it is
based on obtaining analytical expressions (e.g., versatility and CPU time) and the
possibility to study the helicopter responses.

Several parametric resonances cases (i.e, cases A, B, C and D) are identified by
considering the helicopter as a parametrically excited system and by using this method.
Stability analysis on each of these resonances leads to identifying the instability regions
and their boundaries. Great accuracy is obtained when confronting them with those
found by using Floquet’s Theory.

Regarding the stable resonant cases (i.e, cases A and B), the study of the amplitude
response for each case highlights the presence of two equilibrium solutions for the
helicopter. Regarding the motion of the center of mass of the rotor and by comparing
the fuselage movement between these solutions, a phase shift of 180 is detected. Both
cases A and B lead to a shift of the center of mass from the rotation axis of the rotor.

Helicopter with two different isotropic rotor configurations are studied experimen-
tally. The boundary of unstable movements presents small deviations with respect to
those determined by using FM. Even the fuselage having two distinct natural frequen-
cies, only one instability region is verified. This fact is due to limitation on rotor speed
of the experimental setup.

Analysis on the deformation shapes at the limit of unstable regions is carried out.
These deformations, obtained from the measured signals from the experimental tests,
highlight a shift of the rotor center of mass from the rotating rotor axis.
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Anisotropic Rotors

5.1 Introduction

The study of the influence of anisotropic rotors on the ground resonance phenomenon
is very interesting from a practical point of view. Indeed, due to aging or failures, the
properties of stiffness and damping can randomly change from one blade to another
and modify then the dynamical behavior of the system.

Dynamics of helicopter on ground taking into account small blade dissimilarities
have been examined [72]. The predictions of instability zones obtained by using Flo-
quet’s Theory confirm that the introduction of small asymmetry ±5% on the in-plane
lead-lag stiffness of one blade shifts the boundaries speeds of unstable regions making
them wider.

However, once higher asymmetries are taken into account, it is unknown their ef-
fects on the ground resonance phenomenon. Consequently, helicopter maintenance
interventions are done frequently and are costly expensive.

With the objective of further understanding the ground resonance phenomenon,
analysis is extended to verify the influence of high in-plane lead-lag stiffness dissimilar-
ities in blades on the stability of the phenomenon. Since Coleman Transformation is no
more valid, the treatment of the periodic equations of motion is reached by using Flo-
quet’s Theory. The presence of viscous damping are not considered into the mechanical
model in order to highlights all possible instabilities.

However, perturbation methods have been frequently dedicated to treat differential
equations with periodic, parametric and/or nonlinear terms. Hill’s Infinite Determi-
nant, Harmonic Balance Method and Method of Multiple Scales are methods frequently
employed to treat them [55; 56]. The motivations of using these methods are based
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on the obtention of analytical expressions which are relatively simple to be analyzed,
versatile and less computer time-consuming than numerical methods (i.e.: Floquet’s
Method).

Nonlinear rotor dynamics [22; 23; 68], industrial problems with parametric excita-
tions [54] and classical examples, e.g. pendulum dynamics in parametric excitations
[9; 67; 74] are all examples of problems in which these methods have been used. In the
latter applications, the authors observed that parametric excitations lead to the occur-
rence of parametric resonances that in turn lead to unstable oscillation conditions.

Therefore, the influence of high in-plane lead-lag stiffness dissimilarities in blades
are studied on three different cases of anisotropic rotors configurations. The analyzed
cases are listed below:

• Case 1 - One Dissimilar Blade (see section 5.2)

• Case 2 - Two Adjacent Dissimilar Blades (see section 5.3)

• Case 3 - Two Opposite Dissimilar Blades (see section 5.4)

In all cases, Floquet Theory is used to predict unstable oscillations in helicopters on
ground with anisotropic rotors. Nevertheless, the Method of Multiple Scales - MMS
is used on the treatment of ground resonance phenomenon only in the Case 1 which
considers in-plane stiffness variation at one blade.

Later, the prediction of ground resonance phenomenon with anisotropic rotors are
done experimentally and the results are compared qualitatively with those get previ-
ously .

5.2 One Dissimilar Blade

5.2.1 Floquet’s Method

Twenty one cases of anisotropic rotor configurations are laid down by taking into ac-
count the in-plane lead-lag natural frequency variation of the last blade (4ωb4) from
−100% to +100% by step of 9% of the referential frequency described in Tables B.1 or
B.2 depending on the helicopter studied (i.e.: HT1 and HT2, respectively).

Once the type of helicopter is defined, the evolution of the multiplier characteristic
along with the rotor speed is computed from Eq.(4.7) for each point within whole
parametric space of asymmetric rotor configuration. The number of samples considered
during a period is p = 64.

The instability zones are then determined from multiplier characteristic obtained
and the boundary speeds of each region are collected. Figure 5.1 shows the stability
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charts of HT1 and HT2 as function of the asymmetry parameter 4ωb4 for the ground
resonance phenomenon.
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Figure 5.1: Stability Charts for HT1 and HT2 by considering Asymmetries on the 4th
Blade
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5.2.2 Method of Multiple Scales

The Method of Multiple Scale is used for treating the ground resonance with anisotropic
rotors. By introducing the bookkeeping parameter ε into the expansion of any time
dependent functions having the form:

un(t) = un0 (T0, T1, T2) + εun1 (T0, T1, T2) + (5.1)

ε2 un2 (T0, T1, T2) + O(3), n = 1..6

and by scaling the periodic terms to appear as parametric excitations at the first order
of ε by considering rmk = εαk and rb k = εβk, three sets of equations are obtained by
grouping them as a function of the power of ε once Eq.(5.1) is replaced in Eq.(2.4).

Note that Tn = εnt, n ∈ R+ are time scales and terms with a higher order than ε3

are neglected.

5.2.2.1 Order ε0 equations

The set of order ε0 equations collected is:

D2
0 un0 + ω2

n un0 = 0, n = 1..6 (5.2)

where D0 is the partial derivative with respect to T0 and

ω1 = ωx, ω2 = ωy, ωk+2 =
√
ω2
b k + r2

a kΩ2, k = 1..Nb

The six equations of motion are homogeneous and independent which indicates dy-
namic uncoupling between rotor and fuselage dynamics on the fast time scale. The solu-
tions of these equations are trivial and take the form un0 = 1

2Cn (T1, T2) e(i ωnT0) +[c.c] ,
n=1..6. The term Cn (T1, T2) is complex and [c.c] represents the complex conjugate of
the previous terms.

5.2.2.2 Order ε1 equations

The set equations of order ε1 are represented below.
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D2
0u11 + ω2

1 u11 = −2D1D0u10+
6∑

n=3

{
−1

2 i
(n−2)αn−2D2

0 un0e(iΩT0) + i(n−3)αn−2ΩD0 un0e(iΩT0)

+1
2 i

(n−2)αn−2Ω2 un0e(iΩT0) + [c.c]

}
(5.3)

D2
0u21 + ω2

2 u21 = −2D1D0u20+
6∑

n=3

{
−1

2 i
(n−3)αn−2D2

0 un0e(iΩT0) − i(n−2)αn−2ΩD0 un0e(iΩT0)

+1
2 i

(n−3)αn−2Ω2 un0e(iΩT0) + [c.c]

}
(5.4)

D2
0un1 + ω2

n un1 = −2D1D0un0+

− 1
2 i

(n−2)βn−2D2
0 u10e(iΩT0) (5.5)

− 1
2 i

(n−3)βn−2D2
0 u20e(iΩT0) + [c.c] , n = 3..6

The right-hand side of the above equations highlights the existence of external
excitations that are totally dependent on the steady-state responses un0 . The responses
un0 are time dependent of T0, T1 and T2.

5.2.2.3 Parametric Resonances of first order - ε1 equations

The external excitations on equations of order ε1, manifested by the presence of un0e(iΩT0)

and/or its variation, lead the dynamical system to a resonance condition depending on
the rotor speed value attributed for Ω. The resonance is detected when any combina-
tion of frequencies of exciting terms becomes equal to the natural frequencies of the
linear dynamical system.

To clarify the procedure, the combination of frequencies are represented below once
the solutions of Eq.(5.2) are substituted in Eq.(5.3) to Eq.(5.5) and the exponential
terms collected.

Body Equations - Eq.(5.3) and Eq.(5.4):

[ |Ω± ωn| ] , n = 3..6 (5.6)
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Blade Equations - Eq.(5.5): [
|Ω± ω1| |Ω± ω2|

]
(5.7)

Submitting Eq.(5.6) equal to ω1 and ω2 and Eq.(5.7) equal to ω3..6, the rotor speeds
at which a resonance occurs are:

Body equation - Eq.(5.3):

[
|ω1 ± ω3| |ω1 ± ω4| |ω1 ± ω5| |ω1 ± ω6|

]
(5.8)

Body equation - Eq.(5.4):

[
|ω2 ± ω3| |ω2 ± ω4| |ω2 ± ω5| |ω2 ± ω6|

]
(5.9)

Blade equations - Eq.(5.5):

[
|ω1 ± ωn| |ω2 ± ωn|

]
, n = 3..6 (5.10)

Under this condition, the resonant terms are considered as secular terms [55; 56].

5.2.2.4 Solvability Conditions - ε1 equations

In order to obtain solutions for the inhomogeneous equations, certain solvability condi-
tions must be satisfied when using asymptotic or perturbation methods. Particularly
with MMS, the secular terms should be eliminated by setting their coefficients equal
to zero. A set of so-called solvability equations is obtained. Their solutions lead to
determining specific conditions and the relation between the amplitude responses of
motion of the previous order of the ε dynamical system.

In the present work, emphasis is given to studying the stability of such equations.
This entails predicting the ground resonance phenomenon by determining the boundary
speeds of unstable zones for any type of rotor.

For this reason, a detuning frequency parameter σ is introduced into the harmonic
terms before scaling the equations of motion in Eq.(2.4). Considering Ω = ΩR + εσ

permits controlling the nearness of a resonance case identified by ΩR and shown in
Eqs.(5.8) to (5.10).

The secular terms are collected once the value of ΩR has been substituted in the
new ε1 set of equations. Six linear differential equations, known as solvability equations,
are obtained. They are a function of the complex amplitudes Cn (T1, T2) and/or its
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conjugate Cn (T1, T2), n = 1...6.

5.2.2.5 Non Resonant Case – ε1 equations

A non resonant case at ε1 equations is established when the Ω does not belong to the
rotor speed values defined in Eqs.(5.8) to (5.10).

The solvability equations are therefore:

∂

∂T1
Cn (T1, T2) = 0, n = 1..6 (5.11)

which lead the amplitude responses Cn be independent of T1.

Taking into account the above solvability conditions and replacing them in Eqs.(5.3)
to (5.5), the responses un1 (T0, T1, T2) are obtained by solving the inhomogeneous second
order differential equations (see section E.2.1 of Appendix E).

5.2.2.6 Order ε2 equations

The set of equations of order ε2 is:

D2
0u12 + ω2

1 u12 = −2 D2D0 u10 −D2
1u10 − 2 D1D0u11

6∑
n=3



−i(n−2)αn−2

[1
2D2

0 un1 + D1D0 un0

]
e(iΩT0)

+i(n−3)Ωαn−2

[1
2D0 un1 + D1 un0

]
e(iΩT0)

+1
2 i

(n−2) αn−2Ω2 un1e(iΩT0) + [cc]


(5.12)

D2
0u22 + ω2

2 u22 = −2 D2D0 u20 −D2
1u20 − 2 D1D0u21

6∑
n=3



−i(n−3)αn−2

[1
2D2

0 un1 + D1D0 un0

]
e(iΩT0)

−i(n−2)Ωαn−2

[1
2D0 un1 + D1 un0

]
e(iΩT0)

+1
2 i

(n−3) αn−2Ω2 un1e(iΩT0) + [cc]


(5.13)
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D2
0un2 + ω2

6 un2 = −2 D2D0 un0 −D2
1un0 − 2 D1D0un1

−i(n−2)βn−2

(1
2D2

0 u11 + D1D0 u10

)
e(iΩT0) , n = 3..6 (5.14)

−i(n−3)βn−2

(1
2D2

0u21 + D1D0 u20

)
e(iΩT0)

Note that un0 and un1 are time dependents of T0, T1 and T2.

5.2.2.7 Parametric Resonances of second order - ε2 equations

The same procedure developed in section 5.2.2.3 is used to determine the parametric
resonances of the second order. However, for this goal, the expressions of un1 (T0, T1, T2)
are necessary.

It is assumed, for instance, that any parametric resonance of the second order is
similar to those found in first order equations which leads to validating the responses
determined in section E.2.1 of Appendix E. By substituting them, the solvability con-
ditions found in section 5.2.2.5 and the responses of un0 (T0, T1, T2) in Eqs.(5.12) to
(5.14), the combination of frequencies of the exciting terms at order ε2 equations are:

Body Equations - Eqs.(5.12) and (5.13):

| ±2Ω± ωn | , n = 1..2 (5.15)

Blade Equations - Eq.(5.14):

| ±2Ω± ωn| , n = 3..6 (5.16)

The rotor speeds at which a resonance of the second order occurs are calculated by
making Eq.(5.15) equal to ω1 and ω2and Eq.(5.16) equal to ω3..6.

They are represented below as,
Body equation - Eq.(5.12):

|ω1| ,
∣∣∣ωi+ωj

2

∣∣∣ , ∣∣∣ωi−ωj

2

∣∣∣ i 6= j → i , j = 1..2 (5.17)

Body equation - Eq.(5.13):

|ω2| ,
∣∣∣ωi+ωj

2

∣∣∣ , ∣∣∣ωi−ωj

2

∣∣∣ i 6= j → i , j = 1..2 (5.18)

Blade equations - Eq.(5.14):

86



5.2. One Dissimilar Blade

|ωi| ,
∣∣∣ωi+ωj

2

∣∣∣ , ∣∣∣ωi−ωj

2

∣∣∣ i 6= j → i , j = 3..6 (5.19)

5.2.2.8 Solvability Conditions - ε2 equations

The objective of this section is similar to that explained previously in section 5.2.2.4
and the same procedure is utilized. Nevertheless, in order to control the nearness of the
parametric resonances of the second order, Ω = ΩR + ε2σ is considered before scaling
the equations of motion in Eq.(2.4).

It should be noted that the solvability equations will be expressed as a function of
complex amplitude Cn (T2) and/or its conjugate Cn (T2), n = 1...6.

5.2.2.9 Numerical Application - Study Case

The study of the influence of asymmetric blades on helicopter stability is carried out
by examining the boundaries of the ground resonance phenomenon.

In the previous section (section 5.2.1), through Floquet theory, ground resonance
stability chart for different anisotropic rotor configurations are examined for two models
of helicopters HT1 and HT2. A wide range of in-plane lead-lag stiffness variation is
considered by altering the lead-lag natural frequency in ±100%, as well as, the quantity
and position of the perturbed blades.

By considering the helicopter as a parametrically excited dynamic system, the sta-
bility analysis is here achieved by applying MMS. An arbitrary case of anisotropic rotor
from those studied with FM is chosen, i.e: helicopter model HT2 with the 4th blade
assumed to be dissimilar from the others and equal to 4ω6 = −40% or, similarly,
4ωb4 = −40%. Table B.2 exposes the reference data of the helicopter with isotropic
rotor.

The parametrically excited characteristic of the dynamical system and the expan-
sions introduced by the perturbation method, highlight the presence of parametric
resonances at first and/or second order equations. These resonances are illustrated
graphically in Figure 5.2 which shows the evolution of the natural frequencies (ω1 to
ω6) with the evolution of harmonic combinations at ε1 and ε2 order equations. They
are plotted as a function of rotor speed Ω.

The intersection points indicate resonant cases A to H and J to Q, and Table 5.1
contains the rotor speed values for all cases. Note that two resonances may occur
simultaneously at the same rotor speed, which explains the use of lines connecting the
points.
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(a) at ε1 equations

(b) at ε2 equations

Figure 5.2: Evolution of Harmonics Combinations along with the Evolution of Natural
Frequencies for an Anisotropic Rotor
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Table 5.1: Rotor Speed Values in Hz of the Parametric Resonant Cases found by MMS
for an Anisotropic Rotor

Resonant Cases of the First Order
A B C D E F G H

1.475 2.022 2.433 2.943 4.192 4.741 5.343 5.855
Resonant Cases of the Second Order

J K L M N O P Q
0.299 0.500 0.916 1.223 1.526 3.000 3.500 4.000

5.2.2.10 Parametric resonant cases - ε1 equations

The boundaries of ground resonance are determined by studying the stability of the
solvability equations for each parametric resonant case. It is important to note that
αk = 1 and βk = rb k

rm k
, for k=1. . . 6, since the blades have the same geometrical and

inertial properties.

• Case A - ΩR = ω1 − ω3..5 = 1.475 ∗ (2π)

The solvability equations are presented below:

−2 i ω1
(

∂
∂T1

C1
)

e−iσ T1 +
6∑

n=3
1
2 i

(n−2)α (ωn + ΩR)2Cn = 0 (5.20)

2 i
(
∂

∂T1
C2

)
ω2 = 0 (5.21)

− 2 i ωn
(
∂

∂T1
Cn

)
− 1

2 i
(6−n)β ω2

1 C1e−iσ T1 = 0, n = 3..5 (5.22)

− 2 i
(
∂

∂T1
C6

)
ω6 = 0 (5.23)

The nonexistence of exciting terms at frequencies ω2 and ω6 explain why Eqs.(5.21)
and (5.23) are homogeneous and independents. The amplitudes Cn are functions of T1

and T2.
Differentiating Eq.(5.20) with respect to T1 and replacing ∂

∂T1
Ck, k =3...5 obtained

from Eq.(5.22), a second order differential equation on C1 is obtained.
Assuming C1 = (Br + iBi) e(i σ T1), where Br and Bi are real functions of T1 and

T2, two new autonomous expressions are found once the real and imaginary terms are
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separated. They admit a nontrivial solution having the form (Br, Bi) = (br, bi) e(ΓT1)

where br, bi and Γ are constants.
By arranging them in matrix form, as a function of br and bi, the characteristic

polynomial equation PA (Γ, σ) is then obtained as,

PA (Γ, σ) = a4Γ4 + a2Γ2 + a0 (5.24)

where, a0 = −0.1905E7, a2 = −1423σ2 − 0.329E7 and a4 = −1423.
The polynomial characteristic equations of the remainder cases Pk (Γ, σ), k =

{B...H} are found by repeating the procedure developed previously. In section E.2.2
of Appendix E, the solvability and polynomial characteristic equations of cases A to H
are presented.

The stability of the dynamical system is then determined by regarding the roots
(Γ) of the characteristic polynomial equations. The system is stable when, by varying
σ over a certain range, the values of Γ are all imaginary. This implies that Γ2 should
be real and negative. Figure 5.3 illustrates separately the evolution of the real and
imaginary values of Γ2 for all the parametric resonant cases of the first order with
respect to the product εσ.

The results highlight that the ground resonance phenomenon appears only in the
last four cases. The boundaries of instability, in Hz, range from -0.1425 to 0.1425 for
case E, from -0.2042 to 0.2042 for case F and G, and, finally, from -0.3012 to 0.3012
for case H.

5.2.2.11 Parametric resonant cases - ε2 equations

Similar to the parametric resonant cases of the first order, the stability analysis of cases
J to Q is carried out and the boundaries of instability are then predicted. Since the
blades have the same geometrical and inertial properties, αk = 1 and βk = rb k

rm k
, for

k=1. . . 6.
The solvability equations can be represented as follows in all the resonant cases:

∂

∂T2

{
C1

C2

}
=

[
v1,1 v1,2

v2,1 v2,2

]{
C1

C2

}
+
[
v1,1 v1,2

v2,1 v2,2

]{
C1

C2

}
(5.25)

∂

∂T2


C3
...
C6

 =
[ v3,3 ··· v3,6

... . . . ...
v6,3 ··· v6,6

]
C3
...
C6

 +

 v3,3 ··· v3,6
... . . . ...

v6,3 ··· v6,6



C3
...
C6

 (5.26)
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Figure 5.3: Stability Analysis of the First Order Resonant Cases A to H - 1) Evolution
of the real part of Γ2, 2) Evolution of the imaginary part of Γ2
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As the set of analytical expressions is long and difficult to illustrate, coefficients v
and v are given numerically. It should be noted that C is the conjugate term of C and
both are functions of T2 only.

• Case J - ΩR = ω3..5 − ω6 = 0.299 ∗ (2π)

The coefficients values of Eqs.(5.25) and (5.26) are indicated below for the resonant
case J.

v1,1 = 587.9636 i v2,2 = 285.438834 i
v3,3 = −152.13 i+ 0.28045E (−1) i σ v3,4 = 152.13
v3,5 = 152.14 i v3,6 = 0.12694E (−2) e(−2.i σ T2)

v4,3 = −152.12 v4,4 = 0.28045E (−1) i σ − 152.13 i
v4,5 = 152.12 v4,6 = 0.12694E (−2) i e(−2.i σ T2)

v5,3 = 152.14 i v5,4 = −152.12
v5,5 = 0.28045E (−1) i σ − 152.13 i v5,6 = 0.12694E (−2) e(−2.i σ T2)

v6,3 = 174.30e(2.i σ T2) v6,4 = 174.30 i e(2.i σ T2)

v6,5 = −174.30e(2.i σ T2) v6,6 = 0.45829E (−1) i σ − 37.964 i

Two sets of autonomous equations are obtained once Ck = (Br k + iBi k) e( i σ T2) for
k = {1, 2, 6}, and Ck = (Br k + iBi k) e(−i σ T2) for k=3..5 in Eqs.(5.25) and (5.26). The
variables Br k and Bi k are real functions of T2. They admit nontrivial solutions having
the form [Br k, Bi k] = [dr k, di k] e(ΓT1) where Γ, dr k and di k are constants.

Arranging them in a matrix form as a function of dr k and di k, the polynomial
characteristic equations PJ,1 (Γ, σ) and PJ,2 (Γ, σ), originated from Eqs.(5.25) and (5.26)
in that order and expressed as a function of Γand σ, are:

PJ,1 (Γ, σ) = Γ4 + a1
2Γ2 + a1

0 (5.27)

PJ,2 (Γ, σ) = Γ8 + a2
6Γ6 + a2

4Γ4 + a2
2Γ2 + a2

0 (5.28)

where,
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a1
0 =1.0σ4 − 722.24σ3 + 195290.0σ2 − 23429000.0σ + 1052400000.0

a1
2 =2.0σ2 − 722.24σ + 65527.0

a2
0 =
−6.0× 10−12 σ + 60240.0σ2 + 58.639σ7 + 1.6075× 10−11 + ...

912.03σ6 − 12859.0σ3 + 1.0σ8 − 13706.0σ4 + 1045.2σ5

a2
2 =2635.5σ4 + 60240.0 + 175.92σ5 + 4.0σ6 + 4203.7σ2 + 4259.7σ3 − 12859.0σ

a2
4 =17910.0 + 3214.5σ + 175.92σ3 + 2534.9σ2 + 6.0σ4

a2
6 =4.0σ2 + 58.639σ + 811.45

The coefficients above are the results of numerical application on long analytical
expressions that are not represented. The polynomial characteristic equations of re-
mainder resonant cases Pk (Γ, σ), k = {K..Q} , are achieved by following the same
actions described previously.

By conforming to the same criteria as those established in section 5.2.2.10, stability
is determined by considering the roots (Γ) of the characteristic polynomial equations.
Figure 5.4 illustrates separately the evolution of the real and imaginary values of Γ2

with respect now to the product ε2σ.
The analysis indicates unstable oscillations from -0.0288 to –0.0171Hz for case O,

from -0.0534 to -0.0325Hz for case P, and from -0.0592 to -0.038Hz for the last case Q.
With respect to case N, when regarding the amplitudes of the imaginary terms, it

can be seen that they are smaller than the real ones. The real part of the exponent
obtained for the helicopter responses can be neglected, once the square root has been
extracted (passing from Γ2 to Γ) and multiplied by ε2 (passing from T2 to t), leading
to small values (∼ 1e− 6). Finally, resonant case N presents stable oscillations.

Comparing the results obtained from FM and MMS in Table 5.3 highlights the
predicted boundary speeds of the ground resonance phenomenon. There are seven
instability zones: the last four correspond to parametrical resonances of the first order
and the three first are unstable parametric resonances of the second order.

The shifts between both methods are calculated by taking into account the mean
rotor speed values at each zone.

5.2.3 Experimental Results

Two different types of anisotropic rotor configurations with one dissimilar blade (iden-
tified as A1R1 and A1R2) are studied. The asymmetry between blades is done by
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Figure 5.4: Stability Analysis of the Second Order Resonant Cases J to Q - 1)Evolution
of the real part of Γ2, 2) Evolution of the imaginary part of Γ2
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Table 5.3: Limits of Instability Zones Predicted by using FM and MMS for an
Anisotropic Rotor Configuration with 4ω6 = −40% and the Shift between the Mean
Critical Rotor Speed Values

Resonant Case With FM With MMS Deviation [%]

1 / O Lower Bound 2.959 2.971 0.27Upper Bound 2.979 2.983

2 / P Lower Bound 3.348 3.447 0.20Upper Bound 3.465 3.467

3 / Q Lower Bound 3.933 3.941 0.18Upper Bound 3.956 3.962

4 / E Lower Bound 4.016 4.049 0.97Upper Bound 4.384 4.335

5 / F Lower Bound 4.516 4.537 1.17Upper Bound 5.039 4.495

6 / G Lower Bound 5.096 5.139 0.44Upper Bound 5.545 5.547

7 / H Lower Bound 5.568 5.554 1.57Upper Bound 6.339 6.156

Table 5.4: Set of Blade Laminas and the Blade Natural Frequencies for the Anisotropic
Rotor Configurations A1R1 and A1R2

Blade 1 2 3 4

A1R1 Set 1 1 1 2
ωb k[Hz] 2.49 2.39 2.35 3.25

A1R2 Set 1 2 2 2
ωb k[Hz] 2.33 3.07 3.48 3.22

altering the equivalent lead-lag blade stiffness, i.e. modifying the set of the blade lam-
ina of one blade with respect to the others. Table 5.4 indicates the set of blade lamina
mounted on each blade, as well as the measured blade natural frequency (see EMP2
proceedings in section 3.1.3.3), for both anisotropic rotors A1R1 and A1R2.

5.2.3.1 A1R1 Rotor Configuration

Following the EMP3 proceedings described in section 3.3, the measured signals are
obtained for three critical rotor speeds values, as follows:

• Case A - Ω ≈ 2.5Hz

• Case B - Ω ≈ 6.5Hz

• Case C - Ω ≈ 8.0Hz
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Figures D.7 to D.9 presents the measured signals as function of time and also their
frequency spectrum diagram for cases A to C, respectively. Note that the fuselage and
blades acceleration signals obtained growth exponentially through time. Specially in
case A, the fuselage acceleration growth linearly until the moment at the rotor speed
reaches 2.55Hz, and later an exponentially envelop of the signal is verified. Thus,
unstable oscillations are detected for all cases A, B and C.

Considering the experimental helicopter data given in section 3.1.3.2 and the blades
natural frequencies in Table 5.4, the boundaries of instability are determined by using
the Floquet’s Method. They are represented by the green square symbols which indicate
the characteristic multiplier (red line) on the limit to overpass the unit value (black
dashed line). A damping ratio of 2% is considered on the analysis for the fuselage and
blade. This ratio is compued based on experimental tests.

The numerical and experimental results are presented together in Figure 5.5 and
they are compared in Table 5.5. The experimental limits of unstable oscillations are
represented by blue square symbols.

0 2 4 6 8 10 12
0.9

0.95

1

1.05

1.1

1.15

Ω − Rotor Speed [Hz]

| λ
 |

 

 

Floquet’s Theory
Experimental

Figure 5.5: Comparison between the Analytical vs Experimental Prediction of the
Instability Zone for the Anisotropic Rotor A1R1

Similar to what it is expected, concerning the previous stability analysis on differ-
ent helicopters with one dissimilar blade, three instability regions are predicted with
Floquet in this case. However, experimentally, only the zone 1 and lower and upper
limit of zones 2 and 3, respectively, were possible to be determined. The stable region
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Table 5.5: The Comparison between the Boundary of Instability in Hz Predict with
FM and that Determined Experimentally for the Anisotropic Rotor A1R1

With FM Experimental Deviation [%]
Zone 1 2.81 2.55 9.20

Zone 2 Lower Bound 6.60 6.51 1.36
Upper Bound 7.66 – –

Zone 3 Lower Bound 7.69 – –
Upper Bound 8.30 7.99 3.73

t = 36.0559 [s]

(a) Case A

t = 32.9968 [s]

(b) Case B

t = 35.5679 [s]

(c) Case C

Figure 5.6: General Representation of the Rotor Deformation Shape for the Experi-
mental Helicopter A1R1 in the (a) case A, (b) case B and (c) case C

between zone 2 and 3 is not found due to their proximity.
Intended to represent the relative oscillations between blades, Figure 5.6 shows a

general representation of the rotor deformation shape when the fuselage reaches the
maximum longitudinal displacement before 1s of the activation of the security system.
Each blue line corresponds one blade of the rotor whereas the black dashed line is the
origin of the blade lead-lag angle. In all cases, a shift of the rotor center of the mass
from the vertical rotating axis is verified.

It is important to remark that the lead-lag angles are only illustrative. Also, due to
the absence of information, it is not possible to have a spacial orientation of the rotor
head with respect to the longitudinal direction of the fuselage.

5.2.3.2 A1R2 Rotor Configuration

As for the previous anisotropic rotor configuration A1R1, in this section the same
analysis is carried out for the experimental helicopter with the A1R2 rotor configuration
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(see Table 5.4). Three critical rotor speeds values are studied, as follows:

• Case A - Ω ≈ 6.9Hz

• Case B - Ω ≈ 7.3Hz

• Case C - Ω ≈ 8.9Hz

The measured signals and also their frequency spectrum diagram obtained are given
Figures D.7 to D.9 for cases A to C, respectively. Note that the fuselage and blade
accelerations signals for all cases growth exponentially through time, which indicates
the limit of instability zones.

By considering the new blade natural frequencies (i.e.: those corresponding to the
rotor A1R2) and the remainder experimental helicopter data (similar to those discussed
in the previous section), Figure 5.7 compares the instability zones computed by using
Floquet Method with those obtained experimentally. Table 5.6 presents the numerical
values of the boundaries of instabilities.
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Figure 5.7: Comparison between the Analytical vs Experimental Prediction of the
Instability Zone for the Anisotropic Rotor A1R2

The experimental measured signals for the zone 1 and the lower bound of zone 3
are damaged and not illustrated in this work.

Intended to represent the relative oscillations between blades, Figure 5.6 shows a
general representation of the rotor deformation shape when the fuselage reaches the
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Table 5.6: The Comparison between the Boundary of Instability in Hz Predict with
FM and that Determined Experimentally for the Anisotropic Rotor A1R2

With FM Experimental Deviation [%]
Zone 1 2.79 – –

Zone 2 Lower Bound 6.72 6.93 3.12
Upper Bound 7.28 7.31 0.4

Zone 3 Lower Bound 7.37 – –
Upper Bound 8.64 8.60 0.4

t = 36.0399 [s]

(a) Case A

t = 36.2679 [s]

(b) Case B

t = 35.8999 [s]

(c) Case C

Figure 5.8: General Representation of the Rotor Deformation Shape for the Experi-
mental Helicopter A1R2 in the (a) case A, (b) case B and (c) case C

maximum longitudinal displacement before 1s of the activation of the security system.
Each blue line corresponds one blade of the rotor whereas the black dashed line is the
origin of the blade lead-lag angle. In all cases, a shift of the rotor center of the mass
from the vertical rotating axis is verified.

It is important to remark that the lead-lag angles are only illustrative. Also, due to
the absence of information, it is not possible to have a spacial orientation of the rotor
head with respect to the longitudinal direction of the fuselage.

5.3 Two Adjacent Dissimilar Blades

5.3.1 Floquet’s Method

In this section, two adjacent blades (3rd and 4th blades) have been altered from -100
to +100 % by a step of 9% of the reference value of 1.5Hz which is the blade lead-lag
resonance frequency considered for the other blades. The study are carried out for both
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helicopters model HT1 and HT2 (see Appendix B).
By repeating the procedure used in case study 1, the limits of the instability zones

are computed for each point of the parametric space. Tri-dimensional stability charts of
ground resonance phenomenon, as function of the adjusting parameters and the rotor
speed, are obtained for both helicopter, respectively. The gray color represents the
unstable regions. Also, the evolution of instabilities zones with respect to 4Ωb4 at
different constant values of 4Ωb3 (-100%, -52.381%, 52.381% and 100%) are presented.
Figures 5.9 and 5.10 illustrates the results obtained for HT1, whereas Figures 5.11 5.12
for HT2.

Figure 5.9: Stability Charts for HT1 by considering Asymmetries on the 3rd and 4th
Blades

5.3.2 Experimental Results

Anisotropic rotor with two adjacent dissimilar blades (identified as A2R1) are studied
experimentally. Table 5.7 indicates the set of blade lamina mounted on each blade, as
well as the measured blade natural frequency (see EMP2 proceedings in section 3.1.3.3).

Three critical rotor speeds values are identified during experimental tests and they
are listed below:
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Figure 5.10: Stability Chart for HT1 with respect to 4Ωb4 by considering Different
Asymmetry Values of the 3rd Blade

Table 5.7: Set of Blade Laminas and the Blade Natural Frequencies for the Anisotropic
Rotor A2R1

Blade 1 2 3 4

A2R1 Set 1 1 2 2
ωb k[Hz] 2.419 2.0 3.13 3.37
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Figure 5.11: Stability Charts for HT2 by considering Asymmetries on the 3rd and 4th
Blades
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Figure 5.12: Stability Chart for HT2 with respect to 4Ωb4 by considering Different
Asymmetry Values of the 3rd Blade
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• Case A - Ω ≈ 2.5Hz

• Case B - Ω ≈ 6.3Hz

• Case C - Ω ≈ 8.3Hz

Except in case A, the fuselage and blades acceleration signals obtained growth
exponentially through time for the remainder cases as shown in Appendix D. Thus,
unstable oscillations are detected for cases B and C.

In order to compare the instability zones found experimentally, Floquet’s Method
is used to determine the rotor speeds values at the boundary of the ground resonance
phenomenon when considering the blades natural frequencies specified in Table 5.7 and
the helicopter data given in section 3.1.3.2.

Figure 5.13 shows the evolution of the characteristic multiplier (red line) with re-
spect to the angular rate Ω. The predicted boundary of instability is represented by
the green square symbols whereas that determined experimentally is given in blue di-
amonds. Table 5.8 presents their numerical values.
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Figure 5.13: Comparison between the Analytical vs Experimental Prediction of the
Instability Zone for the Anisotropic Rotor A2R1

For this specific rotor configuration, helicopter unstable movements at low rotor
speeds are not verified from both theoretical and experimental results. Moreover, the
transition between zones 1 and 2 is not detected experimentally due to their proximity.

Intended to represent the relative oscillations between blades, Figure 5.14 shows a
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Table 5.8: The Comparison between the Boundary of Instability in Hz Predict with
FM and that Determined Experimentally for the Anisotropic Rotor A2R1

With FM Experimental Deviation [%]

Zone 1 Lower Bound 6.38 6.32 0.9
Upper Bound 7.46 – –

Zone 2 Lower Bound 7.57 – –
Upper Bound 8.50 8.37 1.5

t = 36.1049 [s]

(a) Case A

t = 36.8729 [s]

(b) Case B

t = 37.0419 [s]

(c) Case C

Figure 5.14: General Representation of the Rotor Deformation Shape for the Experi-
mental Helicopter A2R1 in the (a) case A, (b) case B and (c) case C

general representation of the rotor deformation shape when the fuselage reaches the
maximum longitudinal displacement before 1s of the activation of the security system.
Each blue line corresponds one blade of the rotor whereas the black dashed line is the
origin of the blade lead-lag angle. In all cases, a shift of the rotor center of the mass
from the vertical rotating axis is verified.

It is important to remark that the lead-lag angles are only illustrative. Also, due to
the absence of information, it is not possible to have a spacial orientation of the rotor
head with respect to the longitudinal direction of the fuselage.

5.4 Two Opposite Dissimilar Blades

5.4.1 Floquet’s Method

The effects of two opposite dissimilar blades (2nd and 4th blades) are studied in this
section. By using the same procedure applied on the previous case (section 5.3.1),
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Table 5.9: Set of Blade Laminas and the Blade Natural Frequencies for the Anisotropic
Rotor A2R2

Blade 1 2 3 4

A2R1 Set 1 2 1 2
ωb k[Hz] 2.409 3.384 2.66 3.2

Figure 5.15 illustrates the limits of the instability zones as a function of 4Ωb2 and
4Ωb4 tri-dimensionally and Figure and 5.16 shows the evolution of instabilities zones
as function a of4Ωb4, by assuming constant values for4Ωb2 (-100%, -52.381%, 52.381%
and 100%), for the helicopters HT1. The same results are obtained for HT2 and they
are given in Figure 5.17 and 5.18.

Figure 5.15: Stability Charts for HT1 by considering Asymmetries on the 2nd and 4th
Blades

5.4.2 Experimental Results

Table 5.9 indicates the set of blade lamina, as well as the natural frequency of each
blade constituting an anisotropic rotor with two opposite dissimilar blades (identified
as A2R2) analyzed experimentally.
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Figure 5.16: Stability Chart for HT1 with respect to 4Ωb4 by considering Different
Asymmetry Values of the 2nd Blade
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Figure 5.17: Stability Charts for HT2 by considering Asymmetries on the 2nd and 4th
Blades
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Figure 5.18: Stability Chart for HT2 with respect to 4Ωb4 by considering Different
Asymmetry Values of the 2nd Blade
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Table 5.10: The Comparison between the Boundary of Instability in Hz Predict with
FM and that Determined Experimentally for the Anisotropic Rotor A2R2

With FM Experimental Deviation [%]
Zone 1 2.82 2.76 2.1

Zone 2 Lower Bound 6.78 6.65 1.9
Upper Bound – 7.2 –

Zone 3 Lower Bound – 7.2 –
Upper Bound 8.43 8.28 1.7

Four critical rotor speeds values, at which the security system is activated, are
identified during experimental tests and they are listed below:

• Case A - Ω ≈ 2.6Hz

• Case B - Ω ≈ 6.6Hz

• Case C - Ω ≈ 7.2Hz

• Case D - Ω ≈ 8.3Hz

Similar to the experimental results in section 5.2.3.1, all the signals obtained from
the fuselage and blade accelerometers growth exponentially for all cases (see Appendix
D). Specially in case A, the fuselage acceleration growth linearly until the moment at
the rotor speed reaches 2.6Hz. Thus, unstable oscillations are detected in all cases A,
B and C.

Using Floquet’s Method, it is determined the boundaries rotor speeds of the ground
resonance phenomenon by considering the blades natural frequencies specified in Table
5.9 and the helicopter data given in section 3.1.3.2.

Figure 5.19 shows the evolution of the characteristic multiplier (red line) with re-
spect to the angular rate Ω. The predicted boundary of instability is represented by
the green square symbols whereas that determined experimentally is given in blue di-
amonds. Table 5.10 presents their numerical values.

For this specific rotor configuration, helicopter unstable movements are verified in
two different zones experimentally whereas both are joined on the theoretical results.

Intended to represent the relative oscillations between blades, Figure 5.20 shows a
general representation of the rotor deformation shape when the fuselage reaches the
maximum longitudinal displacement before 1s of the activation of the security system.
Each blue line corresponds one blade of the rotor whereas the black dashed line is the
origin of the blade lead-lag angle. In all cases, a shift of the rotor center of the mass
from the vertical rotating axis is verified.
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Figure 5.19: Comparison between the Analytical vs Experimental Prediction of the
Instability Zone for the Anisotropic Rotor A2R2

It is important to remark that the lead-lag angles are only illustrative. Also, due to
the absence of information, it is not possible to have a spacial orientation of the rotor
head with respect to the longitudinal direction of the fuselage.

5.5 Discussion of Results

Regarding the influence of asymmetries in one blade for HT1, Figure 5.1a illustrates
the presence of a main instability region at 4.4 ≤ Ω ≤ 5.2Hz which is not altered for
almost all values of 4ωb4. It corresponds exactly to the same critical region found for
an isotropic rotor [35; 49].

In what concerns the same analysis for HT2, Figure 5.1b highlights, nevertheless,
the presence of two main instability regions at 4.4 ≤ Ω ≤ 5.0Hz and 5.5 ≤ Ω ≤ 6.4Hz.
Similar to HT1, the main instability regions found are similar with those obtained with
an isotropic rotor.

Unstable regions are also observed at low rotor speeds for a wide range of asymme-
tries in both models studied. A critical rotating speed around 3Hz is verified for HT1,
whereas for HT2 three regions are detected around 3, 3.5 and 4Hz.

The analytical development carried out on the stability analysis of HT2 with one
dissimilar blade by using MMS in section 5.2.2 verifies the presence of first and second

111



Chapter 5. Anisotropic Rotors

t = 37.3679 [s]

(a) Case A

t = 36.7599 [s]

(b) Case B

t = 28.5089 [s]

(c) Case C

t = 36.9669 [s]

(d) Case D

Figure 5.20: General Representation of the Rotor Deformation Shape for the Exper-
imental Helicopter A2R2 in the (a) case A, (b) case B, (c) case C and (d) case D
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(a) Ω=2.929Hz (b) Ω=3.945Hz (c) Ω=4.797Hz

Figure 5.21: Deformation Shapes of an helicopter HT1 with4ωb 4 = −60% for Ω, in Hz,
equal to (a) 2.929, (b) 3.945 and (c) 4.797 at its maximum longitudinal displacement

order parametric resonant conditions. The analysis highlights that the critical low rotor
speeds found with Floquet corresponds, in fact, to second order parametric resonances
when the revolving speed coincides with the natural frequencies of the fuselage or equal
to their mean value.

Moreover, one verifies for both HT1 and HT2 that two branches come out from
each main region defining a new instability zone which evolutes with respect to blade
dissimilarity. This region joined to the main instability region, as shown on the stability
charts, is presented in form of a ”x” shape.

Referring to the specific case where 4ωb 4 = −60% with the helicopter type HT1,
Figure 5.21 illustrates the deformation shapes of helicopter at the instant of maximal
amplitude of longitudinal displacement of the fuselage for each unstable regions. These
deformation shapes are obtained from the time responses by using a numerical step-
by-step integration method (see Appendix E.1).

In order to help the visualization of the figure, a gain of 40 in case (a) and 20
in remainder cases are applied in all deformation amplitudes. The intersection point
between two dashed red lines corresponds to the rest point of the helicopter and the
dashed black lines indicate the level zero of blade lead-lag oscillations.

Moreover, from the analysis of deformation shapes and time responses, one verifies
a non symmetric rotor deformation in all cases (a) to (c). For Ω=2.929 and 3.945Hz,
high oscillations of the dissymmetric blade are observed when compared to other blades.
Nevertheless, the sine signals which describe the motion of blades present mean values
different from zero in the first case; whereas, in the second case, are zero for all blades.

In case (c) where Ω=4.797Hz, the amplitude of motion of the dissymmetric blade
is smaller than the others. One remarks also the highest amplitude of oscillations for
the blade situated in opposition with respect to the asymmetric blade.
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Regarding the influence of two dissimilar blades (cases 2 and 3) on HT1 and HT2,
examining the obtained results and comparing to the first case, the same characteristics
for the instability regions were obtained for both cases. A main region is verified at
4.4 ≤ Ω ≤ 5.2Hz, another at low speeds for almost all values of and two branches
coming out of the main region.

Nevertheless, due to the changes in two blades, the appearance of a new main region
is also detected which moves depending on the values attributed to 4ωb 3 or 4ωb 2. As
they increase, the new region moves to high values of the rotor speed.

Small differences between cases 2 and 3 can be found in the boundary values of the
new main unstable region and in the instability zone at a low rotor speed.

Qualitatively, the experimental results trend to present the same characteristic of
those verified theoretically by studying the evolution of helicopters stability with dis-
similar blades in different quantities and positions. The introduction of anisotropy on
blades leads to the appearance of new instability zones. Also, the measured fuselage
and blade accelerations highlight an exponential growth at the limit of these zones.

The critical rotor speeds at the boundaries of unstable movements are predicted
through Floquet’s Method. A maximum deviation of 10% is observed with respect to
those determined experimentally. Some reasons may explain this fact, as:

• The rotational inertial properties of blades are computed from the CAD software
(i.e.: CATIA) without taking into account the inertial properties of the blade
laminas;

• The nonlinear effects of the equivalent in-plane lead-lag stiffness of blades are not
take into account on the theoretical mechanical model;

• The oscillations of the rotor speed through time (see Appendix D), which affects
the helicopter dynamics, is not take into account on the analytical model;

• The experimental detection of the critical revolving speeds at the limit of unstable
oscillations is not precise;

Also, a shift of the rotor center of mass from the rotating rotor axis is observed
from the rotor deformation shapes for all anisotropic rotor configuration studied. These
shapes are illustrative and are proportional to the measured fuselage and blades ac-
celerations at the maximum longitudinal displacement of the helicopter before 1s the
activation of the security system.

Comparing the experimental results with those obtained by numerical integration
(see Figure 5.21), great similarity is observed between the deformation shapes.
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5.6 Conclusions

Predict the critical rotor speeds at which the ground resonance phenomenon occurs
for isotropic and anisotropic rotor configurations has been studied and the influence
of small in-plane stiffness asymmetries between blades analyzed, in the recent decades.
Indeed, the study of anisotropic rotors is very interesting from a practical point of view
once the effects of aging or failure of mechanical elements on the helicopter instability
may be determined.

The accomplishment of stability analysis on anisotropic rotors requires considering
and treating the periodical equations of motions. Floquet’s Theory has been used
frequently to determine the boundaries of instability in this kind of rotor.

The aim of the present chapter is to verify the influence on the stability, specifically
the ground resonance phenomenon, of high in-plane stiffness variation on blades at
different positions and quantities. Three cases of anisotropic rotor are studied: Case
1 - rotor with one dissimilar blade, Case 2 - rotor with two adjacent dissimilar blades
and Case 3 - rotor with two opposite dissimilar blades. For the analysis, the classical
Floquet’s Theory (FM) is used and the Method of Multiple Scales (MMS) is proposed.

With the latter method, the helicopter, considered as a parametrically excited sys-
tem, leads to the occurrence of periodic terms on high order ε equations. The ad-
vantages of using this method is that gives analytical responses (i.e, versatility and
less CPU time) and on determining the existence of parametric resonances capable
of explaining ground resonance in helicopters. The stability analysis on each of these
resonances leads to the identification of critical regions and identifying their boundary
speeds.

In order to reproduce and examine the ground resonance phenomenon, as well as
the helicopter oscillations and the angular rotor rate, several tests are carried out on the
developed experimental setup for all anisotropic rotor configurations. The anisotropy
on blades is given by altering the set of blade laminas mounted on them. Later, the
theoretical results are compared, quantitatively and qualitatively, with the experimental
ones.

By performing a numerical analysis and using FM, complex stability charts are ob-
tained that illustrated the evolution of the instability boundaries of different anisotropic
rotors as a function of rotor speed for both HT1 and HT2 helicopters. The asymmetry
is introduced by varying the in-plane lead-lag natural frequencies of the blade from
-100% to +100%.

For both helicopter HT1 and HT2, a complex evolution of instability zones beyond
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the occurrence of new regions (i.e.: bifurcation points) are verified. Similarities in the
stability maps of helicopters with isotropic and anisotropic rotors are found. Moreover,
small differences on the charts are noted between Cases 2 and 3.

With MMS, the treatment of a parametrically excited system of the helicopter HT2
leads to the identification of sixteen parametric resonant cases, of which seven are
identified as exponentially unstable. They are linked to the existence of parametric in-
stabilities and expressed as a combination of blade and/or fuselage natural frequencies.
Remark that only the anisotropic rotor Case 1 is analyzed by considering a specified
asymmetry level of 4ωb 4 = −40%.

Great similarity between the results could be seen when comparing the instability
boundaries established with MMS and those with FM (considering the same asymmetry
case).

Regarding the deviation of the critical rotor speeds determined experimentally with
those numerically predicted through FM, similarities are also found. Through different
anisotropic rotor configurations analyzed, the appearance of new instability zones are
experienced for even those at low rotor speeds values.

Analysis on the deformation shapes for each unstable region of the helicopter with
asymmetric blades is carried out. These deformations, obtained from the time re-
sponses through numerical integration or experimental tests, highlight the influence of
the dissymmetric blade and a shift of the rotor center of mass from the rotating rotor
axis.
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Stability Robustness Analysis

6.1 Introduction

The effects of aging or failure of mechanical elements in dynamical systems through
time appear randomly by compromising its nominal functioning, which can submit
user to dangerous conditions in some cases. In the field of aeronautics, such a situation
must be mastered to reduce, not only the human risk, but also maintenance costs. To
prevent ground resonance instability, anisotropic rotor analysis tools are thus required.

As discussed in the previous chapter 5, once anisotropic rotors are considered, Flo-
quet theory is mostly used to study the stability of the periodical equations of motion
[37; 69]. Predict the ground resonance phenomenon for a wide range of anisotropic
rotor configurations means to analyze individually each point on the parametric space
containing all possible cases, which is very CPU time-consuming. Furthermore, there
is no warranty that the parametric griding includes the worst-case configuration.

On the other hand, stability and performance robustness of linear time-invariant
(LTI) control or dynamical systems under structural uncertainties have been analyzed
by using standard µ-analysis method and efficient tools are now available [11; 27; 59].
The worst-case destabilizing uncertainty can be easily computed from the µ lower bound
which can be used to check the conservatism of the analysis results. In [45], parametric
robustness analysis of LTP systems is considered using a truncated point mapping
technique and µ-analysis: the continuous-time LTP model is then transformed into a
discrete-time LTI model and the size of the uncertainty block is augmented according
to the truncation order. Additional uncertainties are taken into account to handle
the truncation error however they can bring some conservatism. In [48], multiple scales
method is used to analyze ground resonance stability with respect to nonlinear damping
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factor but anisotropy of damping factor from one blade to each others is not considered.
Time-periodic system robustness analysis is studied in [25] for a class of polytopic
discrete-time periodic systems.

Recently, by combining Floquet theory with the Lifting technique [47; 52; 53], the
problem of robustness analysis of linear time periodic (LTP) dynamical systems [71]
under structured LTI uncertainties was solved [46; 61]. For that, the original uncertain
LTP system is cast in the form of an Linear Fractional Transformation (LFT) by using
a discretization on an over-sampling of the system period in order to use the well-known
µ-analysis methods.

The present chapter is aimed to analyze the helicopter ground resonance stability
under structured uncertainties by determining the smallest worst-case destabilizing
perturbation. The uncertainties, considered due to effects of aging or failure on the
blade hinge stiffness, are introduced independently on each blade involved. The study
cases explored verify the influence of uncertainties present in: one blade, two adjacent
blades, two opposite blades, three blades and finally four blades.

The lifting procedure provides a LFT where the size of the uncertainty block is
multiplied by the number of over-samples computed in the system period, leading to
uncertainty structures with highly-repeated parameters. In order to reduce the size of
the uncertainty block, the representativeness of the (lifted) LFT model for various over-
sample values and three discretization methods (zero-order hold (zoh), first-order hold
(foh) and Tustin method [10; 38]) is discussed by comparison with Floquet analysis
for some parametric configurations. A general MATLAB R© function ltp2lti.m was
developed to implement this lifting procedure to any LTP model. This function can be
downloaded at http://personnel.isae.fr/daniel-alazard/goodies-demos.html.

Section 6.2 details the lifting procedure for uncertain linear time-periodic system
with a particular emphasize on the fast discretization method. In section 6.3, the the
dynamic model used to study ground resonance phenomenon is derived and the results
of stability analysis using the proposed method and µ-analysis are presented. Section
5 presents the conclusions.

6.2 Robustness Analysis of LTP Systems

6.2.1 General Background

Considering the uncertain LTP system S(4):
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w(t)→
v̇(t) = A(t) v(t) + B(t) w(t)

z(t) = C(t) v(t) + D(t) w(t)
→ z(t) (6.1a)

with

w(t)← w(t) = 4 z(t) ← z(t) (6.1b)

where v(t) ∈ Rn being the state variables, w(t) and z(t) are the inputs and outputs
of the Linear Fractional Transformation (LFT) in Eq.(6.1).

The matrices A(t), B(t), C(t) and D(t) are T periodic, real and piecewise con-
tinuous. The structured uncertainty matrix 4 is a diagonal matrix of unknown but
bounded real parameters:

4 = diag [δ1, δ2, . . . , δp] (6.2)

The nominal system (4 = 0) is assumed to be stable. The parametric robustness
analysis consists in finding the smallest uncertainty 4worst matrix which destabilizes
the closed-loop system S(4):

v̇(t) = (A(t) + B(t)4(I−D(t)4)−1C(t)) v(t) = A(t,4) v(t) (6.3)

where A(t,4) is also T -periodic.
Floquet theory can be used to check if the closed loop system is stable or not

only for a particular value 40 of 4. Then, the computation of the monodromy matrix
Rc(40) presented in section 4.2 (changing A(t) by A(t,40)) can be used to test the
stability of the system. That is:

S(40) is exponentially stable if Rc(40) is Schur. (6.4)

Such a computation of the monodromy matrix on a p-dimension parametric space
griding would be too much CPU time-consuming to characterize the stability on the
whole uncertain parameter space. In this paper the Floquet stability condition, in
Eq.(6.4), will be used to validate the lifting procedure proposed in the next section
on some representative parametric configurations and on the worst-case parametric
configuration provided by µ-analysis on the lifted LFT model (section 6.3).
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6.2.2 The Lifting Procedure

In the same spirit of the approximation admitted to compute the monodromy matrix
of an autonomous (no-input/no-output) LTP system (see section 4.2), the lifting pro-
cedure is the result of the integration over one period T of a T -periodic switching (LTI
piecewise) system equivalent to the input-output transfer Eq.(6.1a). This idea was in-
troduced in [46] where the lifting procedure is derived from matrices Q and P (t, t0) of
the Floquet factorization Eq.(4.4) of the transition matrix, described in section 4.2.
Once the approximation Eq.(4.7) of the monodromy matrix is admitted, the lifting
procedure can be simplified in the following way.

Consider the sampling time h = T
nh

where nh is a positive integer, the LTP system
Eq.(6.1a) is approximated by the T -periodic switching LTI piecewise system defined
by:

v̇d(t) = A(tk) vd(t) + B(tk) wd(tk) (6.5a)

∀t ∈ [tk + lT, tk+1 + lT [, l = 0, 1, 2, . . . , t ≥ t0
zd(tk) = C(tk) vd(tk) + D(tk) wd(tk) (6.5b)

wd(tk) = 4 zd(tk) (6.5c)

where tk = t0 + kh and k = 0, 1, 2, . . . nh − 1.

The next step consists to discretize the nh LTI systems in order to obtain a periodic
discrete-time system:

vd(k + 1) = Ã(k) vd(k) + B̃(k) wd(k) (6.6a)

zd(k) = C̃(k) vd(k) + D̃(k) wd(k) (6.6b)

wd(k) = 4 zd(k) (6.6c)

where

wd(tk), zd(tk), vd(tk) = wd(k), zd(k), vd(k) (6.6d)
Ã(k + nh), B̃(k + nh), C̃(k + nh), D̃(k + nh) =

Ã(k), B̃(k), C̃(k), D̃(k)
(6.6e)
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6.2. Robustness Analysis of LTP Systems

Note that Eq.(6.6e) highlights the periodicity of the discrete state matrices.
Resolving the LFT Eq.(6.6) leads to the discrete-time closed-loop realization:

vd(k + 1) = (Ã(k) + B̃(k)4(I− D̃(k)4)−1C̃(k)) vd(k) (6.7)

= Ã(k) + B̃(k)4(I− D̃(k)4)−1C̃(k) vd(k) .

A particular emphasize is given on the “fast discretization” method used to deter-
mine discrete-time state-space matrices Ã(k), B̃(k), C̃(k) and D̃(k). After the inte-
gration of Eq.(6.6) over one period T , the objective is to find a discrete-time LFT that
approximates to the uncertain monodromy matrix:

Rc(4) =
nh−1∏
k=0

eA(tk,4)h (6.8)

for any value of 4. That is, one have to compare eA(tk,4)h with Ã(k,4) which de-
pends on the discretization method. This problem of the discretization of continuous-
time LFT is addressed in [41]. Here, three “Fast discretization” methods are proposed:
zero-order hold method (“zoh”), first-order hold method (“foh”) and Tustin transfor-
mation (“tustin”).

A second order expansion in h of eA(tk,4)h leads (tk is omitted for brevity):

eA(4)h = I + Ah+ A2h2

2 + (h+ Ah2)4A + h2

2 4
2
A + · · · . (6.9)

with: 4A = B4(I−D4)−1C.
The expressions of Ã(k), B̃(k), C̃(k), D̃(k) and the second order expansion of

Ã(k,4) (subscript k is omitted for brevity in these expansions) are detailed below
for the three discretization methods:

• Zero order hold method [38]:

Ã(k) =eA(tk)h (6.10a)

B̃(k) =A(tk)−1
(
eA(tk)h − I

)
B(tk) (6.10b)

C̃(k) =C(tk) (6.10c)

D̃(k) =D(tk) (6.10d)
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Ã(4) = I + Ah+ A2h2

2 + (h+ Ah2

2 )4A + · · · . (6.11)

• First order hold method [38]:

Ã(k) =eA(tk)h (6.12a)

B̃(k) =A(tk)−2

h

(
eA(tk)h − I

)2
B(tk) (6.12b)

C̃(k) =C(tk) (6.12c)

D̃(k) =D(tk) + C(tk)
A(tk)−2

h

(
eA(tk)h − I−A (tk) h

)
B(tk) (6.12d)

Ã(4) = I + Ah+ A2h2

2 + (h+ Ah2)4A + h2

2 4
2
A + · · · . (6.13)

• Tustin transformation [10]:

Ã(k) =(I + A(tk)h/2)(I−A(tk)h/2)−1 (6.14a)

B̃(k) =h(I−A(tk)h/2)−1B(tk) (6.14b)

C̃(k) =C(tk)(I−A(tk)h/2)−1 (6.14c)

D̃(k) =D(tk) + h/2C(tk)(I−A(tk)h/2)−1B(tk) (6.14d)

Ã(4) = I + Ah+ A2h2

2 + (h+ Ah2)4A + h2

2 4
2
A + · · · . (6.15)

Thus, the approximation of eA(4)h provided by the “zoh” method is not valid until
the second order in h while both “foh” and “tustin” methods are valid. This will be
confirmed through the numerical results on the study of ground resonance phenomenon
in section 6.3.1.

The third step consists to integrate nh times the discrete system defined in Eq.(6.6)
(i.e. over one period T ). Appendix F presents a detailed development of this inte-
gration. The final discrete-time-invariant LFT system Sld(4̃) (“lifted” model) is repre-
sented by:
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6.2. Robustness Analysis of LTP Systems

vd(k + nh) = Φnh−1
0 vd(k) + Γ̃VT w̃d(k) (6.16a)

z̃d(k) = VH̃ vd(k) + VJ̃VT w̃d(k) (6.16b)

w̃d(k) = 4̃ z̃d(k) (6.16c)

Note that for “zoh” and “foh” fast discretization methods, Φnh−1
0 as defined in

Eq.(F.3a) becomes equal to the nominal monodromy matrix (4 = 0) get from the
Floquet theory in Eq.(4.7). Approximations are done when tustin method is used.

It is important to remark also the crucial influence of nh on the accuracy of the re-
sults. High value of nh tends to minimize errors. However, it will increase substantially
the CPU time-consuming of future analysis since the number of inputs and outputs of
S(4) is multiplied by nh in the new uncertainty block 4̃.

Lastly, the previous discrete-time LFT system Sld(4̃) in Eq.(6.16) is converted to a
continuous-time LFT system by using the discrete to continuous Tustin transformation
in order to apply µ-analysis tools available only in continuous-time [27]. This trans-
formation is chosen due to its property in keeping the input-output frequency-domain
response. The final continuous-time-invariant LFT Slc(4̃) is presented as follows,

v̇d(t) = F vd(t) + Γ w̃d(t) (6.17a)

z̃d(t) = H vd(t) + J w̃d(t) (6.17b)

w̃d(t) = 4̃ z̃d(t) (6.17c)

where:

• F = 2/T (I + Φnh−1
0 )−1(Φnh−1

0 − I)

• Γ = 2/T (I + Φnh−1
0 )−1Γ̃V

• H = 2VTH̃(I + Φnh−1
0 )−1

• J = VTJ̃V−VTH̃(I + Φnh−1
0 )−1Γ̃V

The original LTP system S(4) in Eq.(6.1) is now in the standard continuous-
time LFT form Slc(4̃), as given in Eq.(6.17). All these developments are embedded
in MATLAB R© function ltp2lti.m which can be downloaded at http://personnel.

isae.fr/daniel-alazard/goodies-demos.html and are applied in the next section
to the parametric robustness analysis of ground resonance phenomenon.
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Chapter 6. Stability Robustness Analysis

Table 6.1: Viscous dampers coefficients considered in the mechanical model

Fuselage Cx = 1.14105 [Ns/m
Cy = 1.52105 [Ns/m

Rotor Cb1..4 = 8.64103 [Ns/rad

6.3 Ground Resonance Parametric Analysis

The aging or failure of mechanical elements constituents of helicopter rotor head, e.g.:
springs or dampers, has direct influence on the dynamical behavior of the whole sys-
tem. Depending on the defect level of these elements, new critical rotating speeds
may appears at which the ground resonance phenomenon occurs. Thus, the robustness
analysis of helicopters under structured uncertainties is required to predict the smallest
allowable perturbation which remains the dynamical system unstable. The uncertain-
ties introduced on the mechanical model in Eq.(2.4) are related to blade hinge stiffness
and are presented for each blade as a function of in-plane lead-lag resonance frequency
squared:

ω2
b k = (1 + δk)ω2

b k (k = 1, 2, 3, 4) (6.18)

where δk corresponds to relative uncertainties with respect to ω2
b k (i.e.: square of

the nominal value of blade resonance frequency).

According to Eq.(6.1), the uncertain LTP model S(4) of ground resonance phe-
nomenon reads:

A(t) =
[

O6 I6
−M−1(t)K(t) −M−1(t)G(t)

]
B(t) =


O6×4

−M−1(t)

[
O2×4

I4

] (6.19)

C(t) =
[
[O4×2 diag[ω2

b 1, ω
2
b 2, ω

2
b 3, ω

2
b 4]] O4×6

]
D(t) = O4 (6.20)

∆ = diag[δ1, δ2, δ3, δ4] (6.21)

associated to the state vector v = [uT u̇T ]T .

The helicopter type studied in the following sections is HT2 and numerical data are
summarized in Table B.2. Additionally, viscous dampers are considered in the present
model and their coefficients are given in Table 6.1.
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6.3. Ground Resonance Parametric Analysis

6.3.1 Optimal Fast Discretization Method for the Lifting Procedure

The criterion to define the optimal fast discretization method by using Lifting Proce-
dure (LP) is based on the smallest periodic division nh necessary to obtain accurate
prediction of instability regions and to reduce the computer time-consuming.

The assumptions given below are then considered on the mechanical system:

• only the 4th blade is considered to be perturbed (i.e.,4 = diag[0, 0, 0, δ4]),

• the rotor speed is assumed to be constant: Ω = 10π rad/s;

Thus, state-space matrices of the nominal system (4 = 0) in Eq.(6.6) are calculated
using the three discretization methods proposed in the previous section for different
values of nh (10, 30 or 100). For each value of nh, the discrete-time lifted model Sld(4̃)
in Eq.(6.16) is built. Then for each value of the uncertainty δ4 (from -100% to 100%
by step of 10%), the closed-loop dynamic matrix of Sld(4̃) is calculated and compared
with the highest eigenvalue (or characteristic multiplier) magnitude, obtained from the
perturbed monodromy matrix Rc(4) given in Eq.(6.8) and admiting nh = 100. The
results for the three fast-discretization methods are presented in Figures 6.1 to 6.3.
Then, one can conclude:

• for high values of nh (nh > 100), the stability analysis obtained with the three
methods converge to the Floquet-based prediction;

• for low values of nh, stability analysis based on zoh method is very bad;

• the best trade-off between the stability-analysis accuracy and the reduction of nh
is obtained with foh method and nh = 30. This will be adopted in the next section;

One can also conclude that the rotor stability is quite robust with respect to varia-
tions of a single blade stiffness: instability appears (i.e. highest characteristic multiplier
magnitude greater than 1) for very low values of δ4 (δ4 < −90%).

6.3.2 µ-Analysis of Ground Resonance Stability

In this section, all blade hinge stiffness are considered to be uncertain and independent.
µ-analysis toolbox [11; 27] can be directly applied to the continuous-time lifted model
Slc(4̃) in Eq.(6.17). The structure of the uncertainty block 4̃120×120 is therefore 4
real independent parameters repeated 30 times each. At each frequency ω, µ-analysis
computes an upper bound µ̄(ω) and a lower bound µ(ω) of the structured singular value
µ. The µ-upper bound provides a robust stability certificate that is:

125



Chapter 6. Stability Robustness Analysis

−1 −0.5 0 0.5 1
0.93

0.94

0.95

0.96

0.97

0.98

0.99

1

1.01

δ
4

m
ax

(a
bs

(λ
))

 

 

zoh method, nt = 10
zoh method, nt = 30
zoh method, nt = 100
Floquet,  nt= 100

Figure 6.1: Evolution of the highest characteristic multiplier magnitude with respect
to δ̂4 for different values of nh using zoh discretization method in the Lifting Procedure
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Figure 6.2: Evolution of the highest characteristic multiplier magnitude with respect
to δ̂4 for different values of nh using foh discretization method in the Lifting Procedure
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Figure 6.3: Evolution of the highest characteristic multiplier magnitude with respect to
δ̂4 for different values of nh using tustin discretization method in the Lifting Procedure

S(∆) is stable ∀ δi / |δi| ≤
1

maxω µ̄(ω) , i = 1, 2, 3, 4

while µ-lower bound provides the worst parametric configuration ∆worst(ω) [26].

When the rotor angular rate is Ω = 10π (rad/s), the obtained µ-analysis upper and
lower bounds provided by the Skew Mu Toolbox [27] are plotted in Figure 6.4. It can
be concluded that maxω µ̄(ω) = 12 (i.e.: the parametric robustness margin is 8.3 %)
and maxω µ(ω) ≈ maxω µ̄(ω) (i.e.: this analysis is not conservative). One can read
also the critical pulsation: ωcworst = 23.7 rad/s that is the pulsation of the unstability
occuring when ∆ = ∆worst. The worst parametric configuration at ωcworst reads:

∆worst = diag[0.085, 0.085, 0.085, 0.085] .

In this case also, the discrete-time lifted model Sld(4̃) can be used directly to plot
the evolution of characteristic multipliers according to δ in the z-plane. Such a plot is
represented in Figure 6.5 in the case Ω = 10π (rad/s). Indeed, instability appears for
δ = 0.085 (blue +) at the pulsation:
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ωdworst = 0.74× (half sampling pulsation) = 0.74× 5π (rad/s) = 11.5 (rad/s) .

ωdworst is linked to ωcworst by the well-known Tustin transformation relationship on
pulsations:

ωdworst = 2
T

atan
(
T

2 ω
c
worst

)
with: T = 2π/Ω .
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Figure 6.4: µ upper bound (blue line) and lower bound (red marks)- robustness stability
analysis w.r.t. uncertainties on the 4 blade hinge stiffness at Ω = 5Hz.

Although the rotor stability is quite robust to uncertainty on a single blade hinge
stiffness (see section 6.3.1), the robustness to uncertainties on the four blades is quite
low. Finally, the worst case configuration corresponds to an isotropic (symmetric) rotor.
What it is interesting from such analysis is the possibility to guarantee that there is not
any anisotropic configurations worst than ∆worst, concerning the stability point of view
at revolving speed Ω = 10π (rad/s). That is confirmed by further analysis considering
uncertainties on 2 adjacent blades, 2 opposite blades and 3 blades (see Table 6.2 for a
summary of µ-analysis results).

Such an analysis was performed for various rotor angular rates Ω (from 1 to 10Hz)
by assuming uncertainties in different blades (one blade, two adjacent blades, two op-
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Figure 6.5: Characteristic multiplier locus according to a repeated uncertainty δ > 0
(black) or δ < 0 (green) on the 4 blade hinge stiffness at Ω = 5Hz.

Case maxω µ̄(ω) ∆worst

1 blade 1.1 −0.9
2 adjacent blades 1.41 diag[−0.71, −0.71]
2 opposite blades 1.31 diag[−0.78, −0.78]

3 blades 6.2 diag[0.17, 0.17, 0.17]
4 blades 12 diag[0.085, 0.085, 0.085, 0.085]

Table 6.2: µ-analysis results for uncertainties on 1 blade, 2 adjacent blades,
2 opposite blades, 3 blades or 4 blades at Ω = 5Hz.

posite blades, three blades and four blades). The smallest destabilizing uncertainties of
blades are represented below from Figures 6.6 to G.10, accordingly to each case stud-
ied. Note that in most cases, the worst case configuration corresponds to an isotropic
configuration, excepted in the case with three perturbed blades.

However, it is important to remark that the viscous dampers coefficients of Table
6.1 are divided by 5 in order to verify the influence of stiffness variation at low rotor
speeds. Since the µ-analysis is valuable only for nominal stable systems, the study of
robustness are not performed for 4.34 ≤ Ω ≤ 5.07Hz and 5.43 ≤ Ω ≤ 6.50Hz.

The smallest uncertainty value computed with µ-analysis in the case with one per-
turbed blade is compared with the stability chart obtained with Floquet’s Method (see
section 5.2.1). Figure 6.6 shows high similarities between both methods.
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Figure 6.6: Rotor stability according to angular rate Ω and uncertainty δ4 on the 4th
blade hinge stiffness computed with µ-analysis (“x”) and with Floquet’s Method (“4”
beginning point and “O” ending point).

Figure 6.7: Rotor stability according to angular rate Ω and uncertainties δ3 and δ4 on
two adjacent blades (3rd and 4th blades) hinge stiffness.
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Figure 6.8: Rotor stability according to angular rate Ω and uncertainties δ2 and δ4 on
two opposite blades (2nd and 4th blades) hinge stiffness.

Figure 6.9: Rotor stability according to angular rate Ω and uncertainties δ2..4 on three
blades (2nd, 3rd and 4th blades) hinge stiffness.
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Figure 6.10: Rotor stability according to angular rate Ω and uncertainties δ1..4 on four
blades hinge stiffness.

In most cases, except for the rotor with three perturbed blades, the worst case
configuration corresponds to an isotropic configuration (i.e.: δ1 = δ2 = δ3 = δ4 = δ).

6.4 Conclusions

The effects of aging or failure of mechanical elements of a fully articulated rotor may
compromise the nominal operation of helicopters and lead the aircraft to the ground
resonance phenomenon. Predicting the evolution of unstable oscillations, which char-
acterizes this phenomenon, with respect to non-symmetric (anisotropic) variations of
mechanical properties of the rotor elements is very CPU time-consuming by using Flo-
quet Theory.

The present work is aimed to apply a performance stability robustness analysis
procedure in order to determine the smallest worst-case destabilizing perturbation in
helicopters under uncertainties. By combining Floquet theory with the Lifting tech-
nique, the used robustness analysis procedure converts the uncertain linear time peri-
odic (LTP) system under to uncertain linear time-invariant (LTI) system.

Firstly, three discretization methods are examined to reduce the complexity of the
lifted model. The conclusion is that first order hold method gives quite better results
than the more commonly used zero-order hold method.

Taking into account uncertainties on the blade hinge stiffness, the µ analysis on
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the lifted model allows to determine the parametric robustness margin and the worst
case configuration. Depending on the position and number of blades affected by the
uncertainties, several rotor cases are studied, as: rotor with one perturbed blade, rotor
with two adjacent and opposite perturbed blades, rotor with three perturbed blades
and rotor with four perturbed blades .

The results obtained highlight symmetric uncertainties as the worst case configura-
tion for all the rotor cases investigated, except for that with three perturbed blade.
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Chapter 7

Conclusions and Perspectives

Within the business aviation sector, the helicopter segment has presented a great im-
portance and emphasis on the actual worldwide economic and civil transport scenarios.
However, high efforts have been made toward the enhancement of safety in helicopters.
A recent program launched by the International Helicopter Safety Team (IHST) aims
to reduce the fatal accidents rates in 80% until 2016.

Still, system components failures was involved in more than 20% of the registered
accidents in the current year of 2006 at the United States. From these occurences,
maintenance problems are the primary contribuiting factor. The analysis of the reg-
istered accidents highlights the absence of digital or investigative data necessary to
determine the accidents circumstances. It encourages the development and installation
of Data Monitoring Devices, as the Health and Usage Monitoring System (HUMS) to
detect impeding part failures.

Over the last fifty years, the helicopter ground resonance, generally observed in
articulated or soft in-plane hingeless rotors, has been the focus of many researches
developed along this period. This potential phenomenon is basically a mechanical
instability and it occurs in the vicinity of a frequency coalescence between a rotor
cyclic mode and a fuselage mode while the aircraft is on the ground over its landing
gear. Analysis of three registered accidents in 2006 did not determinate the causes
of the phenomenon whether pilot experience, mechanical elements failure or external
conditions have been the main factors.

The present work contributed to the further comprehension of the ground resonance
in helicopter with hinged rotors and the understating of the aging or failures of mechan-
ical elements effects on the phenomenon. Indeed, these effects may appear randomly
through time compromising the nominal operation of the aircraft.

No nonlinear terms (i.e, geometrical and mechanical nonlinearities) and no viscous
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damping were take into account on the theoretic mechanical model adopted. This last
assumption is based on the existence of parametric instabilities in asymmetric rotating
machines or in dynamical systems under harmonic parametric excitations, mainly found
in damperless system.

Three methods were then proposed for studying the ground resonance in helicopter
with hinged blades. The first method, Floquet’s Method (FM), is commonly used for
analyzing the stability of periodical equations. The second one is an analytic perturba-
tion asymptotic method, the Method of Multiple Scales (MMS), frequently employed
for treating nonlinear problems.

Indeed, since it consists in an analytical development, the MMS helps on the verifi-
cation if the instability zones found in helicopters correspond to parametric instabilities.
Advantages of using this method, with respect to FM, are related to the obtention of
the helicopter responses and stability criterium analytically, which means less cpu-time
consumption and versatility for analyzing different rotors configurations.

The third method consists in a robustness stability analysis procedure applied to
determine the smallest worst-case destabilizing perturbation in helicopter under uncer-
tainties. Indeed, these uncertainties represents the randomly effects of aging or failure
of the mechanical elements in the rotor. Moreover, predicting the evolution of unstable
oscillations with respect to possible asymmetries existent in the rotor elements is very
CPU time-consuming by using FM or MMS.

The robustness stability process used converts the uncertain linear time periodic
(LTP) system under uncertainties to a linear time-invariant (LTI) system by combin-
ing Floquet theory with the Lifting technique. Later, µ-analysis is then employed to
determine the destabilizing worst-rotor configuration.

Before studying the effects of dissimilarities in the rotors, stability analysis on the
periodical equations of motion for helicopters with isotropic rotors were carried out.
The prediction of unstable movements were computed by using the FM, the MMS.
Coleman’s Method, valid only for isotropic rotors, has been developed by the earliest
researcher in helicopter ground resonance and used to validate the results obtained
previously. The comparison between the results obtained for the different methods
present great similarity.

Still with isotropic rotors, the analysis with MMS has been going beyond. A detailed
study of the amplitude response of the helicopter at stable resonant cases was carried out
through the analytical expressions computed. Similarities were found when comparing
the helicopter responses predicted with MMS with those calculated through step-by-
step integral simulations.
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Regarding the asymmetric rotors, a parametric study on the influence of the lag
stiffness variation at different blades was carried out. With the numerical Floquet’s
Method (FM), stability charts were computed for anisotropic rotors with one dissimilar
blade, two adjacent dissimilar blades and two opposite dissimilar blades by assuming
high asymmetry level between the blades. A complex evolution of the boundary of
instability for different level of anisotropy was identified. Also, new instability regions
were detected with respect to an isotropic rotor.

On the development of analysis to predict unstable movements for an helicopter
with one dissimilar blade by using MMS, it was observed the existence of sixteen pos-
sible resonant cases of which seven were identified as exponentially unstable. Great
similarity between the results could be seen when comparing the boundaries of in-
stability established with MMS and those with FM (considering the same asymmetry
case).

Later, the performance robustness stability analysis procedure was optimized and
applied in order to determine the smallest worst-case. The previous study, carried
out for reducing the complexity of the lifted model, shown that the first order hold
discretization method is better than the commonly used zero order hold method. The
smallest worst-case destabilizing perturbation in helicopter under uncertainties were
then obtained for different anisotropic rotors. Taking into account uncertainties on the
four blade hinge stiffness, the worst-case destabilizing case computed through µ-analysis
corresponds to a symmetric perturbation for all blades.

Further studies may provide a complete parametric robustness stability analysis,
as well as by regarding the evolution of the stability charts, by altering others me-
chanical parameters in helicopter with/without viscous dampers. Moreover, it may
contributes to the comprehension of the phenomenon and to the development of alter-
native passive, active or semi-active control systems (e.g, energy transfer, lag dampers,
etc), still envisioned for parametrically excited dynamical systems. Also, enhancements
on the prediction and prevention of ground resonance by the development of HUMS
devices. The same analysis may be reproduced in order to verify the influence of the
aerodynamics efforts and the aeroeslastic effects of the blades on the ground resonance
phenomenon.

The ground resonance phenomenon was also observed experimentally for several
isotropic and anisotropic rotors configurations. The apparatus has been designed and
developed along the duration of this project and a detailed description of its compo-
nents, functions, mechanical and geometrical characteristics are reported. The bound-
aries of instability were determined by analyzing the accelerations signals obtained from
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tests realized.
Although the unexpected presence of the nonlinear blade lag stiffness, the limits of

instability found present great similarity with those computed by using the FM. The
different instability zones, specially those at low speed rotor values, were verified for
certain rotor configurations by an exponential growth on the measured accelerations.

Enhancements toward the adjustment between the experimental and theoretical
results may be provided by studying the effects of mechanical and geometrical non-
linearities on the boundaries of instability and the amplitude response of damperless
helicopters. Improvements on the criteria adopted to determine the revolving speeds at
the limits of unstable oscillations on the experimental setup may reduce the difference
between the results. The design experimental setup may contributes on the improve-
ments and validation of the vibration control or data monitoring devices commented
previous.
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Appendix A

Energy Expressions

In this section, the kinetic and potential energy expressions and the work expression
of dissipative forces of the dynamical system are presented as follows separately. They
are all written on the inertial reference frame.

• Kinetic Energy:

The kinetic energy of the whole dynamical system consists in the sum of kinetic
energy expression of fuselage TFus and rotor head TRH systems. These energies are
given below.

TFus = mf

2
(
ẋ2(t) + ẏ2(t)

)
(A.1a)

TRH = 1
2

Np∑
k=1

[
Izb k

ϕ̇2
k +mb k

(
ẋ2
b k + ẏ2

b k

)]
(A.1b)

= 1
2

Np∑
k=1

Izb k
ϕ̇2
k + 1

2 mb k

Np∑
k=1

{
(ẋ+ẏ)+b2ϕ̇2

k+2b2Ωϕ̇k+b2Ω2(a2+b2)
2 a b cos(ϕk)[Ω2+Ωϕ̇k]+2aΩ[−ẋsin(ψk)+ẏcos(ψk)]
2b(Ωẏ+ẏϕ̇k)cos(ψk+ϕk)−2b(Ωẋ+ẋϕ̇k)sin(ψk+ϕk)

}

• Potential Energy:

The potential energy of the whole dynamical system consists in the sum of potential
energy of fuselage UFus and rotor head URH systems. The expressions of these energies
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are given below.

UFus = 1
2
(
Kf X x

2 +Kf Y y
2
)

(A.2a)

URH = 1
2

Np∑
k=1

Kb k ϕ
2
k (A.2b)

• Work of Dissipative Forces:

The work of dissipative forces of the whole dynamical system consists in the sum of
the work done by dissipative forces acting on the fuselage δFFus and rotor head δFRH

systems. They are given below as:

UFus = 1
2
(
Cf X ẋ

2 + Cf Y ẏ
2
)

(A.3a)

URH = 1
2

Np∑
k=1

Cb k ϕ̇
2
k (A.3b)
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Appendix B

Numerical Data for HT1 and

HT2 Helicopter Models

The numerical data of two hypothetical helicopters, named HT1 and HT2, are given in
Tables B.1 and B.2. In the first configuration, the natural frequencies of the longitudinal
and lateral displacement of fuselage are equals whereas, in the second one, they are
different. The natural frequencies are here expressed in [rad/s].

Table B.1: Numerical Data of Helicopter Type 1

Fuselage Rotor
mf = 2902.9 mb k = 31.9 a = 0.2 b = 2.5

ωx = 6.0π ωy = 6.0π ωb = 3.0π Izb = 259

Table B.2: Numerical Data of Helicopter Type 2

Fuselage Rotor
mf = 2902.9 mb k = 31.9 a = 0.2 b = 2.5

ωx = 6.0π ωy = 8.0π ωb = 3.0π Izb = 259
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Appendix C

Auxiliary Results for MMS in

Chapter 4

Through the mathematical development introduced by using the Method of Multiple
Scales in chapter 4 on the equations of motion, the present chapter is dedicated to
illustrate some auxiliary results, expressions or variables not defined previously.

C.1 Numerical Responses Expressions of un+ and un−

In this appendix, the numerical expressions at equilibrium un+ and un− are determined
for both resonant cases A and B.

• Resonant Case A:

Once the numerical values of the initial conditions described in section 4.3.4.1 have
been substituted in Eq.(4.22) and by respecting the value admitted for σ, the expres-
sions of un+ are:
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σ = −25→



u1+ = 0.079454 cos (19.473 t)

u2+ = 0.

u3+ = 0.10000 cos (10.863 t+ 1.5708)

u4+ = 0.10000 cos (10.863 t)

u5+ = −0.10000 cos (10.863 t+ 1.5708)

u6+ = −0.10000 cos (10.863 t)

(C.1)

σ = 25→



u1+ = 0.038686 cos (20.131 t)

u2+ = 0.

u3+ = 0.10000 cos (10.206 t+ 1.5708)

u4+ = 0.10000 cos (10.206 t)

u5+ = −0.10000 cos (10.206 t+ 1.5708)

u6+ = −0.10000 cos (10.206 t)

(C.2)

whereas the expressions of un− are:

σ = −25→



u1− = −0.038686 cos (17.568 t)

u2− = 0.

u3− = 0.10000 cos (8.9581 t+ 1.5708)

u4− = 0.10000 cos (8.9581 t)

u5− = −0.10000 cos (8.9581 t+ 1.5708)

u6− = −0.10000 cos (8.9581 t)

(C.3)

σ = 25→



u1− = −0.079454 cos (18.226 t)

u2− = 0.

u3− = 0.10000 cos (8.3006 t+ 1.5708)

u4− = 0.10000 cos (8.3006 t)

u5− = −0.10000 cos (8.3006 t+ 1.5708)

u6− = −0.10000 cos (8.3006 t)

(C.4)

• Resonant Case B:
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C.1. Numerical Responses Expressions of un+ and un−

Once the numerical values of the initial conditions described in section 4.3.4.2 have been
substituted in Eq.(4.22) and by respecting the value admitted for σ, the expressions of
un+ are:

σ = −25→



u1+ = 0.

u2+ = 0.038296 cos (23.407 t+ 1.5708)

u3+ = 0.10000 cos (1.5708 + 8.7782 t)

u4+ = −0.10000 cos (3.1416 + 8.7782 t)

u5+ = −0.10000 cos (1.5708 + 8.7782 t)

u6+ = 0.10000 cos (3.1416 + 8.7782 t)

(C.5)

σ = 25→



u1+ = 0.

u2+ = 0.061861 cos (24.064 t+ 1.5708)

u3+ = 0.10000 cos (1.5708 + 8.1207 t)

u4+ = −0.10000 cos (3.1416 + 8.1207 t)

u5+ = −0.10000 cos (1.5708 + 8.1207 t)

u6+ = 0.10000 cos (3.1416 + 8.1207 t)

(C.6)

whereas the expressions of un− are:

σ = −25→



u1− = 0.

u2− = −0.061861 cos (26.201 t+ 1.5708)

u3− = 0.10000 cos (1.5708 + 11.573 t)

u4− = −0.10000 cos (3.1416 + 11.573 t)

u5− = −0.10000 cos (1.5708 + 11.573 t)

u6− = 0.10000 cos (3.1416 + 11.573 t)

(C.7)
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σ = 25→



u1− = 0.

u2− = −0.038296 cos (26.859 t+ 1.5708)

u3− = 0.10000 cos (1.5708 + 10.915 t)

u4− = −0.10000 cos (3.1416 + 10.915 t)

u5− = −0.10000 cos (1.5708 + 10.915 t)

u6− = 0.10000 cos (3.1416 + 10.915 t)

(C.8)

C.2 Time Responses

Figures C.1 to C.4 illustrate the time responses of a helicopter HT2 in the resonant
cases A and B. The results were obtained from a step-by-step numerical integration
Adams113 with Matlab R©. The maximum step time is seted in 510−3s and the initial
conditions of position and speed are determining from the equilibrium solutions in
Eqs.(C.1) to (C.4) for case A and from Eqs.(C.5) to (C.8) for case B. The numerical
integration stop when the simulation time reaches 10s.
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Figure C.1: Time Response of Helicopter HT2 in Resonant Case A by respecting the
initial conditions of responses un+
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Figure C.2: Time Response of Helicopter HT2 in Resonant Case A by respecting the
initial conditions of responses un−
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Figure C.3: Time Response of a Helicopter HT2 in Resonant Case B by conforming to
the initial conditions of responses un+
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Figure C.4: Time Response of a Helicopter HT2 in Resonant Case B by conforming to
the initial conditions of responses un−
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Appendix D

Time Responses of the

Experimental Helicopter

Several experimental tests are carried out to validate the prediction of the ground
resonance phenomenon and to study the dynamical oscillations of helicopters with
different rotor configurations. Depending on the configuration adopted, critical rotor
speed values are verified at which the security system is activated. For each critical
case, the helicopter movements (i.e.: blade and fuselage accelerations), as well as the
angular rotor rate signal, are collected and illustrated.

D.1 Isotropic Rotor Configurations

The ground resonance phenomenon for helicopter with isotropic rotors are studied
experimentally. The sets 1 and 2 of the blade laminas are used for equipping the rotor
system. Consequently, by altering the equivalent lead-lag blade stiffness, the measured
signals for each rotor configuration are given below.

D.1.1 With the set 1 of the blade laminas

As discussed in section 4.4.1, three critical rotor speeds are verified the helicopter
equipped with the set 1 of the blade laminas. Below, for each of these critical cases, the
time responses of the helicopter and their frequency spectrum diagram are presented
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Appendix D. Time Responses of the Experimental Helicopter

and briefly discussed.

• Case A - Ω ≈ 2.5Hz (Figure D.1)

• Case B - Ω ≈ 5.9Hz (Figure D.2)

• Case C - Ω ≈ 7.5Hz (Figure D.3)
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Figure D.1: Time Response and Frequency Spectrum Diagram of the Experimental
Helicopter Equipped with the set 1 of the Blade Laminas at Ω ≈ 2.5Hz

D.1.2 With the set 2 of the blade laminas

Considering the helicopter equipped with the set 2 of the blade laminas, as discussed in
section 4.4.2, three critical rotor speeds are verified experimentally. Below, for each of
these critical cases, the time responses of the helicopter and their frequency spectrum
diagram are presented.

• Case A - Ω ≈ 2.5Hz (Figure D.4)

• Case B - Ω ≈ 7.3Hz (Figure D.5)

• Case C - Ω ≈ 8.8Hz (Figure D.6)
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Figure D.2: Time Response and Frequency Spectrum Diagram of the Experimental
Helicopter Equipped with the set 1 of the Blade Laminas at Ω ≈ 5.9Hz
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Figure D.3: Time Response and Frequency Spectrum Diagram of the Experimental
Helicopter Equipped with the set 1 of the Blade Laminas at Ω ≈ 7.5Hz
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Figure D.4: Time Response and Frequency Spectrum Diagram of the Experimental
Helicopter Equipped with the set 2 of the Blade Laminas at Ω ≈ 2.5Hz
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Figure D.5: Time Response and Frequency Spectrum Diagram of the Experimental
Helicopter Equipped with the set 2 of the Blade Laminas at Ω ≈ 7.3Hz
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Figure D.6: Time Response and Frequency Spectrum Diagram of the Experimental
Helicopter Equipped with the set 2 of the Blade Laminas at Ω ≈ 8.8Hz

D.2 Anisotropic Rotor Configurations

The ground resonance phenomenon for helicopter with anisotropic rotors are also stud-
ied experimentally. Following chapter 5, different rotor configurations are considered
by altering the position and the quantity of dissimilar blades. The asymmetry between
blades are obtained by altering the in-plane lead-lag blade stiffness, i.e.: altering the
set of the blade lamina mounted on the blades.

D.2.1 One Dissimilar Blade

Two anisotropic rotor configurations with one dissimilar blade are studied, described
in section 5.2.3 as A1R1 and A1R2. The set of blade laminas mounted on each blade,
as well as their natural frequency are given in Table 5.4.

In sections D.2.1.1 and D.2.1.2, the time responses of the helicopter and the angular
rate signal are presented.
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Appendix D. Time Responses of the Experimental Helicopter

D.2.1.1 A1R1 Rotor Configuration

As discussed in section 5.2.3.1, three critical rotor speeds are verified experimentally.
Below, for each of these critical cases, the time responses of the helicopter and their
frequency spectrum diagram are presented.

• Case A - Ω ≈ 2.5Hz (Figure D.7)

• Case B - Ω ≈ 6.5Hz (Figure D.8)

• Case C - Ω ≈ 8.0Hz (Figure D.9)
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Figure D.7: Time Response and Frequency Spectrum Diagram of the Experimental
Helicopter A1R1 at Ω ≈ 2.5Hz

D.2.1.2 A1R2 Rotor Configuration

For the experimental helicopter with one dissimilar blade, as given in section 5.2.3.2,
three critical rotor speeds are verified and listed below. On each of these critical
cases, the time responses of the helicopter and their frequency spectrum diagram are
presented.

• Case A - Ω ≈ 6.9Hz (Figure D.10)

• Case B - Ω ≈ 7.3Hz (Figure D.11)
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Figure D.8: Time Response and Frequency Spectrum Diagram of the Experimental
Helicopter A1R1 at Ω ≈ 6.5Hz
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Figure D.9: Time Response and Frequency Spectrum Diagram of the Experimental
Helicopter A1R1 at Ω ≈ 8.0Hz
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• Case C - Ω ≈ 8.9Hz (Figure D.12)
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Figure D.10: Time Response and Frequency Spectrum Diagram of the Experimental
Helicopter A1R2 at Ω ≈ 6.9Hz

D.2.2 Two Dissimilar Blades

Two anisotropic rotor configurations with two dissimilar blades in adjacent and opposite
positions are studied. The are identified as A2R1 and A2R2 and described in sections
5.3.2 and 5.4.2, respectively. The set of blade laminas mounted on each blade, as well
as their natural frequency are given in Table 5.7 and 5.9.

D.2.2.1 A2R1 Rotor Configuration

Three critical rotor speeds are verified during experimental tests when considering the
helicopter with two adjacent dissimilar blades, as given in section 5.3.2. The time
responses of the helicopter and their frequency spectrum diagram are given below for
each case.

• Case A - Ω ≈ 2.5Hz (Figure D.13)

• Case B - Ω ≈ 6.3Hz (Figure D.14)
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Figure D.11: Time Response and Frequency Spectrum Diagram of the Experimental
Helicopter A1R2 at Ω ≈ 7.3Hz
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Figure D.12: Time Response and Frequency Spectrum Diagram of the Experimental
Helicopter A1R2 at Ω ≈ 8.6Hz
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• Case C - Ω ≈ 8.3Hz (Figure D.15)

32 34 36
−2

0

2

(a.1)− t [s]

d2
/d

t2
( φ

1.
.4

) [
ra

d/
s2 ]

0 20 40

500
1000
1500
2000

(a.2)− f [Hz]

S
pe

ct
ru

m
 P

ow
er

32 34 36
−0.6
−0.4
−0.2

0
0.2

(b.1)− t [s]

d2
/d

t2
(x

(t)
) [

m
/s

2 ]

0 20 40

5
10
15
20

(b.2)− f [Hz]

S
pe

ct
ru

m
 P

ow
er

32 34 36
2.4

2.45

2.5

(c.1)− t [s]

Ω
 [H

z]

0 20 40

0.005
0.01

0.015
0.02

(c.2)− f [Hz]

S
pe

ct
ru

m
 P

ow
er

Figure D.13: Time Response and Frequency Spectrum Diagram of the Experimental
Helicopter A2R1 at Ω ≈ 2.5Hz

D.2.2.2 A2R2 Rotor Configuration

Four critical rotor speeds are verified during experimental tests when considering the
helicopter with two opposite dissimilar blades, as given in section 5.4.2. The time
responses of the helicopter and their frequency spectrum diagram are given below for
each case.

• Case A - Ω ≈ 2.6Hz (Figure D.16)

• Case B - Ω ≈ 6.6Hz (Figure D.17)

• Case B - Ω ≈ 7.2Hz (Figure D.18)

• Case C - Ω ≈ 8.3Hz (Figure D.19)
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Figure D.14: Time Response and Frequency Spectrum Diagram of the Experimental
Helicopter A2R1 at Ω ≈ 6.3Hz
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Figure D.15: Time Response and Frequency Spectrum Diagram of the Experimental
Helicopter A2R1 at Ω ≈ 8.3Hz
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Figure D.16: Time Response and Frequency Spectrum Diagram of the Experimental
Helicopter A2R2 at Ω ≈ 2.6Hz
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Figure D.17: Time Response and Frequency Spectrum Diagram of the Experimental
Helicopter A2R2 at Ω ≈ 6.6Hz
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Figure D.18: Time Response and Frequency Spectrum Diagram of the Experimental
Helicopter A2R2 at Ω ≈ 7.2Hz
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Figure D.19: Time Response and Frequency Spectrum Diagram of the Experimental
Helicopter A2R2 at Ω ≈ 8.3Hz
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Appendix E

Auxiliary Results of Chapter 5

Through the mathematical development introduced by using the Floquet’s theory and
Method of Multiple Scales in chapter 5 on the equations of motion, the present chapter
is dedicated to illustrate some auxiliary results, expressions or variables not defined
previously.

for MMS

E.1 Floquet’s Theory

Through a numerical step-by-step integration method (“Adams113”) and by using
MATLAB R©, this section presents the time responses of a helicopter HT1 with one
dissymmetric blade 4ωb 4 = −60%, as discussed in section 5.5.

The rotating speeds values considered for the analyses correspond to the mean rotor
speeds values at each unstable region observed in Fig. 3. They are, in Hz, equal to 2.929,
3.945 and 4.797. The initial conditions imposed are 0.1ř for the lead-lag oscillation of
4th blade, and zero for all remainder amplitudes and speeds.

Fig. E.1 illustrates the results obtained at each unstable region.
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(a) Ω=2.929Hz

(b) Ω=3.945Hz

(c) Ω=4.797Hz

Figure E.1: Time Responses at Ω, in Hz, equal to (a) 2.929, (b) 3.945 and (c) 4.797 for
an helicopter HT1 with 4ωb 4 = −60%
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E.2 Method of Multiple Scale

E.2.1 Responses of un1

The responses un1 for a non-resonant case at order ε1 set of equations are illustrated
as:

u11 =

1
2

(
− i (Ω + ω3)2 α ei(Ω+ω3)T0

(ω1 + Ω + ω3) (−ω1 + Ω + ω3) + iα e−i(Ω−ω3)T0 (Ω− ω3)2

(−ω1 + Ω− ω3) (ω1 + Ω− ω3)

)
C3

+ 1
2

(
α (Ω− ω4)2 e−i(Ω−ω4)T0

(−ω1 + Ω− ω4) (ω1 + Ω− ω4) + α (Ω + ω4)2 ei(Ω+ω4)T0

(ω1 + Ω + ω4) (−ω1 + Ω + ω4)

)
C4

+ 1
2

(
− ie−i(Ω−ω5)T0 (Ω− ω5)2 α

(−ω1 + Ω− ω5) (ω1 + Ω− ω5) + iei(Ω+ω5)T0α (Ω + ω5)2

(ω1 + Ω + ω5) (−ω1 + Ω + ω5)

)
C5

+ 1
2

(
− α (Ω− ω6)2 e−i(Ω−ω6)T0

(−ω1 + Ω− ω6) (ω1 + Ω− ω6) −
α (Ω + ω6)2 ei(Ω+ω6)T0

(ω1 + Ω + ω6) (−ω1 + Ω + ω6)

)
C6

+ [c.c]
(E.1)

u21 =

1
2

(
− (Ω + ω3)2 α ei(Ω+ω3)T0

(ω2 + Ω + ω3) (−ω2 + Ω + ω3) −
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(E.2)
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u31 =

1
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E.2.2 Solvability and Polynomial characteristic equations

In the present section, the solvability and the polynomial characteristic equations are
presented for each resonant case at the first order set of equations. However, concerning
the second order set of equations, they are not illustrated since the expressions are
lengthy and numerous.

E.2.2.1 ε1 order set of equations

• Case A - ΩR = ω1 − ω3..5 = 1.475Hz

The solvability equations and the polynomial characteristic equations are already
presented in section 5.2.2.10.

• Case B - ΩR = ω1 − ω6 = 2.022Hz

The solvability equations is presented as follows,

− 2 i
(
d

dT1
C1

)
ω1 + 1

2
(
αΩ2

R + αω2
6 + 2αω6 ΩR

)
C6eiσ T1 = 0

− 2 i ωn
(
d

dT1
Cn

)
= 0 , n = 2..5

− 2 i
(
d

dT1
C6

)
ω6 + 1

2 β C1ω
2
1e−1.0 iσ T1 = 0

(E.7)

The polynomial characteristic equation is given as

PB (Γ, σ) = a4Γ4 + a2Γ2 + a0 (E.8)

where a0 = −289781000.0, a2 = −1421.22σ2 − 1283500.0 and a4 = −1421.22

• Case C - ΩR = ω2 − ω3..5 = 2.433Hz

The solvability equations is presented as follows,
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− 2 i
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− 2 i
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2 i
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2
2e−1.0 iσ T1 = 0, n = 3..5

− 2 i
(
d

dT1
C6

)
ω6 = 0

(E.9)

The polynomial characteristic equation is given as

PC (Γ, σ) = a4Γ4 + a2Γ2 + a0 (E.10)

where a0 = −10103900000.0, a2 = −10105200.0− 2526.62σ2 and a4 = −2526.62

• Case D - ΩR = ω2 − ω6 = 2.943Hz

The solvability equations is presented as follows,

− 2 i
(
d

dT1
C1

)
ω1 = 0

− 2 i
(
d

dT1
C2

)
ω2 + 1

2
(
− iαΩ2
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− 2 i
(
d

dT1
Cn
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ωn = 0, n = 3..5

− 2 i
(
d

dT1
C6
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ω6 + 1

2 iβ ω
2
2 C2e−1.0 iσ T1 = 0

(E.11)

The polynomial characteristic equation is given as

PD (Γ, σ) = a4Γ4 + a2Γ2 + a0 (E.12)

where a0 = −2479720000.0, a2 = −2526.62σ2 − 5006110.0 and a4 = −2526.62

• Case E - ΩR = ω1 + ω6 = 4.192Hz

The solvability equations is presented as follows,
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(E.13)

The polynomial characteristic equation is given as

PE (Γ, σ) = a4Γ4 + a2Γ2 + a0 (E.14)

where [a0 = 194175000.0, a2 = 1421.22σ2 − 1050650.0 and a4 = 1421.22

• Case F - ΩR = ω1 + ω3..5 = 4.741Hz

The solvability equations is presented as follows,
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(
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− 2 i
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d
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2
1 eiσ T1 = 0, n = 3..5

(E.15)

The polynomial characteristic equation is given as

PF (Γ, σ) = a4Γ4 + a2Γ2 + a0 (E.16)

where a0 = 819291000.0, a2 = −2158140.0 + 1421.22σ2 and a4 = 1421.22

• Case G - ΩR = ω2 + ω6 = 5.343Hz

The solvability equations is presented as follows,
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− 2 i
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(E.17)

The polynomial characteristic equation is given as

PG (Γ, σ) = a4Γ4 + a2Γ2 + a0 (E.18)

where a0 = 1528980000.0, a2 = 2526.62σ2 − 3930980.0 and a4 = 2526.62

• Case H - ΩR = ω2 + ω3..5 = 5.855Hz

The solvability equations is presented as follows,
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)
ωn = 0, n = 1, 6

− 2 i
(
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dT1
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)
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2
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(
αω2
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)
Cn
]

eiσ T1 = 0

− 2 i
(
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)
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2 i
(n−3)β C2 ω

2
2 eiσ T1 = 0, n = 3..5

(E.19)

The polynomial characteristic equation is given as

PH (Γ, σ) = a4Γ4 + a2Γ2 + a0 (E.20)

where a0 = 7207130000.0, a2 = −8534560.0 + 2526.62σ2 and a4 = 2526.62
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Lifting Procedure

In this section, the Lifting technique is summarised and used to transform a linear
T -periodic system to the corresponding discrete-time (with sampling period equal to
T ) linear time-invariant system. From Eq.(6.6), let us define:

wd(k) =
[
wT

d (k) wT
d (k + 1) . . . wT

d (k + nh − 1)
]T

(F.1a)

zd(k) =
[
zT

d (k) zT
d (k + 1) . . . zT

d (k + nh − 1)
]T

(F.1b)

Then, the integration over one period of system in Eq.(6.6) leads to the lifted system:

vd(k + nh) = Φnh−1
0 vd(k) + Γ̃ wd(k) (F.2a)

zd(k) = H̃ vd(k) + J̃ wd(k) (F.2b)

wd(k) = 4̄ zd(k) (F.2c)

where
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Φu
l =

u∏
q=l

Ã(k + q) = Ã(k + u)Ã(k + u− 1) . . . Ã(k + l) if u ≥ l, (F.3a)

Φu
l =I otherwize. (F.3b)

Γ̃ =
[
Φnh−1

1 B̃(k) Φnh−1
2 B̃(k + 1) . . . Φnh−1

nh−1B̃(k + nh − 2) B̃(k + nh − 1)
]

(F.3c)

H̃ =


C̃(k)

C̃(k + 1)Φ0
0

...
C̃(k + nh − 1)Φnh−2

0

 (F.3d)

J̃ =



D̃(k) 0
C̃(k + 1)B̃(k) D̃(k + 1)

C̃(k + 2)Φ1
1B̃(k) C̃(k + 2)B̃(k + 1)

...
...

C̃(k + nh − 1)Φnh−2
1 B̃(k) C̃(k + nh − 1)Φnh−2

2 B̃(k + 1)

0 · · · 0
0 · · · 0

D̃(k + 2) 0
... . . . ...

C̃(k + nh − 1)Φnh−2
3 B̃(k + 2) · · · D̃(k + nh − 1)


(F.3e)

The general expression for lower triangular terms of matrix J̃ is:

J̃(i, j) = C̃(k + i− 1)Φi−2
j B̃(k + j − 1) ∀ i = 1, . . . , nh, j < i .

The matrices Ã(k), B̃(k), C̃(k) and D̃(k) are determined from the fast discretiza-
tion method presented in Eqs.(6.10) to (6.14). Note that if Ã(i) = eA(ti)h with
h = T/nh then Φnh−1

0 = Rc.

Also, the diagonal matrix 4̄ is constituted of 4 repeated nh times, as presented
below.

4̄ =diag [4, 4, . . . 4] (F.4)
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Since each δi for i = 1, 2, . . . , p appears in each 4, one can define the row re-
ordering matrix V such that

V4̄ = 4̃V (F.5)

and VTV = I. Then,

4̃ = diag [δ1Inh
, δ2Inh

, . . . δpInh
] (F.6)

and the input and output of the LFT Eq.(6.16) are linked to LFT Eq.(F.2) by:

w̃d(k) = Vwd(k) and z̃d(k) = Vzd(k) .
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Appendix G

Résumé Étendu

G.1 Introduction

G.1.1 Introduction Générale

Depuis longtemps, l’aviation d’affaires a été un outil essentiel utilisé par les entreprises
pour améliorer leurs activités. Pour les dirigeants, les hélicoptères présentent plus
d’avantages que les jets privés. En plus d’être un moyen de transport prestigieux et
impressionnant, l’hélicoptère présente moins de contraintes pour décoller et atterrir (i.e.,
pistes et aéroports). Les hélicoptères sont aussi utilisés pour l’exploitation pétrolière,
pour des applications commerciales et pour les services publics et de sécurité (par
exemple : les gardes côtes, la police) et dans le domaine militaire.

Le chiffre d’affaire généré par la vente des hélicoptères dans le monde est en con-
stante augmentation. Comme on peut s’y attendre pour une production de cette im-
portance, des nombreux problèmes liés à la sécurité ont été identifiés et résolus depuis
la fabrication des premiers hélicoptères au début des années 40.

Une importante avancée vers l’amélioration de la sécurité des hélicoptères a été effec-
tuée avec la création de l’International Helicopter Safety Team (IHST) aux Etats-Unis
à la fin de 2005. Le consensus entre les organismes gouvernementaux de réglementa-
tion, les fabricants et les exploitants d’hélicoptères a convergé pour réduire de 80% en
10 ans (2016) le taux d’accidents mortels. Pour cet objectif, l’IHST a adopté et adapté
le processus développé à l’origine par United States Commercial Aviation Safety Team
(US CAST). Ce processus implique l’amélioration de la sécurité et le développement
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des plans d’actions fondés sur l’examen des données des accidents.

L’analyse de la base de données des accidents des hélicoptères qui ont eu lieu aux
Etats-Unis pendant l’année 2006 (CY2006) révèle l’importance du jugement et des
actes des pilotes (Pilot Judgment Actions) parmi les classes standards de problèmes
(Standard Problems Statement - SPS). La Figure G.1 illustre les différentes classes
standards de problèmes et leurs occurrences dans les accidents enregistrées en 2000,
2001 et 2006.

La défaillance des composants des systèmes (System Components Failure - SCF) est
impliquée dans plus de 20% des accidents. Les problèmes de manutention sont identifiés
comme en étant la principale cause ; ils sont responsables de 85.3% des occurrences
classées comme SCF en 2001. Néanmoins, cette contribution des problèmes liés à la
manutention a été réduite de 10% en 2006.

Les observations réalisées par le Joint Helicopter Safety Analysis Team (JHSAT)
sont effectuées à partir des données des accidents enregistrés sur une période de 3
ans. Elles mettent en évidence un manque de données numériques ou d’enquêtes pour
déterminer les circonstances des accidents. Le JHSAT encourage donc l’installation de
dispositifs qui puissent permettre la surveillance de la santé de la structure, de l’état
du moteur et des actions des pilotes.

Figure G.1: Comparaison des Classes Standards de Problèmes pour les accidents en-
registrés en 2000, 2001 et 2006 [5]
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G.1.2 Phénomène de Résonance Sol

Le phénomène de résonance sol se produit lorsque l’hélicoptère est encore au sol sur
son train d’atterrissage. Ce phénomène est dû à la coalescence des fréquences du mode
cyclique du rotor et celles du fuselage. L’étude du phénomène montre que les aéronefs
avec des pales articulées et celles avec des pales non-articulées mais avec des raideurs
de traînée faibles sont plus susceptible d’être instable.

En effet, les modes cycliques du rotor sont caractérisés par le déplacement du centre
de mass du rotor (dans le sens longitudinal ou latéral) par rapport à son axe de rotation.
Pendant la résonance sol, ces modes cycliques, excités par les mouvements du fuselage,
créent des oscillations du centre de gravité du rotor qui se couplent avec celles du
fuselage. Ce processus provoque des grands déplacements qui peuvent occasionner la
destruction totale de l’appareil.

Les méthodes les plus communes pour contrôler cette instabilité consistent à ajouter
des mécanismes qui dissipent l’énergie du mode cyclique du rotor ou du fuselage. Tra-
ditionnellement, les hélicoptères sont équipés d’amortisseurs passifs par élastomères
ou d’amortisseurs hydrauliques. Cependant, l’utilisation de ces types d’amortisseurs
augmente les exigences de manutention et accentue la complexité du moyeu du rotor.

La recherche dans la prévision et la compréhension du phénomène de résonance
sol a été initiée par Coleman. Les équations du mouvement à coefficients périodiques
du système rotor-fuselage à partir d’un modèle dynamique de base sont développées.
Les critères de stabilité sont établis et obtenus à travers un changement de repère (du
repère mobile au repère fixe) afin d’écrire les équations du mouvement des pales. Cette
transformation est possible uniquement pour les rotors isotropes (i.e. les pales ont les
mêmes caractéristiques mécaniques ou géométriques). Les efforts aérodynamiques et les
nonlinearités géométriques et mécaniques ne sont pas pris en compte dans ce modèle.

D’autres études développées ont permis la vérification et la prévision de l’apparition
de la résonance sol pour plusieurs configurations de rotors isotropes : pales articulées,
pales non-articulées et rotor sans paliers. L’utilisation des équations du mouvement,
qui contiennent seulement des termes linéaires, permet de prévoir avec précision les
instabilités.

Avec l’apparition des ordinateurs numériques et donc avec l’amélioration de la puis-
sance de calcul, des techniques plus générales ont été développées pour analyser la
stabilité du système rotor-fuselage. Des modèles mathématiques plus riches ont pu être
mis en place et ont permis, par exemple, l’analyse de la stabilité aéromécanique des
hélicoptères.
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Ainsi, l’étude de la vérification de l’influence des rotors anisotropes (i.e. les pales
ont différentes caractéristiques mécaniques ou géométriques) sur la résonance sol a été
initiée en utilisant la théorie de Floquet. Les résultats montrent un décalage dans les
frontières de la zone d’instabilité pour une légère asymétrie introduite à travers d’un
changement de ś 5% dans la raideur de traînée d’une pale.

Les effets de nonlinéarités géométriques et mécaniques sur la zone d’instabilité ont
été étudiés en introduisant des raideurs ou des amortissements non linéaires. Le traite-
ment des équations à coefficients périodiques et avec des termes non linéaires est réalisé
grâce à l’utilisation de méthodes de perturbation asymptotique.

G.1.3 L’objectif de la Recherche

De nombreux programmes de recherche et développement ont été créés afin d’atteindre
les contraintes imposées par l’IHST pour améliorer la sécurité dans les hélicoptères.
Les problèmes liés à la manutention sont les causes principales de la défaillance des
composants d’un système.

En effet, le vieillissement ou la défaillance des éléments mécaniques, qui apparaissent
aléatoirement dans le temps, peuvent endommager le fonctionnement de l’aéronef et
mettre en danger le pilote ainsi que les passagers.

L’étude présentée est une contribution à la compréhension du phénomène de ré-
sonance sol et à l’observation de l’influence de la défaillance ou du vieillissement des
éléments mécaniques sur la réponse dynamique des hélicoptères ayant des pales artic-
ulées.

Le modèle théorique utilisé dans cette étude ne prend pas en compte les amortisse-
ments visqueux des trainées des pales ni dans le mouvement de translation du fuselage.
Plusieurs méthodes sont appliquées pour l’étude de la résonance sol. La Méthode
de Floquet (FM), couramment utilisée pour prévoir numériquement la stabilité des
équations à coefficient périodiques, et la Méthode des Echèles Multiples (MMS), qui
est une méthode de perturbation asymptotique utilisée pour résoudre des problèmes
non-linéaires. Les principaux avantages de cette dernière par rapport à la FM sont la
souplesse d’utilisation, la faible puissance de calcul requise, l’obtention des expressions
analytiques (closed form) et le traitement des équations à coefficients non linéaires.

Ces deux méthodes sont utilisées dans l’étude des hélicoptères avec rotors isotropes
et anisotropes. Pour les rotors isotropes, la Méthode de Coleman est décrite et appliquée
afin de valider les résultats obtenus précédemment à partir de la FM et de la MMS.
L’étude de l’amplitude de réponse d’un hélicoptère avec rotor isotrope est étudiée aussi
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avec la MMS.
L’étude paramétrique de la stabilité des hélicoptères sous différente configurations

de rotors anisotrope est réalisée. La dissymétrie entre les pales est introduite en faisant
varier la valeur de la raideur de traînée des pales, ainsi que le nombre et la position des
pales affectées. De hauts niveaux d’asymétrie (ś100%) sont atteints dans cette étude.

Prévoir le phénomène de résonance sol pour une large gamme des rotors anisotropes
signifie analyser individuellement chaque point de l’espace paramétrique qui contient
tous les cas possible. Ce processus nécessite beaucoup de temps de calcul. Par ailleurs,
il n’y a aucune assurance que le maillage paramétrique contienne la configuration la
plus défavorable.

Pour cette raison, un des objectifs de cette étude est de déterminer la plus petite
perturbation qui déstabilise l’hélicoptère sous incertitudes (i.e., raideur de traînée des
pales). Le processus adopté pour cette étude est basé sur une procédure développée
pour analyser la robustesse de la stabilité des systèmes périodiques.

Finalement, un banc expérimental est développé afin de reproduire la résonance sol
des hélicoptères. A notre connaissance, ce dispositif est le premier de ce type conçu
en Europe. Les résultats obtenus sont utilisés pour la compréhension physique des
phénomènes de base et pour la validation des résultats analytiques.
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G.2 Modélisation Mécanique et l’Analyse Fondamentale

de la Stabilité

G.2.1 Modélisation Mécanique

Le modèle mécanique adopté représente un hélicoptère sous l’influence de la défail-
lance et du vieillissement des éléments mécaniques. Inspiré par le modèle développé
par Coleman, celui-ci prend en compte les oscillations de trainée qui jouent un rôle
prépondérant dans le phénomène de résonance sol. Un diagramme général du système
dynamique à étudier est illustré dans la Figure G.2. Le fuselage, considéré comme un
corps rigide, possède des déplacements longitudinal x(t) et latéral y(t). Deux ressorts,
de raideur KfX

et KfY
connectés au fuselage dans les deux directions, représente

la rigidité de son train de atterrissage. Les effets dissipatifs sont modélisés par de
l’amortissement visqueux situés dans les directions longitudinales et latérales. Les co-
efficients d’amortissement sont CX et CY , respectivement. L’origine du repère inertielle
(X0, Y0, Z0) est coïncidente avec le centre de masse du fuselage quand l’aéronef se situe
à son point de repos. Concernant le système de la tête du rotor, il est constitué d’un
noyau rigide et assemblé à Nb pales. Chaque pale k possède une masse mbk

et un
moment d’inertie Izbk

par rapport à l’axe z situé en son centre de masse. Le rayon de
giration est défini par une longueur b. La pale k développe une rotation de trainée ϕk(t)
et possède un angle azimutal défini par ζk = 2π (k − 1) /Nb par rapport à l’axe x. Un
ressort (raideur égale à Kbk

) et un amortisseur visqueux (coefficient d’amortissement
égal à Cbk

) assurent la liaison entre le noyau rotor et chaque pâles dans la direction de la
trainée. Le repère galiléen (x, y, z), parallèle au repère inertiel, dont l’origine est situé
au centre géométrique du rotor. Le rotor tourne à une vitesse Ω. Le fuselage et le rotor
sont liés par un arbre rigide. Les équations du mouvement à coefficients périodiques,
représenté par l’Eq(G.1), sont obtenues à partir de l’application de l’équation de La-
grange dans les expressions des énergies cinétique et potentielle du système mécanique.
Les non linéarités géométriques ne sont pas prises en compte dans le développement
des expressions des énergies.

M(t) ü + G(t) u̇ + K(t) u = Fext(t) (G.1)

où M, G et K sont les matrices de masse, amortissement et rigidité du système
qui sont représentés dans l’Eqs.(G.2a) à (G.2c). Ces matrices contiennent des termes
périodiques et sont non symétriques et non diagonales. Fext, le vecteur qui contient les
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(a)

(b)

Figure G.2: Schéma Général du Système Mécanique

efforts extérieurs, est présenté dans l’Eq.(G.2d). La variable d’état u indique les degrés
de liberté du système (i.e. : x, y, ϕ1,

ϕ2

, ϕ3 et ϕ1). Les u̇ et ü correspondent à la vitesse et accélération, respectivement.
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M(t) =


1 0 −rm1 sin(ψ1) −rm2 sin(ψ2) −rm3 sin(ψ3) −rm4 sin(ψ4)
0 1 rm1 cos(ψ1) rm2 cos(ψ2) rm3 cos(ψ3) rm4 cos(ψ4)

−rb1 sin(ψ1) rb1 cos(ψ1) 1 0 0 0
−rb2 sin(ψ2) rb2 cos(ψ2) 0 1 0 0
−rb3 sin(ψ3) rb3 cos(ψ3) 0 0 1 0
−rb4 sin(ψ4) rb4 cos(ψ4) 0 0 0 1

 (G.2a)

G(t) =


rc1 0 −2Ωrm1cos(ψ1) −2Ωrm2 cos(ψ2) −2Ωrm3 cos(ψ3) −2Ωrm4 cos(ψ4)
0 rc2 −2Ωrm1sin(ψ1) −2Ωrm2 sin(ψ2) −2Ωrm3 sin(ψ3) −2Ωrm4 sin(ψ4)
0 0 rc3 0 0 0
0 0 0 rc4 0 0
0 0 0 0 rc5 0
0 0 0 0 0 rc6

 (G.2b)

K(t) =


ω2

x 0 Ω2rm1 sin(ψ1) Ω2rm2 sin(ψ2) Ω2rm3 sin(ψ3) Ω2rm4 sin(ψ4)
0 ω2

y −Ω2rm1 cos(ψ1) −Ω2rm2 cos(ψ2) −Ω2rm3 cos(ψ3) −Ω2rm4 cos(ψ4)
0 0 ω2

b 1+Ω2r2
a 1 0 0 0

0 0 0 ω2
b 2+Ω2r2

a 2 0 0
0 0 0 0 ω2

b 3+Ω2r2
a 3 0

0 0 0 0 0 ω2
b 4+Ω2r2

a 4

 (G.2c)

Fext(t) =



Nb∑
k=1

Ω2rm k( a+b
a ) cos(ψk)

Nb∑
k=1

Ω2rm k( a+b
a ) sin(ψk)

0
0
0
0


(G.2d)

Deux modèles théoriques, nommés par HT1 et HT2, sont présentés et utilisés dans les
analyses de stabilité du phénomène. Les différences entre ces deux modèles résident
dans la valeur des fréquences propres du fuselage dans le sens longitudinal et latéral
: dans l’hélicoptère HT1 ces fréquences sont identiques, alors que dans HT2 elles sont
différentes.

G.2.2 Méthode de Coleman

Les équations du mouvement, initialement écrites dans le repère tournant, sont réécrites
dans un repère fixe par la méthode de Coleman (CM). Ce changement de repère per-
met de mettre en évidence 4 composantes fondamentales de formes modales dans le
cas d’un rotor à 4 pales : collective (rotation de trainée des pales en phase), différen-
tielle (rotation de trainée des pales hors phase), sinus et cosinus. Ces deux derniers
sont les composants du mode cyclique, décrit dans la section G.1.2. Les équations
du mouvement perdent donc leur caractère périodique. D’une manière plus générale,
le couplage entre les composantes fondamentales sinus et cosinus peut se décomposer

192



G.2. Modélisation Mécanique et l’Analyse Fondamentale de la Stabilité

en deux modes appelés précession et régression. Une application numérique de cette
méthode dans les modèles HT1 et HT2 montre que les zones d’instabilités prédites
coïncident avec le couplage du mode cyclique de régression du rotor avec les modes
fondamentaux du fuselage. A partir d’une analyse classique de l’évolution des valeurs
propres du système en fonction de la vitesse de rotation, les frontières de stabilité sont
déterminées et montrées dans le Tableau G.1.

Table G.1: Limite des Zones d’Instabilité Prédite avec CM en Hz pour le HT1 et HT2

Modèle HT1 HT2
Limite Basse 4.357 4.446 5.495
Limite Haute 5.191 5.034 6.367

Une étude de la réponse du HT2 dans les régions critiques est réalisée à travers une
simulation pas à pas développée en SIMULINK - MATLABő. La Figure G.3 montre
l’évolution exponentielle de l’enveloppe des signaux avec Ω = 4.7Hz.
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Figure G.3: Réponse temporelle du HT2 avec Ω = 4.7Hz: (a) Déplacements du fuselage
et b) Rotations de trainée des pales
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G.3 Dispositif Expérimental

Afin d’enrichir la compréhension physique du phénomène et de valider les résultats
analytiques, un dispositif expérimental a été développé. Il permet de reproduire le
phénomène de résonance sol d’une manière sécurisée. Le développement et la conception
de la machine est divisée en 2 phases : phase de conception et phase de vérification du
projet selon plusieurs aspects (résistances mécanique, stabilité dynamique et sécurité).
Le design final du dispositif est obtenu lorsque tous les aspects de la phase de vérification
sont satisfaits. Figure G.4 illustre le dispositif expérimental conçu.

Le design de l’ensemble des éléments mécanique représentant l’hélicoptère est basé
sur les mêmes hypothèses et cinématique que celles du modèle décrit dans la section
2.1. Le rotor est entrainé par un moteur électrique. La conception permet d’ajuster
facilement plusieurs paramètres du système (ex. : raideurs des traînées des pales ou
du fuselage). Les raideurs de traînée des pales et du fuselage sont obtenues à travers la
déformation des lames en flexion sous différentes conditions limites (dépendant du type
de liaison cinématique aux extrémités de chaque une d’elles). Afin d’étudier plusieurs
configurations de rotor isotrope et anisotrope, trois séries de lames (pour les pales et le
fuselage) ont été réalisées avec des caractéristiques géométriques différentes. Au cours
des essais expérimentaux, la série 1 des lames du fuselage a été utilisée, et les séries
1 et 2 des lames des pales. La raideur équivalente (obtenue par la flexion des lames)
de la liaison des pales en traînée et du mouvement de translation du fuselage ont étés
déterminées analytiquement et expérimentalement. Deux procédures expérimentales,
en statique et en dynamique, ont été utilisées pour mesurer ces raideurs équivalentes.
La procédure statique indique un comportement linéaire pour les lames en flexion du
fuselage. La valeur de la raideur équivalente obtenue est conforme à celle calculée
analytiquement. La fréquence propre du fuselage déterminée en statique est aussi
similaire à celle obtenue en dynamique. Néanmoins, un comportement non linéaire est
observé dans les essais réalisés en statique avec les lames des pales. Cette procédure
pour la détermination de la raideur équivalente linéaire devient inadéquate. La solution
retenue est alors de la mesurer à travers des essais en dynamique. L’analyse spectrale
des signaux temporels des pales vérifient la présence de trois principales fréquences pour
la série 1 des lames des pales (Figure G.5). La raideur équivalente est calculée à partir
de la composante fréquentielle principale. Finalement, pour l’étude et la détermination
des frontières d’instabilité du phénomène de résonance sol, une procédure expérimentale
est appliquée. La Figure G.6 montre des signaux mesurés pendant l’apparition de
l’instabilité, déterminée par l’évolution exponentielle de l’enveloppe des réponses.
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(a) Global View

(b) Detailed View

Figure G.4: Le Dispositif Expérimental : (a) Vue Globale et (b) Vue Détaillé
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Figure G.5: Oscillations d’une pale avec la série 1 des lames en (a) et son diagramme
fréquentiel (b)

196



G.3. Dispositif Expérimental

31 32 33 34
−5

0

5

(a.1)− t [s]

d2
/d

t2
( φ

1.
.4

) [
ra

d/
s2 ]

0 10 20 30 40 50

200
400
600
800

(a.2)− f [Hz]

S
pe

ct
ru

m
 P

ow
er

31 32 33 34

−0.2

0

0.2

(b.1)− t [s]

d2
/d

t2
(x

(t)
) [

m
/s

2 ]

0 10 20 30 40 50

2

4

(b.2)− f [Hz]

S
pe

ct
ru

m
 P

ow
er

31 32 33 34

7.8

7.85

(c.1)− t [s]

Ω
 [H

z]

0 10 20 30 40 50

0.01
0.02
0.03
0.04
0.05

(c.2)− f [Hz]

S
pe

ct
ru

m
 P

ow
er

Figure G.6: Réponses temporelles et Diagrammes Fréquentiels avec la série de lames 2
dans les pales et Ω ≈ 7.3Hz
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G.4 Rotors Isotropes

Ce chapitre est dédié à l’étude du phénomène résonance sol dans les hélicoptères avec
des rotors isotropes. Deux méthodes, la Méthode de Floquet (FM) et la Méthode des
Echelles Multiples (MMS), sont décrites et appliquées aux analyses de stabilité des
deux modèles d’hélicoptères HT1 et HT2. Les analyses de stabilité des rotors isotropes
sont aussi examinées à travers le dispositif expérimental conçu.

G.4.1 Méthode de Floquet

La méthode de Floquet (FM) traite les équations différentielles à coefficients péri-
odiques. Basée sur la théorie de Floquet, la matrice de monodromie contient les infor-
mations nécessaires pour déterminer la stabilité du système. Le calcul de la matrice de
monodromie est obtenu par p itérations successive de Picard au long de la période T .
Les résultats obtenus par la méthode de Floquet montrent des similarités par rapport
à ceux obtenus par la méthode de Coleman, décrite dans la section G.2.2. Le Tableau
G.2 contient les frontières de stabilité calculé dans les deux modèles d’hélicoptères HT1
et HT2.

Table G.2: Limite des Zones d’Instabilité Prédite avec FM en Hz pour le HT1 et HT2

Modèle HT1 HT2
Limite Basse 4.35 4.446 5.495
Limite Haute 5.18 5.034 6.367

G.4.2 Méthode des Échelles Multiples

Les méthodes asymptotiques sont normalement utilisées pour le traitement et la ré-
solution analytique des équations avec des termes non linéaires ou périodiques. Les
variables temporelles dans les équations du mouvement sont exprimées à travers un
développement en séries de puissance par rapport à ε, variable constante et de valeur
petite par rapport l’unité, et des fonctions dépendantes des échelles multiples de temps.
En classant les termes périodiques à l’ordre ε et négligent les termes d’ordre supérieur
à ε2, deux séries des équations, à l’ordre ε0 et ε1, sont obtenues. La première série
représente le système dynamique rotor-fuselage totalement découplé (sans la présence
des termes périodiques). Les solutions de ces équations sont introduites dans la série
des équations à l’ordre ε1 et les analyses montrent l’existence de plusieurs cas réso-
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nants. Plus particulièrement, dans l’étude du modèle HT2, quatre cas possibles de
résonance entre le rotor et le fuselage sont observés. L’analyse de stabilité montre que
seulement deux des cas sont instables pour certaines plages de valeur de Ω. Le Tableau
G.3 présente les frontières des zones d’instabilités et les compares avec celles obtenues
par la méthode de Floquet. L’écart entre les résultats est relativement faible.

Table G.3:

Comparaison entre les Limite des Zones d’Instabilité Prédite avec FM et MMS en Hz
pour le HT2 hélicoptère

Cas de Résonance With FM With MMS Écart [%]

1 / C Limite Basse 4.446 4.508 1.26Limite Haute 5.034 4.978

2 / D Limite Basse 5.495 5.506 1.35Limite Haute 6.367 6.208

Grâce au développement analytique obtenu par MMS, l’étude de la réponse dy-
namique de l’hélicoptère dans les cas résonants stables est réalisée. Il est possible,
pour un point d’équilibre, de prévoir les relations des amplitudes et phases entre le
mouvement du fuselage, les rotations de trainée des pâles et la variable σ (variable
d’ajustement) liée à de la vitesse rotor. L’analyse des équations de solvabilité montre
l’existence de deux points fixes pour chaque valeur du paramètre σ. Les expressions an-
alytiques du mouvement du fuselage et de trainée des pales sont obtenues pour σ = ±25.
Les signaux temporels obtenus avec MMS sont comparés à ceux obtenues par une inté-
gration temporelle numérique, et une bonne corrélation est observée. Une analyse plus
approfondie des signaux permet de connaître la forme de déformation de l’hélicoptère,
autrement dit, la relation entre les mouvements des pales et du fuselage (voire Figure
G.7).

G.4.3 Résultats Expérimentaux

L’analyse de stabilité des deux rotors isotropes (lames de série 1 et 2) est vérifiée ex-
périmentalement. Les signaux sont mesurés aux frontières des régions critiques. Une
croissance exponentielle de l’enveloppe indique la présence de l’instabilité. La prévision
du phénomène dans le dispositif expérimental est déterminée par la méthode de Flo-
quet. La comparaison des frontières de l’instabilité (Tableau G.4) montre des grandes
similitudes entre les deux résultats (Floquet vs. Expérimentaux).

199



Appendix G. Résumé Étendu

(a) un+ avec σ = −25 (b) un− avec σ = 25

Figure G.7: Déformation de l’Hélicoptère HT2 dans le cas résonant A

Table G.4: Comparaison entre les Limite des Zones d’Instabilité Prédites avec FM et
celles Déterminées Expérimentalement en Hz pour le les rotors avec les lames de série
1 et 2

Avec FM Expérimentale Écart [%]

Lame série 1 Limite Basse 6.33 5.92 6.47
Limite Haute 7.74 7.55 2.45

Lame série 2 Limite Basse 7.33 7.82 6.68
Limite Haute 8.63 8.80 1.97
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G.5 Anisotropes

L’étude des rotors anisotropes est destinée à améliorer la compréhension de l’influence
des effets du vieillissement ou des défaillances des raideurs de trainée des pales dans
le phénomène de résonance sol. Ces effets ont étés modélisés en considérant de fortes
asymétries entre les raideurs des pales, ainsi que différentes localisation de ces défauts.
Les méthodes de Floquet (FM) et les échelles multiples (MMS) sont utilisées dans le
traitement de la stabilité des équations du mouvement. Afin de pouvoir trouver toutes
les instabilités possibles, l’amortissement visqueux n’a pas été pris en compte dans le
modèle mécanique.

Trois configurations de rotors sont étudiées pour les deux différents hélicoptères
HT1 et HT2:

• Cas 1 - Une pale asymétrique ;

• Cas 2 - Deux pales asymétriques adjacentes ;

• Cas 3 - Deux pales asymétriques opposées ;

Dans la première configuration, vingt-un cas d’asymétries ont été étudiés en mod-
ifiant la fréquence propre de trainée à l’arrêt d’une pale entre -100% et +100% de sa
valeur nominale (ωbk).

L’étude de la stabilité de chaque cas, réalisée à travers la Méthode de Floquet,
a conduit à déterminer l’évolution des frontières des instabilités. Le diagramme de
stabilité obtenu pour le HT2 est présenté en Figure G.8.

Il est noté une complexe évolution des instabilités en fonction de l’asymétrie des
pales. L’existence de zones impermutables pour toute la gamme de cas analysés est
observé et sont similaire à celles obtenues avec un rotor isotrope. Les analyses montrent
l’apparition de nouvelles zones instables : des ramifications des branches impermuta-
bles, et d’autres à faible vitesse de rotation du rotor.

Une étude plus approfondie, réalisé par la MMS, montre l’existence de résonances
paramétriques pour un rotor asymétrique. Dans la totalité des dix-sept cas résonants,
sept sont instables. En effet, les instabilités à faible vitesse du rotor sont des instabilités
paramétriques de deuxième ordre et sont exprimées en fonction des fréquences naturelles
du fuselage. La comparaison des frontières d’instabilité obtenues avec celles calculées
par Floquet (dans la même configuration d’anisotropie) présente là aussi des grandes
similitudes.

Concernant l’étude des rotors anisotropes avec deux pales asymétriques pour les
deux configurations HT1 et HT2, les diagrammes de stabilité obtenus par FM mon-
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Figure G.8: Diagramme de stabilité pour le HT2 en considérant asymétries dans la
4ème pale

trent une évolution complexe des zones d’instabilités en fonction de la perturbation
considérée. Les analyses montrent l’apparition de nouvelles zones ainsi que l’existence
des zones impermutables quelles que soit l’asymétrie. La Figure G.9 présente le dia-
gramme de stabilité en considérant le défaut présent dans deux pales adjacentes pour
le HT2. La couleur gris corresponde aux régions instables.

Des légères différences sont observées entre les diagrammes de stabilité calculée dans
le cas d’un rotor avec deux pales adjacentes et opposées.

Qualitativement, le phénomène de résonance sol est vérifié dans le dispositif expéri-
mental. Pour tous les cas de rotors anisotropes étudiés, Les mêmes caractéristiques que
celles observées par la méthode de Floquet ont étés retrouvés. La présence d’asymétries
dans les raideurs des pales met en évidence l’apparition des nouvelles zones instables.
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Figure G.9: Diagramme de stabilité pour le HT2 en considérant asymétries dans la
3ème et 4ème pales
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G.6 Analyse de la Robustesse de la Stabilité

Les effets du vieillissement et de défaillance des éléments mécaniques dans un rotor peu-
vent apparaître aléatoirement et donc modifier le fonctionnement nominal de l’aéronef.
Prévoir le phénomène résonance sol pour une large gamme de rotor anisotrope implique
d’analyser les points de l’espace paramétrique qui contiennent tous les cas possible
d’anisotropie. Ce processus, calculé par la méthode de Floquet, est long et il n’est pas
garanti que le maillage de l’espace paramétrique inclue la plus défavorable configuration
d’anisotropie.

Ce chapitre est dédié à l’étude de la stabilité d’un hélicoptère sous incertitudes en
déterminant la plus petite perturbation déstabilisante du système. Les incertitudes
représentent les effets du vieillissement dans la raideur de trainée des pales et sont
introduites indépendamment dans chaque pale.

Cinq configurations de rotor anisotropes pour le HT2 sont étudiées en fonction de
la localisation des incertitudes et le nombre des pales affectées. Elles sont :

• Incertitudes dans une pale ;

• Incertitudes dans deux pales adjacentes ;

• Incertitudes dans deux pales opposées ;

• Incertitudes dans trois pales ;

• Incertitudes dans quatre pales ;

Une partie du processus d’analyse consiste à convertir le système linéaire périodique
(LTP) avec des incertitudes en un système linéaire invariant dans le temps (LTI) avec
des incertitudes. Cette opération est possible en combinant la théorie de Floquet et
la ń Lifting Procedure ż qui produit une transformation linéaire fractionnaire (LFT)
du système initial LTP en le discrétisant sur un certain nombre d’échantillon au long
d’une période.

La taille de la matrice des incertitudes sera donc multipliée par le nombre d’échantillons
considérés, ce qui complexifie leurs analyses. Afin de réduire la taille de cette matrice
et donc la complexité du calcul, la représentativité du système LFT est obtenue en util-
isant trois différentes méthodes de discrétisation et plusieurs nombres d’échantillons.
Les trois méthodes utilisées sont : bloquer d’ordre zéro, bloquer de première ordre et
la méthode de Tustin.

Les analyses des résultats obtenus, en comparant avec ceux obtenus par la méthode
de Floquet, vérifient que le bloquer de première ordre est plus optimisé que le bloquer
d’ordre zéro (couramment utilisé). Une fois la ń Lifting Procedure ż optimisée, l’analyse
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de robustesse de la stabilité du système LTI est effectuée en utilisant la méthode de la
µ-analyse. En effet, il est possible de déterminer pour chaque vitesse de rotor Ω la plus
petite perturbation déstabilisante de la raideur de trainée des pales.

Les résultats montrent que le cas le plus défavorable consiste à des perturbations
symétriques dans la raideur des pales pour toutes les différentes configurations des rotors
anisotropes étudiées, à l’exception du rotor avec des incertitudes dans trois pales. La
Figure G.10 montre l’évolution de la plus petite perturbation en fonction de la vitesse
de rotation Ω en considérant les incertitudes dans toutes les pales.

Figure G.10: Stabilité du rotor selon la vitesse rotor Ω et les incertitudes de la raideur
de trainée des quatre pales δ1..4.
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G.7 Conclusions et Perspectives

Cette étude s’est concentré sur la compréhension du phénomène de résonance sol des
hélicoptères à pales articulées et sur l’influence du vieillissement des éléments mé-
caniques sur ce phénomène. Ces effets peuvent apparaître aléatoirement et compro-
mettre le fonctionnement nominal de l’hélicoptère.

L’hypothèse de faible amortissement visqueux permet de visualiser facilement toutes
les zones d’instabilité. Trois méthodes sont proposées pour l’étude du phénomène
de résonance sol. Les deux premières méthodes sont la Méthode de Floquet (FM)
et la Méthode des Échelles Multiples (MMS). L’utilisation de la méthode asympto-
tique et analytique (MMS) est utilisée dans le processus de vérifications des instabilités
paramétriques. L’obtention des expressions analytiques rend cette méthode plus poly-
valente et moins coûteuse en puissance de calcul que la FM.

La troisième méthode est une procédure d’analyse de robustesse de la stabilité
qui vise à déterminer la plus petite perturbation des raideurs de trainée des pales
qui déstabiliserait l’hélicoptère. Ces incertitudes représentent les effets aléatoires du
vieillissement et la défaillance des éléments mécaniques du rotor.

Le processus d’analyse de robustesse de la stabilité transforme le système linéaire
périodique (LTP) avec incertitudes en un système linéaire invariant dans le temps (LTI)
avec incertitudes en combinant la méthode de Floquet et le ”Lifting Procedure”.

La prévision des instabilités a été réalisée dans un premier temps pour les rotors
isotropes. Les méthodes FM et MMS sont utilisées. La comparaison entre les résultats
obtenus montre une grande similarité. Ces méthodes sont validées en comparant les
résultats avec ceux de la Méthode de Coleman. Coleman a été le premier chercheur à
réaliser des études vers la compréhension du phénomène résonance sol.

Les analyses des rotors isotropes vont plus loin avec la MMS. L’étude des réponses
de l’hélicoptère a été effectuée grâce au développement analytique. Les signaux tem-
porels prédits sont comparés avec ceux obtenus par l’intégration numérique. De grandes
similarités entre les différents résultats sont observées.

Concernant les rotors anisotropes, une étude paramétrique de l’influence de la vari-
ation de la raideur de trainée des pales est réalisée. Les cas analysés considèrent les
asymétries dans une pale, deux pales adjacentes et deux pales opposées. Les dia-
grammes de stabilité obtenus par la méthode de Floquet montrent l’évolution complexe
des frontières des zones d’instabilité pour les différentes configurations de rotor, ainsi
que l’existence de nouvelles zones (par rapport au cas isotrope).

Concernant le cas où une seule pale est asymétrique, le développement analytique
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par la méthode MMS a vérifié l’existence de résonance paramétrique. L’étude de sta-
bilité montre que sept cas, pour un total de de dix-sept cas possible, sont instable. En
effet, les nouvelles zones identifiées pour des faibles vitesses de rotation correspondent
à des instabilités paramétriques de deuxième ordre. La comparaison des zones critiques
prédites par la FM et la MMS montrent de grandes similarités.

Une première étude de la procédure d’analyse de robustesse de la stabilité est des-
tinée à l’optimisation. Elle permet de vérifier l’influence des trois différentes méthodes
de discrétisation (bloquer d’ordre zéro, bloquer d’ordre on et la Tustin méthode). La
représentativité de la transformation linéaire fractionnaire (LFT) obtenue est optimal
avec le bloquer d’ordre on.

En considérant des incertitudes dans les raideurs de trainée des pales de l’hélicoptère,
la détermination de la plus petite perturbation déstabilisante du système est obtenue
pour différentes configurations de rotors anisotropes. Grâce à l’utilisation de la µ-
analyse, les résultats montrent que le cas le plus défavorable est une perturbation
symétrique dans la plus part des cas analysés.

L’étude de l’influence des incertitudes d’autres paramètres mécaniques d’un hélicop-
tère sur l’analyse de robustesse, ainsi que sur les diagrammes de stabilité, est envisagée.
L’application et le développement des moyens des dissipations ou de contrôle des os-
cillations pour les systèmes dynamiques à des excitations paramétriques peuvent être
appliquées aux hélicoptères. La création des dispositifs de surveillance de la santé des
composants mécaniques, ainsi que l’identification et la prévention des résonances sol,
sont envisagés.

Le phénomène de résonance sol a été observé pour différentes configurations des
rotors isotropes et anisotropes dans un dispositif expérimental. La conception et
développement de la machine ont été réalisés tout au long de ce projet. La descrip-
tion de son fonctionnement et de ses composants sont décrites dans cette étude. De
grandes similarités sont observées entre les zones d’instabilité prédite par la FM et
celles obtenues expérimentalement, malgré la présence de raideurs non linéaires pour
les pales.
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Résonance sol des hélicoptères : modélisation dynamique,  

analyse paramétrique de la robustesse et validation expérimentale 
 

Ce travail s’intéresse à la compréhension du phénomène de résonance sol des hélicoptères à pales 
articulées et sur l’influence du vieillissement de certains éléments mécaniques sur ce phénomène. 
Un modèle dynamique simplifié d’un hélicoptère, composé de six degrés de liberté, non amorti, est 
considéré. Trois méthodes sont utilisées pour le traitement des équations dynamiques à coefficients 
périodiques : la Méthode de Floquet (FM), la Méthode des Echelles Multiples (MMS), ainsi qu’une 
procédure d’analyse de robustesse (μ-analyse). Elles mettent en évidence toutes les zones 
critiques et vérifient l’existence d’instabilités paramétriques. 

L’analyse de stabilité des rotors isotropes et anisotropes est réalisée. Les diagrammes de stabilité 

(obtenus avec FM) montrent la complexité de l’évolution de ces zones, ainsi que l’apparition de 
points de bifurcation à faible vitesse de rotation. L’étude de la réponse temporelle de l’hélicoptère 
est approfondie au travers d’un développement analytique grâce à la MMS. L’obtention des 
expressions analytique rend cette méthode plus polyvalente et moins coûteuse en puissance de 
calcul par rapport à FM. Les analyses de robustesse montrent, en considérant des incertitudes dans 
les raideurs de trainée des quatre pales, que le pire cas correspond à une perturbation symétrique 

de toutes les pales. La validation des résultats théorique pour plusieurs configurations de rotors est 
obtenue grâce à un nouveau dispositif expérimental. 
 
Mots Clés : Méthode de Floquet, Méthode des Echelles Multiples, μ-analyse, Diagrammes de 
Stabilité, Rotors Anisotropique. 

 

Helicopter Ground Resonance: Dynamical Modeling,  
Parametric Robustness Analysis and Experimental Validation 

 

The present work focus on the further understanding of the ground resonance in helicopters with 
hinged rotors and on the aging effects of the mechanical elements on this phenomenon. A 
simplified dynamic model of a helicopter composed of six degrees of freedom, undamped, is 
considered. Three methods are used on the treatment of the periodical equations of motion: 
Floquet’s Method (FM), Method of Multiple Scales (MMS) and a robustness stability analysis 
procedure. They highlight all possible critical regions and verify the existence of parametric 

instabilities. 
Stability analysis is carried out for isotropic and anisotropic rotors. Maps of stability, computed 
through FM, verify a complex evolution of the instability zones, as well as the appearance of 
bifurcation points at low rotor speeds. Further analysis is performed towards the study of helicopter 
responses though the analytical development reached by using MMS. Since analytical expressions 
are obtained, this method is more versatile and less cpu time consuming compared to FM. The 
robustness stability analysis show, when considering uncertainties on the four blade hinge stiffness, 

that worst-case destabilizing case computed through μ-analysis corresponds to a symmetric 
perturbation for all blades. The validation of the theoretical results for several rotor configurations 
is obtained through a new experimental setup. 

 
Keywords: Floquet’s Method, Method of Multiple Scales, Lifting Procedure, μ- analysis, Parametric 
Instabilities, Maps of Stability, Anisotropic Rotors 
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