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Résumé 

 

Avec le développement des matériaux fonctionnels (multi-matériaux, multicouches,…), la 
caractérisation du comportement mécanique par des moyens macroscopiques conventionnels est 
devenue de plus en plus difficile. Ces méthodes conventionnelles sont donc substituées 
progressivement par des moyens de caractérisation multi-échelles. Parmi ces moyens, la 
nanoindentation, qui peut résoudre certains défis de la micro-caractérisation tels que la présence 
de phases indissociables, les systèmes multicouches, les revêtements ultra-minces, etc. Cet outil 
est devenu une technique de haute précision capable de solliciter des volumes de matière très 
faibles et fournir des informations riches pour la caractérisation des matériaux. Cependant, cet 
outil est utilisé majoritairement pour identifier les propriétés élastiques et qualitativement certains 
paramètres tels que la dureté, la ductilité et les contraintes internes. 

Ce travail de thèse s’intéresse à la caractérisation du comportement élastoplastique par 
nanoindentation à deux échelles : l’échelle macroscopique et l’échelle du cristal. 

Le premier défi de ce travail est expérimental. Il s’agit de générer des surfaces avec des propriétés 
représentatives de la microstructure étudiée. Ce défi est d’autant plus relevé que le matériau utilisé 
comme modèle est l’acier 316L très ductile et dont la surface est sensible au moindre 
changement. Un protocole expérimentale a été mis en place, à l’issu de ce travail, et les erreurs et 
dispersions de la réponse en nanoindentation introduites par les différentes étapes de génération 
de surface ont été quantifiés. 

Une base de données étendue a été mise en place, par la suite. Différentes géométries d’indent 
ont été appliquées à plusieurs profondeurs. Cette base de données va alimenter des stratégies 
d’identification inverse basée sur un couplage entre des algorithmes d’optimisation et une 
modélisation éléments finis de l’essai. Deux types d’algorithme ont été appliqués : Levenberg-
Marquardt et l’algorithme génétique. Ce dernier est très consommateur en temps de calcul. 
Différents modèles EF axisymétrique et 3D ont été utilisés. Ces modèles ont été soigneusement 
optimisés par rapport au temps de calcul. 

Plusieurs stratégies d’identification ont été employées en se basant sur différentes données 
expérimentales issues de l’essai de nanoindentation telles que la courbe de charge-décharge, la 
forme de l’empreinte résiduelle et l’association de plusieurs géométries d’indent. Plusieurs 
modèles d’écrouissage isotrope ont été identifiés. À l’échelle macroscopique, les modèles 
d’écrouissage isotrope classiques ont été déterminés. À l’échelle du grain, la loi cristalline de Méric 
et Cailletaud a été identifiée. Les résultats obtenus ont été confrontés, à l’échelle macroscopique, 
à des identifications réalisées sur le même matériau à partir des essais de traction et de 
compression et ont montré que l’association de multiples géométries d’indentation permet de 
reproduire le comportement volumique du 316L avec une précision acceptable. Pour le 
comportement du cristal, des essais de compression de micropilliers ont été utilisé pour se 
procurer des données de référence à cette échelle. La comparaison montre beaucoup de 
dispersion dans les deux cas. En effet, certains phénomènes liés à la densité de dislocation très 
variables d’un grain à l’autre sont responsables de cette dispersion. Cette densité de dislocation 
n’est pas prise en compte, en tant que variable, dans le modèle cristallin utilisé. L’utilisation d’un 
modèle plus physique intégrant la densité de dislocation et son évolution permet d’améliorer ces 
résultats. 

Enfin, une nouvelle méthode d’identification a été proposée. Cette méthode est basée sur 
l’estimation et l’introduction de la géométrie réelle de l’indent dans le modèle EF utilisé pour 
l’identification. La méthode a été validée dans le cas de la pointe Berkovich et elle montre des 
résultats très prometteurs. 



 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 
 
 

Abstract 

 

With the development of functional materials (multi-materials, multilayers, ...), the mechanical 
behavior characterization by conventional macroscopic methods has become progressively 
difficult. These conventional methods are therefore gradually substituted by multiscale 
characterization processes. Among these methods, the nanoindentation, this can solve certain 
challenges of micro-characterization such as the presence of indissociable phases, multilayer 
systems, ultra-thin coatings, etc. This tool has become a high-precision technique capable of 
testing very small volumes of matter and providing rich information for material characterization. 
However, this tool is used mainly to identify the elastic properties and, qualitatively, some 
parameters such as hardness, ductility and internal stresses. 

This thesis work focuses on the characterization of elastoplastic behavior by nanoindentation at 
two scales: the macroscopic scale and the crystal scale. 

The first challenge of this work is experimental. It involves generating surfaces with properties 
representative of the studied microstructure. This challenge is important because the material 
used as a model is 316L steel which is very ductile and whose surface is sensitive to small 
perturbations. An experimental protocol was implemented at the end of this work, and the errors 
and dispersions of the nanoindentation response introduced by the different surface generation 
steps were quantified. 

Then, a wide database was implemented with different indenter geometries and several depths. 
This database will feed inverse identification strategies based on a coupling between optimization 
algorithms and finite element modeling of this test. Two types of algorithm have been applied: 
Levenberg-Marquardt and genetic algorithms. The latter is very consumer in computing time. 
Different axisymmetric and 3D FE models have been used. These models have been carefully 
optimized with respect to computation time. 

Several identification strategies were employed based on various experimental databases from the 

nanoindentation test such as the loading-unloading curve, the residual imprint shape and the 

association of several indent geometries. Some models of isotropic hardening have been 

identified. On the macroscopic scale, classical isotropic hardening models have been determined. 

At the grain scale, the crystal plasticity constitutive model of Méric and Cailletaud has been 

identified. The results obtained were compared on the macroscopic scale with identifications 

carried out on the same material from the tensile and compression tests. The comparison showed 

that the combination of multiple indentation geometries makes it possible to reproduce the 

volume behavior of the 316L with acceptable accuracy. For crystal behavior, micropillar 

compression tests were used to obtain reference data at this scale. The comparison shows a lot of 

dispersion in both cases. Indeed, some phenomena related to the density of dislocation very 

variable from one grain to another are responsible of this dispersion. This dislocation density is 

not taken into account, as a variable, in the used crystal constitutive model. The use of a more 

physical law integrating the dislocation density and its evolution makes it possible to improve 

these results. 

Finally, a new identification method has been proposed. This method is based on estimating and 
introducing the real indent geometry in the FE model used for identification. The method has 
been validated in the case of Berkovich tip and shows very promising results. 
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General introduction 
 

Indentation is a popular method for evaluating mechanical properties of materials and 

structures, including elastic modulus, yield strength, hardening coefficient, residual stress, 

fracture toughness, and viscoelastic behavior, among others. It can also be applied to 

measure the properties of individual phases as well as global properties of composite 

materials, coatings and multilayers. Since it requires much less effort on sample preparation 

than other techniques, it is in particular useful for small material structures and biological 

materials (including living tissues). The primary challenge remains in the explanation of 

indentation data, since the material properties are implicitly related with indentation 

response; due to the finite local deformation involved and nonlinear contact conditions, 

computation modeling of indentation is an indispensable tool to correlate the indentation 

characteristics with material parameters, from which a reverse analysis can be carried out to 

identify material properties from indentation tests. 

The elastoplastic characterization of metals by nanoindentation test remains one of the 

biggest challenges in the micro-characterization domain. The methods of elastoplastic 

characterization by nanoindentation test can provide access to the mechanical behavior at 

multiple scales and in conditions where the conventional methods of mechanical 

characterization (e.g. tensile test) are difficult or impossible to apply, e.g. multi-coating 

systems, functionalized surfaces among others.  

The advantage of the use of the nanoindentation technique, is that is able to mechanically 

test volumes of matter in the microscale, producing experimental data of high accuracy, 

giving access to the mechanical information where other tests may fail. 

Actually, several methods of estimation with high accuracy the elastic modulus and the 

hardness of the tested surface are available [1, 2]. These methods purely elastic are based 

only on the unloading stage of the test [3]. In the case of the elastoplastic characterization, in 

general two types of approaches have been developed since the apparition of the 

nanoindentation test: the analytical inverse methods and the numerical inverse analysis. In a 

large sense, the analytical methods are based on the hypothesis of a representative strain 

associated to the geometry of the indenter [4], i.e. the strain induced in the surface is 

independent of the indentation depth. Using adimensional analysis [5], and finite element 

analysis, a vast amount of works has been published, being the most relevant those 

presented in [6, 7, 8, 9, 10]. The numerical inverse analysis, which in reality is a fitting 

procedure based on finite element modeling. This process is a general procedure used in 

physics and engineering to predict the causes of a given effect [11], in this case, the 

parameters of a constitutive equation describing the mechanical behavior of a metal.    

In this Thesis the problem being addressed is the elastoplastic characterization by inverse 

analysis. The purpose is to develop a method of mechanical characterization by 

nanoindentation able to estimate with good accuracy the parameters of constitutive 

equations at the macro and microscale.  

This work is organized as follows: 
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The first chapter introduces the 316L stainless steel, which is the model material used in the 

experimental work. The uniaxial tensile/compression macroscopic behavior and the 

microstructural characteristics are addressed. In this chapter are stablished the reference 

constitutive parameters used to evaluate the accuracy of their estimations obtained by the 

inverse analysis. 

The second chapter introduces the nanoindenter used in this thesis. The investigation of the 

experimental conditions, required, to produce nanoindentation data of high quality, is 

presented.  Then, the dispersion sources, related to the nanoindentation test, are illustrated. 

Finally, the nanoindentation test conditions and the optimal surface state, required to obtain 

experimental data with the minimum of influences coming from the test conditions and the 

specimen preparation, are defined.     

The third chapter presents the optimization of the finite element model used in the 

numerical inverse analysis. The characteristics of the finite element model required to 

produce simulation data of high accuracy and reducing computational time are determined. 

Two types of models are presented: axisymmetric models, which are the simplest 

representation of the nanoindentation test, and 3D models, which can be full models, or 

geometrically reduced models. 

The fourth chapter presents the experimental nanoindentation database used to apply the 

numerical inverse analysis. The inverse analysis is based on single-objective and multi-

objective optimization. The results are contrasted against the reference parameters 

stablished in the second chapter. Besides the numerical inverse analysis, the 

nanoindentation data is analyzed, when it possible, using the analytical methods proposed in 

the literature. The chapter is closed with the proposition of a method to introduce the 

geometry of the Berkovich indenter in the finite element model, allowing the elastoplastic 

characterization with high precision. 

The fifth chapter exposes the micromechanical analysis of the 316L steel. Firstly, the state 

of the art of the microcharacterization at grain scale is introduced. Aspects as the effects of 

the microstructural features, such the grain orientation, size and boundaries on 

nanoindentation are addressed. Then, the mechanical characterization of the grains by 

micropillar compression test, which is a relative new variant of the nanoindentation test, is 

presented. The data gathered by microcompression is treated with inverse analysis and a 

micromechanical constitutive law to define the reference frame. This reference frame is used 

to evaluate the accuracy of the inverse analysis using nanoindentation data in combination 

with the micromechanical constitutive law. 

This Thesis is closed with the conclusions stablished along the studies performed in the 

experimental and numerical work presented in this document.     

  

 

 

 



Chapter 1 

1 The 316L stainless steel 
 

Abstract: Mechanical caracterisation by conventional uniaxial tensile and compression tests are 

conducted on the 316L stainless steel. These tests allow to establish the elastoplastic parameters of 

five constitutive equations describing the macroscopic mechanical behavior of the 316L. 

Microstructural analyses are conducted through optical microscopy, SEM and EBSD techniques. It is 

found that the investigated material is quasi-isotropic, with less than 2° of intragranular misorientation 

and grain sizes ranging from 5 to 30 µm. The present study confirms that the 316L can be considered 

as model material for nanoindentation investigations.        

Contents: 

 Introduction ............................................................................................................................ 4 1.1

 Mechanical characterization of the 316L stainless steel ................................................... 4 1.2

1.2.1 Experimental tests ........................................................................................................... 4 

1.2.2 Mechanical response modeling ....................................................................................... 7 

1.2.3 Elastoplastic behavior identification of 316L ................................................................... 8 

1.2.4 Summary of the results .................................................................................................. 11 

 Microstructural characteristics of 316L ............................................................................ 11 1.3

1.3.1 Analysis of the microstructure by OM and SEM ............................................................ 12 

1.3.2 Analysis of the microstructure by EBSD ........................................................................ 13 

 Conclusion ........................................................................................................................... 22 1.4
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 Introduction 1.1

The 316L is an austenitic monophasic stainless steel, widely used in the medical, chemical 

and energy industries due to its good corrosion resistance, good ductility and room 

mechanical strength. As the 316L is a widely used material, there is a vast amount of 

information on the literature, from the mechanical characterization [12, 13, 14] to the 

numerical modelization [15, 16, 17]. Another advantage of the 316L is its structural 

characteristics, being an fcc austenitic monophasic steel, its micromechanical modelization is 

relatively simple, making it one of the preferred materials in nanoindentation studies. In the 

present work, the 316L austenitic stainless steel is chosen as a model material to study the 

contribution of nanoindentation test in the multi-scale characterization of the mechanical 

behavior of metallic materials. 

In the context of this Thesis, the mechanical behavior, the microstructural and 

crystallographic characteristics of the 316L are of special interest. This chapter presents the 

characterization of the 316L by the following means: 

1. Mechanical elastoplastic behavior: macroscopic characterization through uniaxial 

tensile and compression tests.  

2. Microstructural characteristics: analysis of the microstructure from SEM and EBSD 

data.  

 Mechanical characterization of the 316L stainless steel 1.2

The objective of this section is to characterize the mechanical behavior of bulk 316 L steel. 

This behavior will be used as a reference when analyzing surface behavior by 

nanoindentation. In fact, during indentation test, the strain path experienced by the impacted 

volume element is complex (compression, shear, biaxial tension, etc.). To approach this 

strain path and to be able to evaluate the mechanical behavior characterizations from the 

nanoindentation tests, these two types of tests were carried out: tensile and compression 

test. Once the macroscopic elastoplastic response of 316L stainless steel has been 

characterized by uniaxial tensile and compression tests, the test data were processed to 

identify the elastic behavior as well as the plastic behavior.  

In the case of plastic behavior, the parameters of five classical empirical laws were identified 

using the least squares method. This set of parameters will constitute the reference to 

compare to the parameters identified by inverse analysis based on nanoindentation data. 

1.2.1 Experimental tests 

1.2.1.1 Uniaxial tensile test 

Tensile tests were conducted on three flat samples cut from the raw material (Fig. 1.1). The 

loading axis was coincident with the rolling direction of the raw material. The three samples 

were referred as ET 1, ET 2 and ET 3.  
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Fig. 1.1. Tensile test sample: (a) stock and (b) geometric definition of the sample. 

The surface 𝑅𝐷 − 𝑁𝐷 of each sample was prepared with mechanical polishing, using 

grinding papers from 𝑃800 down to 𝑃2500. Then the surface was painted with a speckle 

pattern (Fig. 1.2 (b)), used to track the deformation through a Digital Image Correlation 

system (DIC), which is composed by two cameras and a lighting system (Fig. 1.2 (a)). 

The experimental configuration prior to the application of the uniaxial load was integrated by 

a physical extensometer and a digital extensometer, the latter associated with an area in the 

surface of the sample captured by the DIC (Fig. 1.2 (b)). 

 

Fig. 1.2. Mechanical characterization by tensile test: (a) illustration of the DIC set used in the 
tensile test, (b) configuration of the sample before the application of the testing load.  

 

All three samples were deformed to rupture. The gathered data were processed to transform 

them into engineering stress-strain and true stress-strain (Fig. 1.3). 
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Fig. 1.3. Results of the tensile test: (a) engineering stress-strain and (b) true stress-strain. 

1.2.1.2 Uniaxial compression test 

Eight samples, labelled EC 1 to EC 8, were cut from the stock, with the uniaxial loading axis 

coinciding with the RD axis (Fig. 1.4). Prior to each test, the contact surfaces between the 

sample and the punches were lubricated to reduce the friction between them. After the tests, 

the data obtained were processed to obtain the engineering stress-strain and true stress-

strain (Fig. 1.5). 

 

Fig. 1.4. Sample for compression test: (a) stock of 316L, (b) cylindrical sample and (c) 
configuration of the test. 

 
Fig. 1.5. Results of the compression test: (a) engineering stress-strain and (b) true stress-

strain. 
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1.2.2 Mechanical response modeling 

The engineering stress-strain curves obtained from tensile and compression tests were fitted 

with the constitutive laws, listed in the Table 2.2, using least squares method. 

Model Constitutive equation Parameters 

Hollomon [18] 𝜎 = 𝐾𝐻휀𝑛𝐻 𝐾𝐻 , 𝑛𝐻 

Ludwik [19] 𝜎 = 𝜎𝑦 + 𝐾𝐿휀𝑝
𝑛𝐿 𝐾𝐿 , 𝑛𝐿 

Dao [8] 𝜎 = 𝑅(1 + (𝐸 𝑅⁄ )휀𝑝)
𝑛
 𝑅, 𝑛 

Voce [20] 𝜎 = 𝐾𝑉 + 𝑄[1 − 𝑒𝑥𝑝(−𝛽휀𝑝)] 𝐾𝑉 , 𝑄, 𝛽 

Swift [21] 𝜎 = 𝐾𝑆(휀𝑝 + 𝜉)
𝑛𝑆

 𝐾𝑆, 𝜉, 𝑛𝑆 

Table 1.1. Quasi-static constitutive laws 

1.2.2.1 Equivalence between Dao et al. and Hollomon laws 

A widely used constitutive law in the inverse analysis of nanoindentation data is that 

proposed by Dao et al. [8]. This description combines the classic elastic behavior when the 

stress is inferior to the elastic limit, and the Hollomon’s law, when the stress is superior to the 

elastic limit (Fig. 1.6), and is described by the relation 

 𝜎 = {
𝐸휀, 𝜎 ≤ 𝜎𝑦

𝑅휀𝑛, 𝜎 ≥ 𝜎𝑦
 (1.1) 

where 𝜎 is the stress, 휀 the deformation, 𝑛 the hardening exponent, 𝜎𝑦 the elastic limit, 𝐸 the 

elastic modulus and 𝑅 the strength coefficient. When the stress reaches the elastic limit the 

relationship is 

 𝜎𝑦 = 𝐸휀𝑦 = 𝑅휀𝑦
𝑛 (1.2) 

from which can be deduced 𝑅 through 

 𝑅 = 𝜎𝑦 (
𝐸

𝜎𝑦
)

𝑛

 (1.3) 

On the other hand it is known that the total strain, 휀, consists of two parts  

 휀 = 휀𝑦 + 휀𝑝 (1.4) 

Combining Equation (1.3) and (1.4) on Equation (1.1) when 𝜎 ≥ 𝜎𝑦 is found 

 𝜎 = 𝜎𝑦 (1 +
𝐸

𝜎𝑦
휀𝑝)

𝑛

 (1.5) 

 
Fig. 1.6. Simple elastic-plastic power law describing the stress-strain behavior [8]. 
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1.2.3 Elastoplastic behavior identification of 316L 

1.2.3.1 Elastic behavior  

Based on standard definitions [22], the elastic modulus and the elastic limit were determined 

using the stress-strain curves of tensile tests, and are listed in the Table 1.2. 

 ET 1 ET 2 ET 3 Mean Std 

𝜎𝑦 (𝑀𝑃𝑎) 410 350 415 392 29.53 

𝐸(𝐺𝑃𝑎) 198 195 197 197 1.26 

Table 1.2. Elastic limit and elastic modulus obtained by tensile test 

The elastic modulus in the compression test has a different meaning. It is smaller than the 

elastic modulus of the material because as the punches used to compress the samples were 

elastic, the slope of the linear response in the stress-strain curve produces a combined 

elastic modulus 𝐸𝑐. The 𝐸𝑐 and 𝜎𝑦 identified through the compression tests are listed in the 

Table 1.3. This modulus is used to calibrate the inverse method used for the identification of 

plastic behavior. 

 EC 1 EC 2 EC 3 EC 4 EC 5 EC 6 EC 7 EC 8 Mean Std 

𝜎𝑦 (𝑀𝑃𝑎) 406 423 420 405 444 427 431 426 431.33 28.41 

𝐸𝑐(𝐺𝑃𝑎) 14.68 13.56 12.34 13.67 16.57 14.33 13.85 14.95 13.99 1.38 

Table 1.3. Elastic limit and combined elastic modulus obtained by uniaxial compression test 

1.2.3.2 Plastic behavior  

a) Uniaxial tensile test 

Using least squares method the parameters of the constitutive equations listed in the Table 

1.1 were identified from the true stress-true strain curves and are presented in (Table 1.4). 

The R-Square was calculated using the Equation (1.6), where 𝑦𝑖 is the experimental 

response, �̂�𝑖 is the fitting response and �̅�𝑖 is the mean experimental response. This 

expression represents how well the fitting is close to the experimental response. It can take 

any value between 0 and 1, the closer to 1 being the best fit.  

 𝑅𝑠𝑞𝑢𝑎𝑟𝑒 = 1 −
∑(𝑦𝑖 − �̂�𝑖)

2

∑(𝑦𝑖 − �̅�𝑖)
2 (1.6) 

According to the R-Square values, all these laws reproduce correctly the experimental data. 

 Parameter ET 1 ET 2 ET 3 Mean Stdev 

Hollomon 

𝐾𝐻 1231 1092 1131 1151 71.70 

 𝑛𝐻 0.2486 0.1986 0.2127 0.22 0.03 

𝑹𝒔𝒒𝒖𝒂𝒓𝒆 0.9576 0.9673 0.9387 0.9545 0.0145 

Ludwik 

𝐾𝐿 1331 1042 1105 1159 152 

𝑛𝐿 0.7115 0.5131 0.5895 0.60 0.10 

𝜎𝑦 (𝑀𝑃𝑎) 410 350 415 392 36 

𝑹𝒔𝒒𝒖𝒂𝒓𝒆 0.9970 0.9942 0.9977 0.9963 0.0019 

Dao 

𝑛 0.2536 0.2096 0.2205 0.23 0.02 

𝑅 221.5 282 267.3 257 31.55 

𝑹𝒔𝒒𝒖𝒂𝒓𝒆 0.9647 0.9748 0.9550 0.9648 0.0099 

Voce 

𝐾𝑉 421 412 444 426 16.43 

𝑄 721 559 650 643 80.91 

𝛽 4.281 6.198 4.267 4.92 1.11 
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𝑹𝒔𝒒𝒖𝒂𝒓𝒆 0.9998 0.9864 0.9982 0.9948 0.0073 

Swift 

𝐾𝑆 1481 1264 1382 1376 108.64 

𝜉 0.0423 0.01864 0.04596 0.0356 0.01 

𝑛𝑆 0.4052 0.296 0.3759 0.36 0.06 

𝑹𝒔𝒒𝒖𝒂𝒓𝒆 0.9991 0.9912 0.9983 0.9962 0.0043 

Table 1.4. Identified parameters of the different plastic laws from tensile tests 

Fig. 1.7 displays the experimental curve compared with the fitting performed with all the 

constitutive laws. The law of Hollomon and Dao are superimposed, producing an 

underestimated elastic limit. The other laws agree well with the experimental response. The 

laws of Voce and Swift produced the best fitting (confirmed by the highest R-Square values). 

 

Fig. 1.7. Results of the fitting procedure with the different constitutive laws based on tensile 
tests. 

b) Uniaxial compression test 

The identification of the plastic behavior through the uniaxial compression test was done 

using an inverse method. The sample was modeled as an axisymmetric deformable body 

(Fig. 1.8). The punches were considered as rigid surfaces, with a friction coefficient (between 

the sample and the punches) of µ = 0.2, arbitrarily selected. The strategy used in the contact 

was the master-slave formulation, being the punches the master surfaces and the slaves the 

top and bottom surfaces of the sample.    

Boundary conditions were stablished in the axis of symmetry and the reference points 

located at each punch. The bottom punch was clamped and in a first step, the compressive 

displacement was applied at the reference point of the upper punch, then in a second step, 

the upper punch was returned to its initial position.   

Fig. 1.9 displays the force-displacement curves obtained by inverse method, compared with 

the experimental curve. In general, all the empirical laws well agree with the force-

displacement curve of the uniaxial compression test.  
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Fig. 1.8. FE Model used in the inverse method: (a) geometric specifications and meshing, (b) 

surface interaction, (c) boundary conditions. 

 
Fig. 1.9. Comparison of the experimental curve versus the curves obtained by inverse 

method using the different constitutive laws – compression tests. 

The identified parameters found through the inverse method for the five proposed laws are 

listed in the Table 1.5. The elastic limit, found with the evaluation of the initial plastic 

deformation in the fitting law, is also presented. 

Hollomon 
𝑲𝑯 𝒏𝑯 - 𝑹𝒔𝒒𝒖𝒂𝒓𝒆 

1108 0.254 - 0.9941 

Ludwik 
𝑲𝑳  𝒏𝑳 𝝈𝒚 (𝑴𝑷𝒂) 𝑹𝒔𝒒𝒖𝒂𝒓𝒆 

885 0.6759 392 0.9992 

Dao 
𝑹 𝒏 - 𝑹𝒔𝒒𝒖𝒂𝒓𝒆 

357 0.312 - 0.9987 

Voce 
𝑲𝑽 𝜷 𝑸 𝑹𝒔𝒒𝒖𝒂𝒓𝒆 

421 2.47 727 0.9995 

Swift 
𝑲𝑺 𝒏𝑺 𝝃 𝑹𝒔𝒒𝒖𝒂𝒓𝒆 

1184 0.3701 0.0575 0.9994 
Table 1.5. Identified parameters using inverse analysis based on compression tests for the 

proposed constitutive laws. 
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The dimensions of the deformed FEM were compared with the dimensions of the physical 

sample after the test. The dimensions of the deformed FEM were obtained from the second 

step of the simulation. The comparison of the dimensions is listed in the Table 1.6, where 𝐻 

and 𝐷 are the height and the diameter at mid-height of the sample, subscript 𝑒 is for 

experimental, and 𝑠 for the last simulation of the inverse method. In all cases, the difference 

between the dimensions is less than 1 mm.  

Law He (mm) Hs (mm) De (mm) Ds (mm) 

Hollomon 7.91 7.09 10.08 10.81 

Ludwik 7.91 7.12 10.08 10.76 

Dao 7.91 7.90 10.08 10.79 

Voce 7.91 7.09 10.08 10.78 

Swift 7.91 7.11 10.08 10.77 

Table 1.6. Dimensions of the sample by experimental and FEM methods 

1.2.4 Summary of the results  

The mechanical behavior of 316L was characterized using tensile and compression tests. 

Then the parameters of the proposed constitutive laws were identified by least squares 

method in the case of tensile test, and by inverse analysis in the case of compression test. In 

this section the results obtained by the two tests are summarized and compared. The Table 

1.7 presents the parameters of the constitutive laws.    

Hollomon 

 𝑲𝑯 𝒏𝑯 - 

Tensile test 1151 0.22 - 
Compression test 1108 0.25 - 

Ludwik 

 𝑲𝑳 𝒏𝑳 𝝈𝒚 (𝑴𝑷𝒂) 

Tensile test 1159 0.60 392 
Compression test 885 0.6759 392 

Dao 

 𝑺 𝒏𝑫 - 

Tensile test 257 0.23 - 

Compression test 357 0.312 - 

Voce 
 

 𝑲𝑽 𝜷 𝑸 

Tensile test 426 4.92 643 
Compression test 421 2.47 727 

Swift 

 𝑲𝑺 𝒏𝑺 𝝃 

Tensile test 1376 0.36 0.0356 
Compression test 1184 0.3701 0.0575 

Table 1.7. Parameters of the empirical laws identified using tensile and compression tests 

All laws have a good agreement between the uniaxial tensile and compression test. The law 

of Ludwik produces good results, but needs a prior known of the elastic limit, which is a 

disadvantage for inverse methods by nanoindentation when the studied material is 

completely unknown. The laws of Voce and Swift produced the best results, and good 

repeatability, making them a priori, the best candidates for the inverse method by 

nanoindentation.      

 Microstructural characteristics of 316L 1.3

The characterization of the mechanical behavior using the nanoindentation test assumes that 

the studied surface element is representative of a volume element equivalent to a tensile or 

compression specimen. This hypothesis deserves, on the one hand, a description of the 

microstructure (grain shape, crystallographic texture), and on the other hand, an analysis of 
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the microstructural changes induced by the development of the surface (work hardening, 

grain deformation, residual stress, etc.). A fairly detailed microscopic analysis has been 

carried out to check the state of the studied surface. 

In this section the analysis of the microstructure of the 316L by optical microscopy, SEM and 

EBSD is presented. Two samples were used in this analysis: one of them was used for the 

optical and SEM observations, and the other one for the EBSD observations. Both samples 

were cubes of 20 𝑚𝑚 cut from the raw material. The working surface in both samples was 

the TD-RD.  

The surface of both samples was polished with the following procedure: a) mechanical pre-

polishing, b) mechanical polishing and c) finishing. The mechanical pre-polishing was done 

using SiC abrasive paper from P800 down to P4000. All the pre-polishing procedure was 

effectuated under running water. Then the mechanical polishing was applied using a 

diamond suspension of a granulometry of 1 µ𝑚 using an adapted cloth, reaching a mirror 

finishing. A different finishing was applied on each surface after the polishing: chemical 

etching for the sample used in the optical and SEM microscopy, and vibratory polishing for 

the sample used in the EBSD analysis.  

The chemical etching used to reveal the microstructure was done applying “aqua regia” on 

the polished surface of the sample. The chemical solution was composed by 50 % of 

hydrochloric acid and 50 % of nitric acid. The exposition time of the surface to the chemical 

solution was superior to 90 𝑠. After the chemical etching, the sample was cleaned using an 

ultrasonic cleaner, immersing the sample in alcohol. Once the sample was prepared, the 

observations with the optical and SEM microscopes were performed.    

The finishing applied to the sample used for the EBSD analysis, was a vibratory polishing, 

which is a common practice for this kind of observations. The procedure was as follows. The 

sample was mounted on a sample holder of a weight of 400 gr, without additional weight. 

Then the sample mounting was put in the polisher for 8 hours. The suspension used was 

standard colloidal silica of a granulometry of 0.04 µ𝑚 with an adapted cloth. After the 

vibratory polishing, the sample was cleaned several times using an ultrasonic cleaner, 

immersing the sample in alcohol. Then the EBSD analysis was performed. 

1.3.1 Analysis of the microstructure by OM and SEM 

Fig. 1.10 and Fig. 1.11 show the micrographs of the 316L obtained after the application of a 

chemical etching. The global view of the microstructure shows the polygonal predominant 

shape of the grains. Magnifying the surface, the austenitic phase can be seen in detail, with 

the existence of a multitude of twinning. The microstructure is thus composed of equiaxed 

grains. The average grain size estimated from these images is  40 µ𝑚 in coarse grains, and 

10 µ𝑚 in fine grains.   
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Fig. 1.10. Microstructure of the 316L by optical microscopy: (a) low magnification showing a 
global view of the microstructure, (b) medium magnification of the microstructure, showing 

the austenitic phase grains (in red), and twinning (in blue).  

 

Fig. 1.11. SEM micrograph of the 316L microstructure: (a) low magnification showing a 
global view of the microstructure, (b) medium magnification showing an example of the grain, 

grain boundary and twinning of the austenitic metastable phase. 

1.3.2 Analysis of the microstructure by EBSD 

The crystallographic structure of the 316L is Face-Centered Cubic (FCC); therefore this 

section is focused only on this type of crystal. Consequently, the crystal is also referred as 

grain. The FCC is a system whose lattice is a cube with additional atoms in the faces of the 

cube (Fig. 1.12 (a)). 
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Fig. 1.12. Illustration of FCC system: (a) FCC lattice and (b) sample and crystal reference 
frame. 

The sample is composed by a finite amount of crystals distributed on the space delimited by 

the boundaries of the sample. The crystals in the sample are close together sharing a 

boundary (the grain boundary). The analysis of the crystals needs a reference. This 

reference is a set of three orthogonal mutually perpendicular unit vectors named: Rolling 

Direction (RD), Transverse Direction (TD) and Normal Direction (ND). This triad is named 

sample reference frame (Fig. 1.12 (b)). On the other hand each grain has its own reference 

frame: the crystal reference frame (Fig. 1.12 (b)).  

Then, the identification of a crystal can be given by a uniaxial texture or a biaxial texture. In 

uniaxial texture only one axis of each grain is aligned with the specimen, while in biaxial 

texture, the grains are identified by a plane normal to ND and a crystal direction parallel to 

RD (Fig. 1.12 (b)). This description is written as (ℎ𝑘𝑙)[𝑢𝑣𝑤], and is that used in the context of 

this Thesis. The  (ℎ𝑘𝑙)[𝑢𝑣𝑤] system is given in Miller indices and defines the orientation of 

the grains.   

The analysis of the microstructure concerns the description of the anisotropic properties of 

the grains and the aggregate anisotropy of polycrystalline materials. These descriptions can 

be conveniently described with tensors. On tensor quantities, the coefficients may be given in 

terms of the crystal reference frame or in the sample reference frame; therefore the use of 

axes transformations is needed.  

The transformations are defined as a “passive rotation”, meaning that the sample reference 

frame and the crystal reference frame shares the same origin, then both references differs by 

a proper rotation. The axis transformations allow the transfer of the properties of each single 

crystal frame to the sample frame. But also the fields on the sample, as the stress, can be 

transferred from the sample frame to the crystal frame.  

The orientation of a grain can be defined with the Euler angles. The idea is to rotate the 

crystal frame starting in a coincident position with the sample reference frame, following a 

sequence. In this work the Bunge convention is used.  

The Bunge convention consists in a first rotation around the [001], a second rotation around 

[100] and a third rotation around [001]. In the literature it can be referred as 𝑍𝑋𝑍 convention. 

The rotation angles obtained in this axis transformation are ( 𝜑1,Φ,𝜑2), the Euler angles.  
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The rotation matrix for each transformation 𝑍𝑋𝑍 is given by 

 
𝑍1 = (

𝑐𝑜𝑠𝜑1 𝑠𝑖𝑛𝜑1 0
−𝑠𝑖𝑛𝜑1 𝑐𝑜𝑠𝜑1 0

0 0 1
) (1.7) 

 
𝑋 = (

1 0 0
0 𝑐𝑜𝑠Φ 𝑠𝑖𝑛Φ
0 −𝑠𝑖𝑛Φ 𝑐𝑜𝑠Φ

) (1.8) 

 
𝑍2 = (

𝑐𝑜𝑠𝜑2 𝑠𝑖𝑛𝜑2 0
−𝑠𝑖𝑛𝜑2 𝑐𝑜𝑠𝜑2 0

0 0 1
) (1.9) 

Then the rotation matrix is given by 

 𝐴 = 𝑍1𝑋𝑍2 (1.10) 

The rows of the rotation matrix 𝐴𝑖𝑗 are the direction cosines for the crystal directions in the 

sample reference frame as follows: the first row is for [100] direction, the second row for the 

[010] direction and the third row for the [001] direction. The columns of the rotation matrix 

represent the direction cosines of the TD, ND and RD directions. 

The matrix 𝐴 is also known as orientation matrix, because it transforms the texture 

components of the crystal to the components of the reference frame. Then, the 

misorientation between two texture components (two crystals), 𝑎 and 𝑏, can be found with 

the expression 

 𝑔 = 𝐴𝑎𝐴𝑏
−1 (1.11) 

This expression transforms the crystal components of 𝑎, back to the reference frame, and 

then to the crystal components of 𝑏. The resultant angle of this transformation can be 

determined with the formula 

 휃 = acos (
1

2
(𝑡𝑟𝑎𝑐𝑒(𝑔) − 1)) (1.12) 

and the rotation axis as unit vector 

 𝑟 = [
(𝑔23 − 𝑔32)

(2𝑠𝑖𝑛휃)
,
(𝑔31 − 𝑔13)

(2𝑠𝑖𝑛휃)
,
(𝑔12 − 𝑔21)

(2𝑠𝑖𝑛휃)
] (1.13) 

Based on this same principle the intragranular misorientation can be determined: it is defined 

as the misorientation between the mean orientation of the grain and the deviations of the 

measures inside the same grain. Also the grain boundary misorientation can be found, 

defined as the deviations between the angle used as threshold to reconstruct the 

microstructure, and the deviations in the measure of the grain boundaries.  

The data gathered with the EBSD technique were treated using MTEX; a Matlab 

toolbox [23] specialized in the analysis of the EBSD data. The treatment of the data consists 

in the reconstruction of the microstructure contained in a table in a form of Euler angles, and 

other additional information concerning the phases. After the reconstruction, the estimation of 

the desired characteristics can be performed. A total of 765 grains were contained in the 

cartography, and were reconstructed using a threshold of 6° (Fig. 1.13). 
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Fig. 1.13. EBSD cartographies of the 316L sample: (a) orientation cartography with 
intragranular misorientation and without grain boundaries, (b) orientation cartography with 

grain boundaries and mean orientation. 

Besides the microstructure reconstruction, the data obtained by EBSD allow the estimation of 

the crystallographic properties related to each grain on the microstructure, and its 

relationships with other grains. Fig. 1.14 presents the misorientation angle distributions of the 

grain boundaries, and the uncorrelated misorientation angle distribution of the grains.  

The misorientation angle distribution of the grain boundaries allows the detection of the 

transitions between two or more phases. The 316L being a monophasic metal, the 

misorientation angle of 60° represents the transitions to the twinning. This value is used to 

detect the twin boundaries, presented later. 

The uncorrelated misorientation angle distribution is calculated from the complete set of all 

possible grain pairs, including those are not in direct contact. The uncorrelated misorientation 

angle distribution has a skewed distribution, an angle of 45° being the dominant 

misorientation. This maximum observed at 45 ° for a non-textured material can be explained 

by cubic symmetries. 

     

Fig. 1.14. (a) Misorientation angle distribution of the grain boundaries, (b) uncorrelated 
misorientation angle distribution. 
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1.3.2.1 Texture analysis 

The EBSD data shown in Fig. 1.13 was plotted in form of pole figures (Fig. 1.15). These pole 

figures are scatters of all orientations, showing a quasi-isotropic surface, without a 

preferential texture induced by the rolling process or another procedure employed in the 

preparation of the bulk material.    

 
Fig. 1.15. Pole figures built from the EBSD data. 

1.3.2.2 Misorientation analysis 

The intragranular misorientation is defined as small rotations inside the grain with respect to 

the mean orientation of the grain (Fig. 1.16 (a)), and can be expressed as a misorientation 

gradient (Fig. 1.16 (b)). The intragranular misorientation principally varies from 0 to 6°; 

highest values are almost imperceptible. The misorientation gradient was calculated using 

several thresholds, however with a threshold of 1°, vestiges of the mechanical polishing were 

revealed. For example, in the upper portion of the cartography (Fig. 1.16 (b)), two parallel 

lines with a misorientation of about 0.35° can be distinguished. It is hard to know if this 

misorientation is accompanied by some degree of work hardening, however this cartography 

gives testimony of a high quality surface.    

 
Fig. 1.16. Misorientation in the sample: (a) intragranular misorientation, (b) misorientation 

gradient with a threshold of 1°. 
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1.3.2.3 Grain morphology analysis 

The misorientation analysis gives an important description of the microstructure. However, 

the geometric characteristics of the microstructure are also of interest. Such characteristics 

include the size of the grain, the grain diameter, etc. Fig. 1.17 (a) shows the size of the 

grains. In this case the grain is given in Pixels. The grain size is determined from the number 

of pixels occupied by a grain. This parameter is used to calculate the grain area and then the 

grain diameter illustrated in Fig. 1.17 (b).  

  
Fig. 1.17. (a) Grain size cartography, (b) grain diameter cartography. 

Other characteristics of the grain that can be estimated from the EBSD data include 

magnitudes that are independent of the dimensions of the grain. One of them is the shape 

factor (Fig. 1.18 (a)), defined as the ratio between the perimeter of the grain and the 

equivalent perimeter. Also the aspect ratio of the grain, defined as the ratio between the two 

components of the grain (length and width) is of interest (Fig. 1.18 (b)). These two quantities 

are important parameters for statistically describing the grains morphology.    

 
Fig. 1.18. Characteristics independent of the dimensions of the grains: (a) shape factor 

cartography, (b) aspect ratio cartography. 
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Finally, the grain morphology analysis of the EBSD data can be summarized in form of 

histograms (Fig. 1.19).  The most relevant aspects that can be extracted are:  

 The predominant grain diameter has a smooth decrease from 5 to 60 µ𝑚, being 5 µ𝑚 

the predominant diameter.   

 In general the grains have a regular shape,  

 The aspect ratio is greater than 1 indicating slightly elongated grain. This parameter 

is disturbed by the presence of the twining usually rectangular with a high aspect 

ratio. This finding is confirmed by Fig. 1.18 (b). 

This information is useful to determine the size of indentation needed to explore specific 

features of the microstructure, using as reference the mean size of the hardness impression.  

(a)  

 

 
(b)  

 

 
(c)  

 

 
Fig. 1.19. Summary of the analyzed EBSD data in form of histograms. 

 

2.1.1.1 Twinning analysis 

From the literature, it is known that under the action of shearing stress, part of the metals will 

shear uniformly along certain crystal planes (defined as twinning planes) and certain crystal 

directions (defined as twinning directions). Together the twinning plane and twinning direction 

are combined as twinning system. The twinning system of FCC crystals is given 

by {111}〈112̅〉, where the twinning plane set  {111} includes four twinning 

planes (111), (1̅11), (11̅1), (111̅). Fig. 1.20 displays an example of the case (111), showing 

the twining plane and the twinning direction. The twinning direction is given by the 

intersection line between the twinning plane and the tangent plane.  
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Fig. 1.20. Twining plane and twinning direction for  (111)[112̅]. 

With 𝑔1 the orientation matrix of the grain, and 𝑔2 the orientation matrix of the twinning, the 

misorientation matrix between the grain and twinning is given by the equation: 

 ∆𝑔 = 𝑔2𝑔1
−1 (1.14) 

The smallest rotation angle can be obtained with the expression: 

 휃 = 𝑎𝑐𝑜𝑠 (
1

2
(∆𝑔11 + ∆𝑔22 + ∆𝑔33 − 1)) (1.15) 

And the rotation axis from: 

 𝑅 = [(∆𝑔23 − ∆𝑔32), (∆𝑔31 − ∆𝑔13), (∆𝑔12 − ∆𝑔21)] (1.16) 

Fig. 1.14 (a) shows the distribution of the grain boundary misorientation. It can be seen in 

this histogram that the predominant angle is 60°. This angle corresponds to the twinning 

misorientation angle.   

Using the methodology presented above, the cartography was treated to analyze the 

twinning. First the system  {111}〈112̅〉 and the angle of 60°, in combination with an arbitrary 

threshold of 3° to detect the twinning boundaries, were defined.  

 
Fig. 1.21. Twinning of the system  {111}〈112̅〉 using an angle of 60° and a threshold of 3°. 
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Fig. 1.21 shows the cartography obtained from this definition; however not all the twinning 

boundaries were completely detected. That is because the threshold of 3° is not enough to 

capture the whole boundary, as illustrated in the twinning boundaries enclosed in red. Then 

the next step consisted in adjusting the threshold for a better detection.   

Fig. 1.22 shows the four thresholds tested. As shown before, the threshold of 3° was not 

enough to detect the whole twinning boundary, meaning that the misorientation value was 

higher than the threshold. Then the threshold was increased to 5°, 10° and 15°. Based on the 

visual analysis of the images, it was determined that the best threshold is 10°. When using a 

threshold of 15°, boundaries that does not correspond to the twinning boundaries are 

included in some cases. 

 

Fig. 1.22. Threshold adjust for twinning detection: (a) 3°, (b) 5°, (c) 10° and (d) 15°. 

Fig. 1.23 (a) shows the resulting cartography with the twinning boundaries and the grain 

reconstruction. This cartography can be combined with other cartography of the grain 

reconstruction, where all the grains are enumerated (Fig. 1.23 (b)). The combination of these 

two cartographies allows the analysis between the grain and their respective twinning, if it 

exists. 
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Fig. 1.23. Twinning and grain detection: (a) twinning boundaries, (b) enumeration of the 
grains.   

 Conclusion 1.4

The mechanical behavior of 316L was fully characterized by uniaxial tensile and 

compression test.  The use of various laws to model its mechanical behavior showed that 

increasing the number of parameters in the law leads to increase the precision of the fitting to 

the experimental data. The Dao and Hollomon models are able to estimate the traction and 

compression curve with acceptable precision (R-Square greater than 0.95) with only two 

material parameters. On the other hand, the observations by optical microscopy, SEM and 

EBSD analysis show equiaxial morphology of grains with a very variable size mainly ranging 

from 5 to 30 µm. 

The crystallographic texture study proves that this material is quasi-isotropic: there is no 

preferential texture of rolling or other. 

Despite the steps of sample preparation, the surface is not altered and the observed grains 

have a low intragranular misorientation (less than 2°) indicating a low surface deformation 

and consequently, a low presence of defects and dislocations. This result makes it possible 

to hope that the surface element impacted by the nanoindentation can have a behavior 

representative of the volume. 

Finally, this material has a high twining rate which disturbs the aspect ratio which must be 

close to 1 (synonym of an equiaxial microstructure). However the twin boundaries do not 

disturb the misorientation function such as the grain boundaries as shown in Fig. 1.16 (b). 

This result confirms that twinning deformation does not affect the dislocation distribution 

densities inside the grains. It is, therefore, possible to consider that the presence of these 

twins does not affect the response to the indentation test. This conclusion deserves to be 

verified by indentation tests.  

 



  

Chapter 2 

2 The nanoindentation test: 

experimental considerations 
 

Abstract: The nanoindentation system used in the experimental work is presented, including its 

main components and the indenter tips. Two sets of experimental observable variables are 

established: 1) obtained from the force-displacement curve and 2) obtained from the residual imprint. 

Based on experiments are defined the experimental conditions enabling high quality nanoindentation 

data. Three sources of dispersion in the nanoindentation data are investigated: 1) surface preparation, 

2) indenter tip, and 3) scale. Results allow to define the ideal nanoindentation experimental conditions 

and the best surface preparation method. The method of surface preparation ensures that the surface 

is representative of the bulk material, and therefore can be used for nanoindentation inverse analysis.   
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 Introduction 2.1

One of the most common problems on the nanoindentation test is the dispersion of the 

results superior to the dispersions encountered during conventional mechanical behavior 

characterization tests (tensile, compression, etc.). These dispersions can be justified by the 

non-representativity of the requested surface element compared to the studied material 

behavior. However, several experimental parameters can introduce errors and/or dispersions 

on the results of this localized test: 

- The test conditions parameters: temperature, humidity adherence,... 

- The device parameters: compliance, drift, ... 

- The indenter parameters: size, wear, geometry, elastic deformation,... 

- The sample and surface preparation parameters: roughness, residual stresses, 

hardening,... 

Various works deal with errors and dispersions in nanoindentation measurements [24, 25]. In 

this chapter, some effects introducing dispersion will be revisited for the studied material. 

Indeed, 316L steel is a very ductile material with continuous work hardening; it is particularly 

sensitive to surface preparation methods. Different preparation methods will therefore be 

studied. In addition, several indenter geometries will be used in the following chapters for 

multi-scale characterization of the mechanical behavior. It is therefore necessary to analyze 

the dispersions introduced by the size and geometry of these indenters. 

Firstly, this chapter describes the nanoindenter used in the experimental work. The principle 

of operation of the nanoindenter and its configuration to perform the experiments will be 

explained. The indenter tips and their specifications will be detailed. 

Then, the nanoindentation test produces two sources of information: the nanoindentation 

curve and the residual imprint. The parameters and the use of these two sources of 

information will be specified, denoting the nomenclature used in this work. The Oliver and 

Pharr method will be also presented to define the access to some unobservable parameter 

like hardness and elastic modulus.   

The operative range of the nanoindenter in terms of loading and unloading rate is rarely 

mentioned in the literature. Therefore they will be analyzed to determine the ideal condition 

to prohibit the introduction of undesirable dynamic and creep effects on the gathered 

nanoindentation test data.   

Finally, once the nanoindenter setup was defined, the nanoindentation dispersion sources 

will be investigated. This analysis allowed the definition of the procedure to obtain a surface 

with optimum conditions for the nanoindentation oriented to the inverse analysis. The 

dispersions of the nanoindentation test response related to indenter geometry, size and wear 

will be quantified for the 316L steel. 

 Nanoindentation system 2.2

The nanoindentation system was used in the experimental work. It was manufactured by 

CSM Instruments with headquarter in Switzerland. The main specifications of the NHT2 are 

listed in the Table 2.1. This nanoindenter is composed by three main units linked by a 

motorized table. The three main units are: 1) the NHT2 nanoindentation head, 2) the atomic 

force microscope, and 3) the optical microscope. These units are shortly presented below, 

and the detailed information can be found in the Appendix A   
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Force 
(mN) 

Displacement 
(nm) 

Acquisition rate 
(Hz) 

Loading rate 
(mN/min) 

Unloading rate 
(mN/min) 

Max 500 200000 400 2500 2500 

Min 0.1 - 1 0.1 0.1 
Resolution 0.00001 0.01 - - - 

Table 2.1. Specifications of the NHT2 nanoindentation unit 

The Atomic Force Microscope (AFM) was manufactured by Bruker. Its operation is based on 

the use of a cantilever with a probe on its tip. The captures were taken in contact mode. The 

maximum area that can be scanned is 80 𝑥 80 µ𝑚 in 𝑥, 𝑦 directions respectively. In the 𝑧 

direction the operative range is 6 µ𝑚. The maximum resolution is 1024 𝑥 1024 for square 

scans. 

The optical unit is equipped with two objectives: 1) 5𝑥 with work distance of 22.50 𝑚𝑚 and 2) 

100𝑥 with work distance of 0.3 𝑚𝑚. The optical unit is mainly used to select the zone where 

the indentation going to be performed, and to inspect the residual imprint. 

The link between units is the motorized table denominated CPX, is a very important 

component because allows the manipulation of the sample with high resolution. Its main 

specifications are listed in the Table 2.2.   

Displacement table 
Range of CPX 

(mm) 
Resolution 

(µm) 
High resolution     

(µm) 

x 120 0.25 0.1 

y 20 0.25 0.1 

z 30 0.010 - 

Table 2.2. Specifications of the CPX 

Finally, several indenter tips and size are available to characterize the mechanical behavior 

of materials. Their general characteristics are listed in Table 2.3. Except for the BKw, all the 

other indenters were new and used for the first time in the experiments presented in this 

Thesis.   

Designation Description Material E (GPa) ν 

Sp2 Spherical indenter of 2 µm radius  Diamond 1141 0.07 

Sp10 Spherical indenter of 10 µm radius Tungsten 650 0.24 
Sp50 Spherical indenter of 50 µm radius Tungsten 650 0.24 

Sp100 Spherical indenter of 100 µm radius Tungsten 650 0.24 
BKs Sharp Berkovich indenter Diamond 1141 0.07 

BKw Worn Berkovich indenter Diamond 1141 0.07 
CC Cube Corner indenter Diamond 1141 0.07 

FP10 Flat punch of 10 µm diameter Diamond 1141 0.07 
Table 2.3. Main characteristics of the indenters 

To conclude, the device is located in a controlled temperature environment (air-conditioned 

room) with controlled vibrations to eliminate the uncertainties related to these two factors. 

 

 Nanoindentation test variables 2.3

Two types of information can be obtained from the nanoindentation test: the nanoindentation 

curve and the residual imprint. The nanoindentation curve is a kinetic diagram of the indenter 

displacement versus the loading force, recorded during the test. The residual imprint is a 
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topographical description of the indented point obtained after the test. Several quantities can 

be obtained from these experimental data. These quantities or variables can be classified 

into two categories: observable variables and computed variables. 

2.3.1 Observable variables obtained from the indentation curve 

These quantities are independent of the indentation size and of the indenter geometry. A 

schematic representation of the indentation curve and a section of an indentation under load 

and after load are illustrated in Fig. 2.1. The common quantities of the indentation curve are 

correlated with indentation process. The indentation work and the contact stiffness are 

determined from the indentation curve using the formulas shown in Table 2.4. This table lists 

the basic indentation quantities and the corresponding units. 

 
Fig. 2.1. Indentation experiment: (a) indentation curve, (b) schema of the loading and 

unloading stages of the test. 

Symbol Designation Formula Unit 

𝐹𝑚𝑎𝑥 Maximum indentation load  mN 

ℎ𝑚𝑎𝑥 Maximum indentation depth  nm 

ℎ𝑝 Remnant depth  nm 

ℎ𝑟 Tangent depth  nm 

ℎ𝑐 Contact depth at Fmax  nm 

𝑆 
Contact stiffness 𝑆 =

𝑑𝐹

𝑑ℎ
 mN/nm 

𝑊𝑝𝑙𝑎𝑠𝑡 Plastic indentation work 𝑊𝑝𝑙𝑎𝑠𝑡 = 𝑊𝑡𝑜𝑡𝑎𝑙 − 𝑊𝑒𝑙𝑎𝑠𝑡 pJ 

𝑊𝑒𝑙𝑎𝑠𝑡 Elastic indentation work 𝑊𝑒𝑙𝑎𝑠𝑡 = ∫ 𝐹𝑑ℎ
ℎ𝑚𝑎𝑥

ℎ𝑝

 pJ 

𝑊𝑡𝑜𝑡𝑎𝑙 Total indentation work 𝑊𝑡𝑜𝑡𝑎𝑙 = ∫ 𝐹𝑑ℎ
ℎ𝑚𝑎𝑥

0

 pJ 

Table 2.4. Indentation quantities 

Only when using a conical indenter (included the pyramidal tips), the loading branch of the 

indentation curve can be described using the Kick’s law [8]: 

 𝑃 = 𝐶ℎ2 (2.1) 

Finally, even if the indentation quantities are independent of the indentation size, in this 

study, two scales are distinguished according to the scale of the characterization: 

- The deep indentation (Fig. 2.2 (b)), the interest is to obtain the mechanical response 

representative of the bulk behavior of the 316L steel. The strategies used to identify 

this macroscopic behavior will be discussed in Chapter 4.  
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- The shallow indentation (Fig. 2.2 (a)), the interest is to characterize the crystal 

behavior. This micro and mesoscopic behavior as well as some phenomenon 

observed on this scale (pop-in event) will be analyzed in greater detail on chapter 5. 

 
Fig. 2.2. Nanoindentation regimes: (a) shallow indentation with pop-in event and (b) deep 

indentation. 

2.3.2 Observable variables obtained from the AFM images 

One of the mechanical characterization strategies implemented in this work consists in using 

the residual imprint as experimental data for the inverse analysis. The use of the whole 

residual imprint is not an easy task, for example the work shown in [26], requires the use of 

complex models to extract the mechanical properties, and the results are not always 

satisfying. To reduce this complexity, the residual imprint can be cut according the symmetry 

of the imprint shape [27]. As depicted in the Fig. 2.3, when the residual imprint result from a 

non-axisymmetric indenter, three sections where used, and four sections when the residual 

imprint comes from an axisymmetric indenter. The observable variables extracted from the 

profile are the height of the pile-up and the remnant depth ℎ𝑝.   

 
Fig. 2.3. Analysis of the residual imprint from AFM images: (a) pyramidal indenters, (b) 

axisymmetric indenters. 

 

Other information can be deduced from the residual imprint: the crystallographic slips near to 

the residual imprint. Fig. 2.4 displays examples of slip planes generated by the four indenter 

tips used in the experiments. In the Berkovich indentation appears slip planes only in deep 

indentations. The Sp2 indentation has 4 µ𝑚 in diameter and is able to produce clear patterns 

at shallow indentations. The CC produces distorted patterns which are hard to characterize. 
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When using the FP, the patterns appear only at deep indentations but also are hard to 

characterize. 

(a) (b) (c) (d) 

 
Fig. 2.4. Slip plane patterns induced by indenter tips: (a) BKs, (b) Sp2, (c) CC and (d) FP. 

2.3.3 Variables computed using Oliver and Pharr method 

The nanoindentation test can be used to assess the hardness and the elastic modulus from a 

single loading-unloading test. The most popular method was proposed by Oliver and Pharr 

[1]. This method uses the unloading branch of the indentation curve. The method begins by 

fitting the unloading branch to the relation: 

 𝐹 = 𝐵(ℎ − ℎ𝑝)
𝑚

 (2.2) 

where 𝐹 is the indentation force, ℎ the indentation displacement and 𝐵 and 𝑚 are fitting 

parameters. Then the contact stiffness is obtained through:  

 𝑆 =
𝑑𝐹

𝑑ℎ
= 𝑚𝐵(ℎ𝑚𝑎𝑥 − ℎ𝑝)

𝑚−1
 (2.3) 

 at maximum indentation depth. The contact depth is estimated using: 

 ℎ𝑐 = ℎ𝑚𝑎𝑥 − 𝜔
𝐹𝑚𝑎𝑥

𝑆
 (2.4) 

being 𝜔 a constant which depends on the geometry of the indenter. When the indenter is a 

cone, 𝜔 = 0.72, flat punch 𝜔 = 1 and for a paraboloid of revolution 𝜔 = 0.75. The graphical 

interpretation of this constant can be seen in the Fig. 2.1 where ℎ𝑐  is represented as an 

interval. 

Evaluating the empirical indenter shape function (discussed later) at the contact depth, ℎ𝑐: 

 𝐴𝑝 = 𝑓(ℎ𝑐) (2.5) 

is obtained 𝐴𝑝, the projected contact area. From the projected contact area and the 

maximum indentation depth can be estimated the hardness, defined as the mean pressure 

the material can support under load, through the relation: 

 𝐻 =
𝐹𝑚𝑎𝑥

𝐴𝑝
 (2.6) 

Additionally the hardness can be approximated to Vickers hardness from: 

 𝐻𝑉 ≈
𝐻

10.8
 (2.7) 

Then the elastic modulus of the specimen is obtained using the reduced elastic modulus: 
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 𝐸𝑟 =
√𝜋

2

𝑆

𝐴𝑝
 (2.8) 

 and its relation with the elasticity of the indenter is given by: 

 
1

𝐸𝑟
=

1 − 𝜈𝑠
2

𝐸𝑠
+

1 − 𝑣𝑖
2

𝐸𝑖
 (2.9) 

where 𝐸𝑠 and 𝑣𝑠 are the elastic modulus and the Poisson’s ratio of the specimen, and 𝐸𝑖 and 

𝑣𝑖 are the elastic modulus and the Poisson’s ratio of the indenter. 

As mentioned before, the method needs a shape function for the indenter, also known as the 

area function 𝐴𝑝 = 𝑓(ℎ𝑐), relating the cross-sectional area of the indenter to the distance 

from its tip. This function is obtained from a calibration procedure (discussed later) and has 

the form: 

 𝐴𝑝(ℎ𝑐) = 24.5ℎ𝑐
2 + 𝐶1ℎ𝑐

1 + 𝐶2ℎ𝑐
1 2⁄

+ 𝐶3ℎ𝑐
1 4⁄

+ ⋯+ 𝐶8ℎ𝑐
1 128⁄

 (2.10) 

where 𝐶1 to 𝐶8 are constants. The first term describes a perfect Berkovich indenter; the 

others describe deviations at the tip. As is well known from [2], this function was selected by 

the authors for its ability to fit data over a wide range of depths and not contains a physical 

meaning. Other description with physical significance is found in [28].  

 Nanoindentation test conditions 2.4

From the literature there are few contributions making clear how they are using the 

indentation loading/unloading rate in their experiments. A good example of the reported 

loading/unloading rate is presented by Oliver and Pharr [29], where they propose a table with 

the values used to calibrate the indenter tip. This table is divided in two parts: in low load 

range and high load range as listed in the Table 2.5. 

Indentation 
numbers 

Peak load 
(mN) 

Loading/unloading rate 
(µN/min) 

Nanoindenter load 
range 

1-10 120 12000 High 
11-20 60 6000 High 
21-30 30 3000 High 
31-40 15 1500 High 
41-50 7.5 750 High 
51-60 3 300 High 

61-70 20 2000 Low 
71-80 10 1000 Low 
81-90 3 300 Low 

91-100 1 100 Low 
101-110 0.3 30 Low 
111-120 0.1 10 Low 

Table 2.5. Transcription of the table used in the methodology of Oliver and Pharr to calibrate 
a Berkovich indenter tip [1] 

 

An important consideration is that the values presented in the Table 2.5 are used in fused 

quartz. This material is a kind of glass in amorphous form, conversely the 316𝐿 is a 

crystalline metal and therefore is not sure that these values are well adapted to this material, 

especially at low indentation loads. To understand how the loading/unloading rate is affecting 

the indentation curve obtained from the 316𝐿, a series of Berkovich indentations were 
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performed at different loading and unloading rates. Then, the obtained nanoindentation 

curves were analyzed. This study was conducted using the worn Berkovich indenter (BKw) 

and a surface prepared by vibratory polishing. At each rate, six indentations were performed 

on linear loading-unloading mode at a fixed peak load of 10 𝑚𝑁.   

The study was realized in two times. In the first time, different loading rates were tested 

ranging from 0.1 𝑚𝑁/𝑚𝑖𝑛 to 200 𝑚𝑁/𝑚𝑖𝑛 as tabulated in the Table 2.6 with their 

corresponding acquisition rates. The unloading rate was maintained constant. 

Loading 
rate 

(mN/min) 

0
.1

 

0
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1
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1
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1
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0
0
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0
0

 

2
0
0

 

2
0
0

 

3
0
0

 

3
0
0

 

Table 2.6. Loading rates and their corresponding acquisition rates 

The Fig. 2.5 shows  the evolution of total work, elastic work and maximum indentation depth 

as a function of loading rate. All the quantities are the mean values of the six indentations. 

The total work increases as the loading rate increases. However, the elastic work is not 

sensitive to this loading rate. It means that the loading rate is inducing some dynamic effect 

in the mechanical response of the material. The maximum indentation depth does not show a 

trend, rather it is varying on a range of an amplitude of ~17 𝑛𝑚. 

 
Fig. 2.5. Loading rate effects: (a) on the total indentation work, (b) on the elastic indentation 

work and (c) on the maximum indentation depth. 

As observed previously, total work increases by 300 𝑝𝐽 between the first (0,5 𝑚𝑁/𝑚𝑖𝑛) and 

the last loading rate (200 𝑚𝑁/𝑚𝑖𝑛), their curves are compared in Fig. 2.6. Actually we are not 

able to explain the mechanisms responsible to the increment in the indentation work. Often in 

the literature is found contributions where the author use the term “exploitable indentation 

curve” [30, 31], maybe this term is referred to the curves where these effects are avoided.  

Besides the increment in the indentation work, there is an increment in the displacement in 

the hold at maximum load. This effect has been observed by [32, 33]. The authors justify 

these increases by the creep phenomenon. 
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Fig. 2.6. Comparison between the curves at the lowest and highest loading rate. 

Other important effect is detected; it is a change in the slope at the first stages of the 

penetration (Fig. 2.7). At low loading rates the curves exhibit the pop-in events. This kind of 

response is linked to the microstructural characteristics as described in [34, 35, 36]. This 

effect disappears after a loading rate of 10 𝑚𝑁/𝑚𝑖𝑛. From these results, the loading rate can 

be adapted according to the scale of characterization: 1) low loading rate accompanied by 

shallow indentation depth will be used to expose the microstructure behavior, and 2) average 

loading rate accompanied by deep indentation will be used to characterize the mechanical 

behavior of the studied material. In the first case, the loading rate must be between 0.1 𝑚𝑁/

𝑚𝑖𝑛 to 10 𝑚𝑁/𝑚𝑖𝑛. In the second case, the loading rate can be superior to 10 𝑚𝑁/𝑚𝑖𝑛, 

according to the applied indentation load.   

  
 

    
Fig. 2.7. Initial stage of the indentation loading curve. 

For the analysis of the unloading rate, four rates were used, ranging from 0.5 𝑚𝑁/𝑚𝑖𝑛 to 

10 𝑚𝑁/𝑚𝑖𝑛. Fig. 2.8 shows the results for the unloading rate. In all the observed magnitudes, 

the variation is negligible. In the literature can be found works about the pop-out events on 

the unloading branch of the indentation curve [24, 37], however the 316𝐿 is not exhibiting this 

behavior in the studied range.     
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Fig. 2.8. Unloading rate effects on: (a) contact stiffness, (b) indentation elastic work, and (c) 

remnant depth. 

Based on the results of this analysis, the experimental conditions during this study were 

defined; they are summarized in Table 2.7.   

Configuration 
Berkovich Spherical Flat punch 

Shallow Deep Sp2 Sp10 Sp50 Sp100 FP10 

𝐹𝑚𝑎𝑥 (𝑚𝑁) 1-10 50-450 8 50 300 450 100-450 

𝐿𝑜𝑎𝑑𝑖𝑛𝑔 𝑟𝑎𝑡𝑒 (𝑚𝑁/𝑚𝑖𝑛) 1-7 10-70 5 7 50 70 10-70 

𝑈𝑛𝑙𝑜𝑎𝑑𝑖𝑛𝑔 𝑟𝑎𝑡𝑒 (𝑚𝑁/𝑚𝑖𝑛) 1-7 10-70 5 7 50 70 10-70 

𝐴𝑐𝑞𝑢𝑖𝑠𝑖𝑡𝑖𝑜𝑛 𝑟𝑎𝑡𝑒 (𝐻𝑧) 30-70 100-200 30 30 30 30 30-200 

Table 2.7. The experimental conditions used in function of the indenter size and shape. 

 Analysis of the dispersion sources in nanoindentation results 2.5

The macroscopic behavior of the 316𝐿 is considered homogenous and isotropic. However as 

the nanoindentation is a local test at the micro and meso scales, the mechanical properties 

measured by this mean change from one point to another in the same surface.  

At the moment, there is not available information respect the nanoindentation dispersion 

sources in the literature. However it was found that the Standard ISO 14577 attributes to the 

roughness of the sample as the main factor of introducing uncertainties in the measurements 

[24]. The recommendation is to perform indentations with a depth of at least 20 times the 

arithmetic roughness 𝑅𝑎 of the sample to reduce the uncertainty to 5 %. Other works also 

investigated the dispersion in nanoindentation related to the first contact point between the 

indenter and the sample surface [38]. According to this research, all the nanoindentation 

curves can be substituted by a single indentation curve which is representative of the group 

of experiments.  

Few information was found in the literature, therefore the objective of this section is to 

investigate the dispersion sources in nanoindentation and their impact on the measures 

performed by nanoindentation.  

Three sources of dispersion were treated in this section:  

1. Surface effects: the effects induced by the surface preparation (residual stress, pre-

deformation and roughness) will be analyzed at the first. 

2. Indenter effects: the effects induced by the geometry of the indenter (sharp and soft), 

and the wear of the tip (Berkovich indentation) will be detailed in the second. 

3. Scale effects: the effects of the indentation size were addressed using spherical 

indenters with different sizes, and indentations at different depths with sharp 

indenters. 
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The analysis performed in this section allowed the understanding of the origins of the 

dispersion in the nanoindentation applied on the 316𝐿, but also allowed to stablish the 

procedure that gives access to a surface whose properties are representative of the bulk 

material.  

2.5.1 Surface preparation effects 

2.5.1.1 Machining effect 

The literature reports that mechanical cutting process applied in metals, introduces some 

level of work hardening and residual stress in the surface [39]. The surface generated by 

machining is therefore not representative of the studied material. This transformation of the 

surface induced by the machining process will be analyzed by two methods: 

a) First method: estimation of the thickness of the modified surface by the 

machining process 

The objective of this analysis is to investigate the layer transformed by the mechanical 

machining process to verify the influence of this transformation on the indentation 

measurements. To achieve this objective, the modified surface by the machining process is 

removed gradually by mechanical polishing. After each polishing (with SiC papers from 

P1000 down to P4000), the surface is indented to check the evolution of the mechanical 

properties and the modified thickness is measured. In Table 2.8 are listed the measures (at 

the center of the sample) of the thickness removed after each polishing.  

Polishing number 1 2 3 4 5 6 7 8 9 10 11 12 13 
Cumulative removed 

thickness (µm) 
0 3 13 17 23 52 68 116 150 165 202 244 342 

Table 2.8. Thickness removed after each mechanical polishing 

The sample used is a cube of side 20 𝑚𝑚. It was obtained by mechanical milling from a 

stock of 40 𝑚𝑚 in diameter, as depicted in the Fig. 2.9. The sample for this study was 

referred as 𝐸0.   

 
 

Fig. 2.9. Nanoindentation sample preparation: (a) stock and (b) sample geometry. 

The load-displacement curves (Fig. 2.10) show a shifting from the left to the right, and then 

the curves remains oscillating about 800 𝑛𝑚, meaning that the modified layer by the milling 

process was completely removed. The shifting can be assessed with the maximum 

indentation depth (Fig. 2.11 (c)). This changing in the indentation depth suggest a decreasing 

in the hardness and/or the residual stress (if exist as explained in [40]). The decrease in the 
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hardness is confirmed (Fig. 2.11 (d)), however is not possible to determine if there is involved 

a residual stress. 

 
Fig. 2.10. Indentation curves obtained from the affected layer. 

The increase of the indentation depth is accompanied with an increase in the plastic work as 

expected (Fig. 2.11 (a)). The increase of the plastic work means that the work hardening 

capacity of the material is increasing. Under this assumption, in the first polishing should be a 

pile-up (Fig. 2.12 (a)), and must be decreasing as the work hardening capacity is increasing 

(Fig. 2.12 (c)).  

In the first polishing, the value of the elastic work is maximal, and then decreases as the 

modified layer is removed. That could mean two things: 1) there are compressive residual 

stresses that are released, or 2) the amount of work hardening in the surface impedes more 

plastification rejecting the indenter. That is confirmed by the residual imprint (Fig. 2.12 (a)), 

where in the first polishing there is a pile-up. Finally, the increase in the elastic work (Fig. 

2.11 (b)), reflects a reduction in the elastic recovery. 

(a) 

 

(b) 

 
(c) 

 

(d) 

 
Fig. 2.11. Evolution of the indentation parameters in function of the removed layer. 
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A bulky shape of the pile-up is observed in the surface after polishing 1 (Fig. 2.12 (a)) and 

decays quickly towards the mean surface (Fig. 2.12 (b)). The shape is different in the surface 

after the last polishing (Fig. 2.12 (c)), where there is a little amount of pile-up. 

 
Fig. 2.12. Evolution of the residual imprint in function of the removed affected layer. 

Fig. 2.13 shows the evolution of the pile-up height and the remnant depth according to the 

removed layer. From the 250 µ𝑚 of the removed layer, both variables remain constant.   

 
Fig. 2.13. Evolution of the height of the pile-up and the permanent depth in function of the 

polishing and the removed layer. 

b) Second method: surface gradient properties analysis           

In the first method we deduced that the depth affected by the machining is of the order of 

250 µ𝑚. A second method to quantify accurately the depth affected by machining is to make 

an indentation matrix on a stabilized surface (after removal of the affected thickness). This 

matrix extends between the (machined) surface and the cube core. The objective is to 

investigate the evolution of the properties from inside of the sample (the bulk material), to the 

edge of the sample (modified layer by machining). For that, an indentation matrix was 

applied initiating at a sufficient distance from the edge of the specimen, to fully contain the 

modified layer. The space between the indentations was of 10 µm in both 𝑥 and 𝑦 directions. 

The first line was applied at 10 µ𝑚 from the edge of the specimen as schematically depicted 

in the Fig. 2.14 (a) and (b), with the first indentation in the point located at the bottom left of 

the matrix (Fig. 2.14 (c)). Then, the gathered data was used to build a contour plot to 

describe the gradient properties going from the surface to the center of the cube.  
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(a) (b) (c) 

   
Fig. 2.14. Sample preparation: (a) metallographic mounting of the sample, (b) zone of study 

and (c) indentation matrix. 

(a)  

 

 
(b)  

 

 
(c)  

 

 
(d)  

 

 
Fig. 2.15. Indentation contours and the evolution of the indentation parameters according x 

and y directions. 
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The results are presented in form of contour plots and its corresponding evolution plots along 

𝑥 and 𝑦 directions in the Fig. 2.15. On the 𝑥 direction, all parameters exhibit dispersion, and 

their mean varies on a little range. On the 𝑦 direction, the mean values vary until reach 

250 µ𝑚. The evolution of the hardness along 𝑦 direction decreases until 150 µ𝑚, and then 

remains in the same levels (Fig. 2.15 (d)). The measured hardness describes the state of the 

surface induced by the machining process, and is not a true description of the core material. 

The plastic work also has some homogenous zones after 200 µ𝑚 along the 𝑦 direction (Fig. 

2.15 (a)). In this zone the capacity of the material to be deformed plastically by indentation is 

maximal. This interpretation remains valid for the elastic work (Fig. 2.15 (b)) and the 

maximum indentation depth (Fig. 2.15 (c)). 

The value of the elasticity exhibit a high dispersion in both 𝑥 and 𝑦 directions (Fig. 2.16), but 

also is distributed uniformly on the surface. The weak variation cannot be related to the 

transformations induced by the machining.  

 
Fig. 2.16. elasticity modulus obtained by indentation. 

Additionally, micrographs obtained by SEM were used to detect the affected layer (by 

machining) and the transformations near the edge of the sample (Fig. 2.17). The peak values 

of the hardness is observed on the 50 µ𝑚 closest to the surface (Fig. 2.17 (b)), which is 

coherent with the deformed grains illustrated in the zoom of the micrograph in Fig. 2.17 (c). 

However, this deformation is not visible beyond the second line, about 30 µ𝑚 towards the 

interior of the sample, therefore the transformations on the material cannot be detected by 

this mean. While the contour plot of the hardness reveals that the mechanical properties are 

modified in 200 µ𝑚.    

 
Fig. 2.17. Micrograph of the edge of the sample obtained by SEM. 

To conclude, the existence of a modified layer by the mechanical machining was proved and 

quantified by two methods. The mechanical properties obtained by nanoindentation reach a 

constant value from a removed thickness between 200 µ𝑚  and 300 µ𝑚. Also it was found 

that the modification of the surface by the mechanical machining process changes the 
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residual imprint. Just after the machining, the pile-up reaches its maximum height and then 

gradually disappears as the modified layer is removed.  

On the other hand, from the literature is well known that the pile-up confounds the estimation 

of the mechanical properties, because the models assume that the surface is slightly 

deformed towards the interior of the material at maximum indentation load. In this section 

was demonstrated that the pile-up can be a result of the sample preparation and no 

necessarily from the deformation mechanism of the studied material. 

2.5.1.2 Surface polishing effect 

In this section, three samples identified as 𝐸1, 𝐸2 and 𝐸3 were used to analyze the effects of 

the mechanical, electrolytic and vibratory polishing. The study began by removing the 

affected layer by the machining process from the three samples using mechanical polishing. 

Then, the Berkovich indentations were applied in each resulting surface. The results 

obtained from the indentations of the stabilized surface of the three samples are shown in 

Fig. 2.18. All the curves are similar, and their ℎ𝑚𝑎𝑥 are near to 800 𝑛𝑚. Therefore it was 

considered that the three surfaces are equivalent.  

(a) (b) (c) 

   
Fig. 2.18. Equivalence between the samples used to analyze the polishing methods: (a) E1, 

(b) E2 and (c) E3. 

After this procedure, 𝐸1 was finished with mechanical polishing, 𝐸2 with electrolytic polishing 

and 𝐸3 with vibratory polishing. 

Mechanical polishing: The last grinding paper used in 𝐸1 was the 𝑃4000, therefore the 

surface is considered as pre-polished. A diamond suspension of a granulometry of 1 µ𝑚 was 

applied to obtain the polished surface. 

Electrolytic polishing: the surface of 𝐸2 was polished using mechanical polishing (the same 

used in 𝐸1). Then, an electrolytic polisher LectroPol-5 from Struers was used with the 

configuration shown in the Table 2.9. 

Electrolyte (-) Tension (V) Flow rate (-) Time (s) Temperature (°C) Surface (cm²) 

Perchloric acid 60 % 
Water 40 % 

35 20 20 22 1 

   Table 2.9. Conditions used in the electrolytic polishing 

Vibratory polishing: the surface of 𝐸2 was also polished using mechanical polishing (the 

same used in 𝐸1). The vibratory polishing was applied with a polisher Vibromet 2 from 

Buehler using a standard colloidal silica suspension of 0.04 µ𝑚. The sample was mounted on 

a sample holder of a weight of 400 𝑔𝑟 and without extra weight.  
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The nanoindentation curves obtained from the mechanical, electrolytic and vibratory 

polishing and a zoom to the first 25 𝑛𝑚 are illustrated in Fig. 2.19. The nanoindentation 

curves displayed in Fig. 2.19 (a) are the mean curves obtained from each surface. The shift 

of the mean curve of the electrolytic and vibratory polishing reveals a hardened layer left by 

the mechanical polishing. This hardened layer does not allow the pop-in events as can be 

seen in Fig. 2.19 (b). The pop-in events are present only in the vibratory and electrolytic 

polishing (Fig. 2.19 (c) and (d)). The mean curves of the electrolytic and vibratory polishing 

are close. These two polishing methods can be considered as equivalent.    

 
Fig. 2.19. Indentation curves obtained from mechanical, electrolytic and vibratory polishing. 

The means of the indentation parameters obtained from the mechanical polishing are 

different than the values obtained from the vibratory and electrolytic polishing (Fig. 2.20), 

meaning that the mechanical polishing left an affected layer sufficiently thick to be detected 

by nanoindentation. These gaps could be linked to the quality of the surface. On the other 

hand, the electrolytic polishing is a kind of etching, and could transform the top layer of the 

surface introducing softening which explains the slight decrease in hardness compared to 

vibratory polishing  
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(a) (b) (c) (d) 

    
Fig. 2.20. Statistics of of the indentation parameters associated to each surface, where Mec, 

Elec and Vib designate respectively mechanical, electrolytic and vibratory polishing. 

The captures of the residual imprint from the three samples are shown in the Fig. 2.21. The 

mechanical polishing is free of pile-up (Fig. 2.21 (a)). In the optical image, the edges of the 

residual imprint are well defined, and very fine scratches left by the diamond suspension can 

be observed for the surface 𝐸1. The surface 𝐸2 and 𝐸3 are free of scratches (Fig. 2.21 (b) 

and (c)). Finally, the three surfaces present crystallographic slips, however in the mechanical 

polishing this slips are attenuated and unclear. 

 
Fig. 2.21. Residual imprint of an indentation of 50 𝑚𝑁 applied in the surfaces obtained by: (a) 

mechanical polishing, (b) electrolytic polishing and (c) vibratory polishing. 

To conclude, it has been shown that the quality of the surfaces obtained by mechanical, 

electrolytic and vibratory polishing, are correct to apply the nanoindentation test. But the 

mechanical polishing left a hardened layer hiding the mechanical response of the 
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microstructure. The use of a vibratory and electrolytic polishing leads to a small increment in 

the spread of the nanoindentation data. This spread comes from the microstructural 

characteristics. An indicator of this condition is the presence of pop-in events in the early 

stages of the loading curve.  

Regardless of the surface preparation (machining and/or polishing), the process transforms 

the microstructure modifying the roughness, the residual stress state and the hardening. To 

understand the effects of such transformations on the variability of the nanoindentation 

results, in the next sections are analyzed these three parameters to finally define the method 

of preparation that give access to a surface representative of the bulk material.    

a) Surface roughness analysis 

The surfaces 𝐸1, 𝐸2 and 𝐸3 were captured by AFM with the maximum resolution of 

1024𝑥1024 pixels and the maximum size of 80 µ𝑚 𝑥 80 µ𝑚. The surface obtained by 

mechanical machining process was not measured because its rugosity is greater than the 

operative range of the AFM microscope. Fig. 2.22 shows the three surfaces and their 

respective values of roughness. In the three surfaces shown in Fig. 2.22, the value of the 

roughness is expressed for two regions: region A) and region B). The region A) represents 

the roughness of the whole surface. The region B), of 15 µ𝑚 𝑥 15 µ𝑚, represents the 

punctual zone where the indentation is applied. This value of roughness associated to the 

region B) is more convenient since it does not take into account all the defects in the surface, 

for example the porosities.  

 
Fig. 2.22. AFM measured rugosity on the three surfaces: (a) mechanical polishing, (b) 

electrolytic polishing and (c) vibratory polishing. 
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From the point of view of roughness, the three surfaces are correct for nanoindentation. 

However there are some important differences between them. The mechanical polishing 

seems to hide the defects, leaving a homogeneous surface (Fig. 2.22  (a)). Conversely the 

electrolytic and vibratory polishing even reveals some features of the microstructure (optical 

micrograph in Fig. 2.22 (b) and (c)). The electrolytic polishing constitutes a chemical etching 

left a kind of burned points, and a more pronounced porosities (optical micrograph in Fig. 

2.22 (b)). This polishing introduces the risk of modifications in the top surface. The vibratory 

polishing left a cleaner surface with the lowest local 𝑅𝑎 = 1.4 𝑛𝑚 (Fig. 2.22 (c)), therefore it is 

selected as the main preparation method for the next studies. 

b) Residual stress analysis 

The residual stresses on the surfaces 𝐸1, 𝐸2, 𝐸3 and an additional surface obtained by 

mechanical machining (without removing the affected layer) were analyzed using X-ray 

diffraction along 𝑥 and 𝑦 directions as described in the Fig. 2.23. 

 
Fig. 2.23. Schematic representation of the measure points on the surface. 

The comparison between the principal stresses 𝜎𝑥𝑥, 𝜎𝑦𝑦  and 𝜏𝑥𝑦 obtained from the different 

surface states shows that the shear stress is negligible regardless the surface (Fig. 2.24 (b)). 

The stresses of the surface affected by the machining process (with or without mechanical 

polishing) are very high in both directions with a tensile state (Fig. 2.24 (a) and (c)). As soon 

as the affected depth is removed, these internal stresses go into compression with low 

values. Finally, after vibratory or electrolytic polishing these stresses tend towards 0. This 

analysis confirmed as the best method of surface preparation is vibratory polishing.    

 
Fig. 2.24. Residual stresses on the surfaces referred as 𝑆1 for the machining surface, 𝑆2 for 

the machining accompagnied by mechanical polisihing surface (without removing the 
affected layer), 𝑆3 for mechanical polisihing of the stabilized surface, 𝑆4 for electrolytic 

polishing of the stabilized surface and 𝑆5 for the vibratory polishing of the stabilized surface. 
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c) Pre-hardening effect analysis 

We have previously shown that machining and polishing methods affect the results of 

indentation tests. We have also proved that the surfaces resulting from these processes 

have different roughness and residual stresses. It has also been postulated that machining, 

as polishing, introduces pre-hardening in the extreme surface as illustrated in the SEM 

micrograph in Fig. 2.17 (c). This pre-hardening can modify the value of the properties 

obtained by nanoindentation. The purpose of this section is to verify and quantify the effects 

of pre-hardening on the nanoindentation parameters. This pre-hardening is introduced 

artificially by a tensile stress applied on the specimen with the special geometry called 

"Diabolo" (Fig. 2.25). This geometry makes it possible to have a gradient of deformation and 

hardening and to link it, thereafter, to the local properties obtained by nanoindentation. Two 

specimens were deformed. One of them was stretched at a given deformation value, and the 

other one was deformed until rupture. The deformation in the surface was tracked by a 

Digital Image Correlation (DIC) system. Then, nanoindentation matrix was applied at the 

center of the specimen to analyze the effect of the deformation field. To track the 

deformation, the surface of the sample was prepared with a speckle pattern. Fig. 2.25 

displays a scheme of the Diabolo geometry used in this analysis.  The first specimen 

identified as Diabolo 1, the second specimen, was referred as Diabolo 2. The value of the 

deformation was extracted from a line at the center of the specimen in the 𝑦 direction (Fig. 

2.25 (b)).  

After the tensile deformation, the surface of the two samples is polished using the procedure 

stablished before (vibratory polishing). Then an indentation matrix of 5𝑥75 points is applied at 

the center of the two specimens with their origin in the left-bottom corner (Fig. 2.25 (c)). The 

space in the 𝑥 direction is 500 µ𝑚 and in 𝑦 direction 200 µ𝑚 to cover a surface of 2𝑥14.9 𝑚𝑚. 

The vertical axis of symmetry of the indentation matrix was coincident with the vertical axis of 

symmetry of the specimen. 

 
Fig. 2.25. Diabolo specimen used to analyze the effects of the strain hardening on the 

nanoindentation test. 

Fig. 2.26 shows the two deformed specimens and their deformation measured by DIC. The 

Diabolo 1 was stretched to reach a 15.5 % of deformation (Fig. 2.26 (a)). The Diabolo 2 was 

deformed at 49 % of deformation (Fig. 2.26 (b)). The deformation of both samples along the 

𝑦 axis is compared in Fig. 2.26 (c). In both samples the deformation is located on the interval 
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of 0 to 12.5 𝑚𝑚. Then from 12.5 to 15 𝑚𝑚 there is no deformation. Therefore the indentation 

matrix covers the deformed zone, and a part of the undeformed zone. 

(a) (b) (c) 

  

Fig. 2.26. Strain measure by DIC: (a) Diabolo 1 deformed to 15 %, (b) Diabolo 2 deformed to 

rupture and (c) comparison of deformation in the two samples in function of the vertical 

distance. 

The data gathered by indentation matrix was used to plot cartographies along the indented 

surface presented for the Diabolo 2 in Fig. 2.27. The Diabolo 2 presents a hardening 

followed by stabilization, localized at the top and the bottom of the hardness contour. That is 

coherent with the ℎ𝑚𝑎𝑥 at the top and the bottom of the contour plot, where can be found the 

highest and lowest indentation depth respectively. Also an indicator of the stabilization in the 

Diabolo 2 is the remnant depth ℎ𝑝, which exhibits an increase in the top of the contour plot. 

 
Fig. 2.27. Contour plots of the indentation magnitudes obtained from the Diabolo 2. 

The hardening evolution in the Diabolo 2 is revealed in Fig. 2.28. The indentation work is 

affected by the deformation, as shown in the plastic work (Fig. 2.28 (a)). For example the 

hardness (Fig. 2.28 (f)), has its minimum when the deformation is 0 % and then increases 

gradually as the deformation increases. In the case of the ℎ𝑚𝑎𝑥 (Fig. 2.28 (b)), when the 
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deformation is minimal, the indentation depth is maximal, and decreases as the deformation 

increases. 

 
Fig. 2.28. Indentation results in function of the deformation. 

The deformation generated by tensile test also impacts on the residual imprint, where the 

height of the pile-up is grater in the Diabolo 1 than in the Diabolo 2 near to 20 % of 

deformation (Fig. 2.29 (a)). Moreover the remnant depth exhibits a considerable difference 

(Fig. 2.29 (b)). The mechanisms involved in these differences are unknown and require 

complementary studies using other technics, to understand how the deformation transforms 

the surface.  

 
Fig. 2.29. (a) Height of the pile-up and (b) remnant depth. 

To conclude, this study has shown that the pre-hardening phenomenon impact all the 

indentation parameters. This pre-hardening which can be generated by the surface 

generation processes is a parameter to be taken into account to reduce the difference 

between a surface characterization as a nanoindentation and a bulk or conventional 

characterization test (e.g. tensile test). 
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2.5.2 Dispersion induced by the indenter 

The geometry of the indenter strongly influences the extent of the deformed area. It is 

therefore possible that there is an impact of the indenter shape on the indentation curves 

dispersion. This variation of shape can be the result of the indenter geometry evolution 

following a phenomenon of wear or using different indentation tips according to the 

application and the material. These effects of the indenter morphology will be studied in this 

section. 

2.5.2.1 Wear indenter effect 

In this section two Berkovich indenters were compared. The first Berkovich was used only 

few times before this study (including the calibration procedure). Therefore this indenter was 

considered sharp. The second Berkovich indenter was used about two years. This indenter 

was considered worn. Both indenters, the sharp and the worn, were fully calibrated for this 

study. The objective of this analysis is to understand the effect of the wear in the Berkovich 

indentation. These two indenters were captured by AFM to estimate the rounding of the tip 

on each (Fig. 2.30). The sectioning of both indenters was made in the same way as the 

residual imprint. The tip radius of the sharp indenter is 500 𝑛𝑚, while the radius of the worn 

indenter is 1200 𝑛𝑚.  

 
Fig. 2.30. Berkovich tip by AFM: (a) sharp tip and (b) worn tip. 

The 50 indentations where applied, using the same protocol, on a single line in the horizontal 

direction, with spaces of 35 µ𝑚 between them. After the nanoindentation test, an AFM 

capture of one the residual imprint was taken and analyzed. 

The curves obtained with the sharp indenter are shifted to the right (Fig. 2.31). That means 

that the indentation depth is influenced by the wear of the indenter. This evolution of the 

indentation curves according the indenter wear does not affect the usual measurements of 

hardness and Young's modulus because a calibration procedure is applied regularly. 
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However, it can affect properties determined by other methods such as inverse analysis to 

characterize plastic behavior. 

 
Fig. 2.31. Indentation curves: (a) sharp, (b) worn indenters and (c) the min max and mean 

curves of both indenters. 
 

The plastic work obtained with the BKs is greater than that obtained with the BKw (Fig. 2.32 

(a)). However, the inverse is obtained for the elastic work. That means that, the larger the 

plastified volume, the smaller the elastic work. In the case of the value of the hardness (Fig. 

2.32 (f)), it seems that the value obtained with the BKw is false, because almost twice the 

value obtained with the BKs. The only explanation to this hardness error is that the function 

area estimation for the BKw is incorrect.  

 
Fig. 2.32. Statistics of indentations performed with the sharp and worn indenters. 

On the other hand, a more pronounced dispersion, in the case of a worn indenter, is 

observed for all the indentation parameters shown in Fig. 2.32. It can be concluded that the 

more the indenter is worn the more the dispersion increases. In this case, it is necessary to 

increase the number of measurements on a sample to reduce the impact of this dispersion 

on the average value. 

The residual imprints of the sharp and worn indentations are shown in Fig. 2.33. In this case 

only one section of the residual imprint was analyzed. In this figure is easy to see the 
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differences in the size of the residual imprint. But also the radius left by the indenter at the 

bottom of the imprint can be estimated. An important observation is that the height of the 

pile-up generated by the sharp indenter is higher than the pile-up produced by the worn 

indenter. That could be produced by the higher pressure in the stress field of the sharp 

indenter than in the worn indenter.   

 
Fig. 2.33. Residual imprints and their sections of:  (a) sharp and (b) worn indenters. 

 
Fig. 2.34. Pop-in events: (a) sharp indenter and (b) worn indenter. 

Fig. 2.34 displays the first 25 𝑛𝑚 of the both indenters. The sharp indenter exhibits a 

maximum elastic contact at 3 𝑛𝑚, while the worn indenter reaches the 9 𝑛𝑚. Also, in the 

worn indentation, the quantity of pop-in events is greater than in sharp indentation. Therefore 

the dispersion in the ℎ𝑚𝑎𝑥 is also influenced by the microstructural properties at the contact 

point when using a worn indenter.    

To conclude, the indentation with sharp and worn Berkovich indenters was compared. It was 

found that the value of the hardness obtained with the worn indenter is greater than the 

hardness obtained with the sharp indenter, suspecting an error on the function area in the 

case of the worn indenter.  Also, it was found that the point of transition between the elastic 

to the elastic-plastic contact in the sharp indenter is inferior to the worn indenter. Therefore 
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the geometry of the indenter plays a fundamental role in the presence of the pop-in events. 

In the literature, the tip radius of a sharp Berkovich must be inferior to 10 𝑛𝑚 [41]. The sharp 

indenter used in this experiment was used only few times before, therefore the estimation of 

the tip radius is biased. Indeed, the tip of the Berkovich indenter has not a circular shape, 

making even subjective the estimation of the tip radius using an AFM image.    

2.5.2.2 Indenter geometries effect 

The indenter geometries used in this analysis were the BKs, CC, and Sp10. A total of fifty 

indentations were applied in the same surface using the experimental conditions listed in 

Table 2.10. 

Indenter 
Fmax 
(mN) 

Loading rate 
(mN/min) 

Pause 
(s) 

Unloading rate 
(mN/min) 

BKs 50 10 10 10 

CC 50 15 10 15 
Sp10 50 7 10 7 

Table 2.10. Experimental conditions used with each indenter 

Fig. 2.35 displays the mean, max and min indentation curves for each indenter. The selection 

of the curves was done using as reference ℎ𝑚𝑎𝑥. The three indenters reach different 

indentation depths for the same load. The greater depth is reached by the CC and the 

minimum depth by the Sp10. Based in the comparison between the sharp and worn 

Berkovich indenters, is inferred that the maximum depth is reached by the CC because is the 

sharper indenter, and the lower depth by the Sp10 because is the softer.  

(a) (b) (c) 

 
Fig. 2.35. Indentation curves obtained using (a) BKs, (b) CC and (c) Sp10 indenters. 

When using homothetic indenters, the angle of the equivalent conical indenter defines the 

level of stress induced by a given force. Then, the smaller the angle, the higher the pressure, 

and in consequence increases the indentation depth. That can be seen between the BKs and 

the CC. The equivalent angle of the BKs is 70.3° and the CC is 42.2°. The BKs produced a 

mean depth of 909 𝑛𝑚 and the CC a 2529 𝑛𝑚. 

On the other hand, by observing the dispersion of the different indentation parameters 

obtained by these three indenters (Fig. 2.36), it can be seen that the greatest dispersion is 

obtained by the CC and the weakest by the Sp10. This means that the more the indenter is 

acute then the measurement is sensitive to surface roughness, contact point, microstructural 

heterogeneities, etc. Hence, the increase in dispersion observed in this case. 

An important effect is observed in the elastic work (Fig. 2.36 (e)). The value of the mean 

elastic work of the three indenters is relatively close; however the greatest corresponds to 

the Sp10. This suggests that a large amount of the indentation load is stored in form of 
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elastic energy on the indented point. Finally, this parameter is more sensitive to surface 

preparation than the indenter shape. 

 
Fig. 2.36. Statistics of the indentation parameters obtained with the three indenters. 

2.5.3 Scale effect on dispersion 

2.5.3.1 Indenter dimensions effect 

Unlike the previous case, the same indent will be applied in this paragraph: it is a spherical 

indenter with different radius. Four radius values will be studied: 2, 10, 50 and 100 𝜇𝑚. Fifty 

indentations were performed with each radius. All the indentations were applied in the same 

surface, assuring the necessary space between each indentation point. The Table 2.11 

summarizes the experimental set up used on each indenter. There is no calibration 

procedure in spherical indentation. 

The loading force applied to each indenter was selected to ensure different values of the 

indentation strain ratio 𝑎/𝑅. In this study, the value of 𝑎/𝑅 decreases as the indenter radius 

increases. The minimum 𝑎/𝑅 was imposed for the maximum loading force of the machine, 

applied to the Sp100. In this sense is important to note that this indenter (Sp100), at 

maximum load force of the machine, does not reach a fully developed plastic contact, which 

occurs when 𝑎/𝑅~0.16 [42]. 

Tip Fmax (mN) Loading rate (mN/min) Unloading rate (mN/min) 

Sp2 8.00 5.00 5.00 

Sp10 50.00 7.00 7.00 
Sp50 300.00 50.00 50.00 

Sp100 450.00 70.00 70.00 
Table 2.11. Experimental conditions used with each indenter 
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The hardness measured with the four indenters is different (Fig. 2.37 (c)). The highest value 

is obtained with the Sp2, then, this parameter decreases when the indenter radius increases, 

and finally, stabilizes around a radius of 50 𝜇𝑚. That could be related to the scales effects 

(smaller is stronger) [43]. Elastic and plastic work naturally increases by increasing the 

deformed area (Fig. 2.37 (a) and (b)). 

Derived from these observations, the progressive increase in the slope of the unloading 

branch of the indentation curve can be explained. That is, as the 𝑎/𝑅 decreases, the volume 

plastically deformed decreases, then there is an increase in the elastic energy stocked in the 

indentation point. For example, the Sp50 and the Sp100 has a plastic work of the same 

order, however the elastic work of the Sp100 is 1.9 times the elastic work of the Sp50.  

Other form to see this effect is comparing the percentage of the elastic work respect to the 

total work. The maximum 𝑎/𝑅 is for the Sp2, and the minimum 𝑎/𝑅 is for the Sp100; for the 

Sp2 the percentage of the elastic work is 7.9 % while for this same ratio is 35 % in the Sp100.   

A natural effect of the increase in the radius of the spherical indenter tip is the increase of the 

loading force required to produce the same 𝑎/𝑅. That can be observed, for example, in the 

maximum depth produced by the Sp100 and the maximum depth produced by the Sp10. 

Here, the indentation depth has a difference of 187 𝑛𝑚, but in force has 400 𝑚𝑁 of difference 

(near to the limit of the machine).  

(a) (b) (c) 

   
Fig. 2.37. Statistics of the indentation parameters performed with spherical indenters. 

The Table 2.12 presents the standard deviation in form of percentage of the mean to 

facilitate the comparison between the indenters. In general, the greater dispersion is 

obtained with the Sp2 (slight increase). That is because the characteristics of the indented 

point at this scale are different, e.g. the number of dislocations, the crystallographic 

orientation among others. Then when the size of the indenter is increased, all these material 

features tend to be the same. Generally, it can be deduced that the indenter size does not 

influence the dispersion  

Tip S (%) Wtotal (%) Wplast (%) Welast (%) hmax (%) hp (%) H (%) Ap (%) 

Sp2 3.85 3.87 4.27 4.17 3.21 3.71 3.15 3.13 

Sp10 3.17 3.63 4.52 3.57 3.15 4.08 3.47 3.52 
Sp50 2.29 1.95 2.80 2.47 1.83 2.60 2.23 2.28 

Sp100 2.08 2.60 4.44 2.20 2.48 3.95 4.10 4.05 
Table 2.12. Standard deviation of each indentation parameter in % of the mean 

Fig. 2.38 shows the min, max and mean indentation curves obtained in the experimental 

work. It was found a visible difference between the loading curves of the Sp2 compared with 

the Sp10, Sp50 and Sp100. Also the unloading curve exhibits a progressive change in the 
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slope as the radius of the indenter increases. That can be verified in the Fig. 2.37 (c). In the 

Sp10, Sp50 and Sp100, the loading curve seems to have a parabolic form, but that is not the 

case for the Sp2. This response is hard to be explained, because the geometry is not the 

only difference between the indenters, also the material is different: the Sp2 is made in 

diamond, and the Sp10, Sp50 and Sp100 are made in tungsten.  

Finally, the pop-in event is visible only in the curves produced with the Sp2 indenter (Fig. 

2.38 (a)). From the indentations performed with the worn Berkovich indenter and the Sp2, it 

can be stated that the pop-in event is related to a very small and smooth initial contact area.     

 
Fig. 2.38. Indentation curves obtained with the spherical indenters and their initial portion of 

the loading curve: (a) Sp2, (b) Sp10, (c) Sp50 and (d) Sp100. 

Fig. 2.39 displays the residual imprints captured by AFM of each indenter and their 

respective profiles. In this case, four profiles were extracted from each residual imprint. As 

each profile can have two asymmetrical pile-ups, only the highest of them was selected. 

 
Fig. 2.39. Residual imprint and profiles obtained with each spherical indenter: (a) Sp2, (b) 

Sp10, (c) Sp50 and (d) Sp100. 
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Is important to note that the highest Pile-up was produced by the Sp2, which also has the 

maximum 𝑎/𝑅. The minimum Pile-up was produced by the Sp100. That means that the 

height of the Pile-up is directly linked with the developed plastic zone. In fact as explained in 

[4], in a fully developed plastic contact, the plastic flow reaches the free surface to embrace 

the region around the indenter. However this statement can be debated in this study. While it 

is true that the Sp100 produces the smallest Pile-up, at the same time produces a Pile-up 

that is not far from the highest. Then, as the size of the indentation is smaller than the mean 

size of the grain, there is a good probability to have indented a single grain. That is very 

important, because in the crystal deformation, the main mode of the plastic deformation is 

the crystallographic slip. Therefore it can be assumed that the plastic flow was emerged to 

the surface in the form of a crystallographic slip, producing a plastic zone which not 

necessarily embraces the indenter. This effect is clearly visible in the residual imprint of the 

Sp2. Under this light, the height of the pile up is imposed by the crystallographic 

characteristics of the indented point, and the stress exerted in that point.   

To conclude concerning the dispersion, in general, the lowest percentage is produced by the 

Sp50 and the highest by the Sp2. Taking into account the ratio 𝑎/𝑅, the nearest to the 0.16 

corresponds to the Sp50 (0.17) while the Sp2 is 0.55. It means that the plastically deformed 

zone of the Sp2 is proportionally greater than the zone of the other indenters. This implies 

that more crystallographic planes are activated in the indentation with the Sp2 in proportion 

to the other indenters. Moreover the probability of the interaction of the plastic flow between 

several grains increases. At the end, this two factors fall in to a proportional increase in the 

interactions, which introduce more dispersion in the data. Also is important to remark that the 

dispersion in the hardness measured with the Sp100 is the largest as well as the projected 

contact area. This is a consequence of the variations in the plastically deformed zone, 

because the Sp10 does not meet the criteria established in [42].   

2.5.3.2 Indentation depth effect 

This section presents the implementation of an experiment method used to understand the 

effects of the indentation depth on the experimental dispersion. Fifty indentations were 

applied at seven different loading forces. All the indentations were performed using the BKs 

in the same surface of the 316𝐿, prepared by vibratory polishing. The loading rate (10 𝑚𝑁/

𝑚𝑖𝑛), the pause (10 𝑠) at max load and the unloading rate (10 𝑚𝑁/𝑚𝑖𝑛) were held constant 

in all experiments and whatever the depth. 

Fig. 2.40 presents the statistics of the indentation parameters obtained from indentation test 

for each loading force. The measured hardness (Fig. 2.40 (f)), has a difference of 338 𝑀𝑃𝑎 

between the 1 𝑚𝑁 and the 400 𝑚𝑁  loading force, exhibiting a decrease in the hardness as 

the loading force increases. Also the contact stiffness changes with the force (Fig. 2.40 (c)), 

making an increase in the slope of the unloading curve. As the force is gradually increased, 

there is an increase in the indentation work and in the indentation depth. This mechanical 

response is linked to the Indentation Size Effect (ISE). In [44] the ISE is classified in three 

categories: Normal ISE (decay of the hardness with the increase in the indentation depth), 

Conventional plasticity (the hardness remains constant), and the reverse ISE (increase in the 

hardness with the increase in the indentation depth). According to this classification, the 

results obtained in this study correspond to the normal ISE. One of the most used model to 

explain the ISE is that proposed by Nix and Gao [43]. Their model is based on a 

Geometrically Necessary Dislocations (GND). Dislocations must be near to the deformed 

point to accommodate the displaced volume of matter under the indenter. According to the 
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model, the GND and the Statistically Stored Dislocations (SSD) produced in the uniform 

straining produces an extra hardening component that becomes larger as the contact size 

decreases.   

 
Fig. 2.40. Statistics of the indentation parameters obtained from the seven indentation forces. 

From the point of view of the dispersion, the relative standard deviation exhibits a decrease 

in all the magnitudes. In this case, the reduction in the dispersion with the increase of the 

indentation depth is related to the different microstructural interactions at each depth. For 

example, when the indentation depth is small, only few slip systems of the crystal are 

activated, then the probability of have a different mechanical response from one point to 

other is large. In fact the response at this scale is strongly linked with the crystallographic 

characteristics of the indented point, which produces random deformation fields. On the 

middle range of depth, the quantity of activated slips on each indented point is more or less 

the same; however the interaction with the other grains is introduced. On large indentation 

depths, a quantity of grains with different characteristics is deformed, the plastified volume 

becomes the same, and the deformation field becomes uniform. The indented area can be 

considered as representative volume, where the dispersion is inherent to the process which 

the raw material was subjected (porosities, rolling direction). 

 
Fig. 2.41. Indentation curves obtained from the seven indentation forces. 
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The Fig. 2.41 displays the indentation curves corresponding to each indentation loading 

force. In these curves it is easy to visualize the increase in the slope of the unloading curve. 

It could be related to the ratio between the volumes deformed plastically and elastically under 

the indenter at the beginning of the unloading stage. On this relation, as the volume 

deformed plastically decreases, the elastic deformation released at the unloading stage, 

displaces the plastified volume at greater distances, producing a decrease on the slope of 

the unloading curve. 

In the Table 2.13 are listed the relative standard deviation for each indentation load 

expressed as a percentage. Compared to the 1 𝑚𝑁, all the quantities have a minimum 

relative standard deviation when the indentation force is 400 𝑚𝑁. Therefore the best 

estimation of the mean hardness corresponds to the measure performed at 400 𝑚𝑁. 

Force (mN) Wplast (%) hmax (%) S (%) hp (%) Welast (%) H (%) 

1 2.72 2.85 5.72 3.48 4.87 6.34 

3 2.91 2.09 4.23 2.37 3.11 4.14 
5 2.86 2.46 4.43 2.90 3.60 5.13 

10 3.03 2.33 6.01 2.72 5.20 4.74 
50 2.34 2.05 4.82 2.23 4.26 4.25 

100 2.43 1.95 4.34 2.10 4.24 4.03 
400 2.43 1.64 3.65 1.78 3.76 3.51 

Table 2.13. Standard deviation as a percentage of the mean 

The height of the pile-up increases with the increase of the loading force, as can be read in 

the Table 2.14. An important effect observed in the height of the pile-up, is that increases 

with the increase of the indentation depth. This response is hard to explain in the 316𝐿, 

because in the literature often the pile-up is linked to a perfect-plastic law [45].   

Force 
(mN) 

Section 1 
(nm) 

Section 2 
(nm) 

Section 3 
(nm) 

Min 
(nm) 

Max 
(nm) 

hp 
(nm) 

1 - - - - - - 

3 13.49 13.89 21.71 13.49 21.71 101.21 

5 41.61 22.58 22.47 22.47 41.61 170.34 

10 46.53 53.28 71.49 46.53 71.49 360.23 

50 101.44 120.59 45.74 45.74 120.59 875.42 

100 208.35 129.06 147.65 129.06 208.35 1330.00 

400 273.10 157.12 60.19 60.19 273.10 2617.00 

Table 2.14. Hight of the pile-up on each section of the residual imprint 

 Conclusion 2.6

This chapter presented, firstly, the nanoindentation system used in the experimental work of 

this Thesis. The configuration of the machine was defined experimentally. It was found that 

high values of the loading rate can have a great impact on the nanoindentation curve. Then, 

the sources of dispersion associated to the sample preparation, the indenter geometry and 

the size of the indentation were investigated. 

Concerning the sample preparation, it was found that the mechanical machining process 

induces transformations in the top layer of the material (200 𝜇𝑚) changing the mechanical 

response measured with the instrumented nanoindentation, increasing the value of the 

hardness and inducing a pile-up effect. The dispersion in the measurements is high after this 
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machining process, and decreases as the affected layer is removed, to finally increases 

again. The initial dispersion is linked to the transformations of the surface induced by the 

mechanical machining process. This finding is supported by the analysis performed on a pre-

deformed surface. It was observed that the dispersion is higher in the hardened zone. On the 

other hand, the residual stress analysis made with the X-ray diffraction showed high values 

of tensile stress after the machining process. Therefore, the combination of the hardening 

and the residual stress induced high dispersion levels on the indentation measurements. 

From the point of view of the roughness, the finishing obtained with the mechanical, vibratory 

and electrolytic polishing are correct for the indentation experiments since the indentation 

experiments conducted in this section, had a depth of more than twenty times the size of the 

roughness [24]. 

Based on the sample preparation analysis, the best procedure to obtain a surface with a very 

low level of residual stress, work-hardening and roughness a finishing producing a surface 

for the nanoindentation experiments, was determined. This procedure is summarized as 

follows: 

1. Elimination of the layer modified by the mechanical machining process ((200 𝜇𝑚) 

using rough mechanical polishing,  

2. Mechanical polishing down to a diamond liquid of 1 µ𝑚  

3. Finishing with vibratory polishing without extra weight.   

The analysis of the dispersion induced by the indenter showed that in the case of the 

Berkovich indentation, the dispersion is higher when is used a worn tip. This effect could be 

related to a greater elastic contact in the worn indentation (demonstrated by the presence of 

pop-in events). Also it was found that the pile-up in the sharp indentation is higher than in the 

worn indentation. That could be related to a higher pressure under the sharp indenter, 

making the plastic flow to reach a higher level. 

This study was accompanied by an analysis of the indentations results performed with 

indenters producing a residual imprint with different shape and similar size. The indenters 

used where the BKs, CC and Sp10. The dispersion found between them was very similar. It 

makes suppose that the dispersion is linked to a number of impacted grains at each 

indentation. On the residual imprint, it was observed that the CC produces a pile-up higher 

than the pile-up produced by the BKs, supporting the idea that the level of the pressure 

influences the height of the pile-up.   

The last important point analyzed in this chapter is the effects of the size of the indentation, 

comparing spherical indenters with different radius, and Berkovich indentations with several 

depths. It was found that the dispersion increases as the size of the spherical indenter is 

reduced or the depth of the Berkovich indenter is decreased. The mechanical response 

becomes homogenous as the volume of the tested material is increased to tend towards a 

representative volume element (RVE) of the sample. When the indenter used is small, it is 

necessary to increase the number of measuring points to increase the sampling and to 

converge towards stable data concordant with the data obtained by the RVE indentation. 
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3 Numerical modeling of the 

nanoindentation test 
 

Abstract: A finite element model of the nanoindentation test is developed: the mesh is optimized 

in the contact zone, the refinement transition zones are defined and the final size of the specimen is 

established, all using an axisymmetric model. Based on the optimized axysimetric model is defined a 

full 3D model and its reduced version. The study is extended to all the indenters used in the 

experimental nanoindentation. The effects of the rigid, elastic, friction and frictionless indentation are 

verified for all the indenters and all combinations. The representative strain linked to each indenter is 

investigated. Results provide a high efficient finite element model, useful for inverse analysis based on 

optimization algorithms.       
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 Introduction 3.1

The finite element method (FEM) is the primary tool of computational indentation analysis. 

This method could account the nonlinear finite deformation due to contact, and establish 

relationships between indentation responses, material properties, and indenter geometries. 

The strain gradient effect [46] is usually ignored by assuming that the indentation depth is 

sufficiently deep so that the continuum mechanics still applies to the bulk specimen. The rigid 

contact surface option is usually used to simulate the rigid indenter, and the Coulomb’s 

friction law can be easily embedded. In fact, friction is a minor factor for indentation [47] as 

long as this value is relatively small. When the Coulomb’s friction coefficient is less than 

about 0.15 the contact solution is close to that of frictionless indent. This has been verified by 

the studies of Bucaille et al. [48] and Wang et al. [49, 50]. 

In order to reduce computational cost, most researchers reduce the indentation problem to 

axisymmetric. Previous numerical work has shown that the loading and unloading 𝑃 − ℎ 

curves are almost the same for pyramidal and conical indentations, as long as the ratios of 

cross-sectional area to depth are the same for these two types of indenters [47]. To simplify 

the analysis, the sharp pyramidal indenter is usually modeled as a rigid cone with half-angle 

 𝛼 =  70.3°, the ratio of cross-sectional area to depth is the same as for a widely used 

Berkovich or Vikers indenter [47]. Other variants of 𝛼 are also commonly used in the 

indentation analyses [48, 51, 52, 53] such as: i) 𝛼 =  60° (Rockwell tip), ii) 𝛼 =  63.14°(the 

cross-sectional area is half of that of the Berkovich indenter) and iii) 𝛼 =  75.79° of that of the 

Berkovich tip), etc. For other common shapes such as spherical or conical, the indentation 

analyses are naturally axisymmetric. 

However, in many other cases axisymmetry does not hold, such as in anisotropic and 

inhomogeneous materials, and special indentation cases where indenter is close to 

specimen boundary, indentation inducing surface radial fracture [54] or when uniaxial in-

plane residual stress present [55], etc. In those cases three dimensional meshes must be 

used. 

Two key issues should be noted during indentation modelling:  

- First, the effect of boundary (specimen size) has a profound effect on the resulting P-

h curve; a rule of thumb is that the specimen size should be at least 50 times larger 

than the maximum indentation depth (in all directions) so as to eliminate the boundary 

effect. Otherwise, the boundary effect is more prominent on indentation stiffness 

compared with indentation hardness.  

- Second, the mesh must be sufficiently refined below the indenter. A typical plastic 

zone has a radius of about two times the contact radius, and the mesh needs to be 

sufficiently refined within this region. Since the indenter would contact the surface 

nodes one by one, the spacing between the nodes dictates the resolution of key 

indentation measurements such as stiffness and hardness. Away from the indenter, 

the mesh can become coarser. 

In this chapter we will try to take into account these precautions to establish FE models 

adapted to our case studies. Indeed, the objective of the thesis is to develop reliable 

identification strategies to characterize the mechanical behavior of the studied material at 

several scales ranging from a crystalline plasticity model to empirical macroscopic models 

describing the isotropic hardening. These strategies are based on inverse methods using a 
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high number of FE simulations. In this case, the natural choice will be towards axisymmetric 

models that are less expensive in terms of computation time. However, these models do not 

make it possible to take into account certain data such as the residual imprint. Likewise for 

crystalline plasticity, these models are not valid to take into account the integrated anisotropy 

by the crystalline orientation. Finally, the identification strategies that will be developed in the 

following chapters are very time-consuming. It is, therefore, essential to focus on the 

development of a reduced 3D model and to optimize the calculation time. 

The objective of this chapter is to obtain a reliable axisymmetric and 3D FE models able to 

reproduce with high resolution the nanoindentation data. Then, we try to develop reduced 3D 

models allowing to taking account some data like the residual imprint while reducing the 

computation time. These FE models will be integrated later in optimization algorithms 

(gradient or multi-objective). 

Firstly, the modeling of the specimen will be detailed. The size of the specimen considering a 

rigid indenter will be studied. Mesh convergence and mesh refinement at the contact point 

will be discussed. Then, the indenter will be modeled as a deformable body by analyzing its 

size. Other aspects, as the use of a parameterized model, the equivalence between the 

axisymmetric and the 3D model and the reduction of a 3D model will be studied. The 

interaction between the indenter and the specimen will be modeled using the Coulomb’s 

friction law to assess the impact on the loading curve on each indenter. Finally, the 

representative strain will be determined and discussed for each geometry 

   Axisymmetric FE modeling of the nanoindentation test 3.2

The FEM model was generated using a Python script as an axisymmetric configuration (Fig. 

3.1). The indenter was modeled as an analytical rigid wire. A reference point attached to its 

geometry imposed a fixed displacement ℎ𝑚𝑎𝑥 = 500 𝑛𝑚, and read the reaction force. The 

horizontal displacement of the indenter was blocked. An angle 𝛼 = 70.3° generated an 

equivalent Berkovich indenter [45]. 

The specimen was modeled as an axisymmetric deformable shell. The size of the specimen 

was 3 ℎ𝑚𝑎𝑥 in both height and width. The horizontal displacement in the axis of symmetry 

was blocked, and the bottom was clamped. The specimen was meshed using 𝐶𝐴𝑋4𝑅 

elements with reduced integration and hourglass control. The mesh was generated using a 

structured technique with quadrilateral elements. Local seeds by number were applied in the 

four edges of the specimen. 

The elastoplastic behavior of the specimen was defined by the power law [8]: 

 𝜎 = 𝜎𝑦 (1 +
𝐸

𝜎𝑦
휀𝑝)

𝑛

 (3.1) 

where 𝜎 is the true plastic stress, 𝜎𝑦 is the elastic limit, 𝐸 is the elastic modulus, 휀𝑝 is the 

plastic strain and 𝑛 is the hardening exponent. The Poisson ratio was set to 𝜈 = 0.3, the 

elastic modulus 𝐸 = 180 𝐺𝑃𝑎, the elastic limit 𝜎𝑦 = 148 𝑀𝑃𝑎 and the hardening exponent 

𝑛 = 0.278 [12]. 
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Fig. 3.1. Schematic representation of the axisymmetric Finite Element Model. 

The contact between the indenter and the specimen was set using the indenter as the 

master surface and the upper surface of the specimen as the slave. The tangential behavior 

was set as frictionless and the normal behavior was defined as “hard contact”. 

3.2.1 Optimization procedure of the FE model 

The computational time and the precision of the FE model were optimized through a 

procedure involving four steps (Fig. 3.2): 

- Mesh size optimization at the contact point,  

- Meshing strategy selection,  

- Refinement position definition and  

- Specimen size definition     

 
Fig. 3.2. Sequence of steps used to optimize the finite element model: (a) mesh size 
definition at the contact point, (b) meshing strategy selection, (c) refinement position 

definition and (d) specimen size definition. 
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This procedure was applied, initially, in a rigid indenter. Then, the analysis was extended to 

the elastic indenter. Finally, the frictional effects were studied in both rigid and elastic 

indentations. The four steps were performed using a coupling of Matlab and Abaqus, as 

explained below. 

3.2.1.1 ABAQUS-MATLAB integration 

This work is based on the coupling between Abaqus and Matlab. Matlab acts as a master 

and Abaqus as slave (Fig. 3.3). Each entity has a specific role based on the tasks performed 

at run time. Matlab is responsible to launch the routine, and its role is done in two times. In 

the first time generates the finite element parameters (FEP) used by Abaqus. In the second 

time uses the finite element results (FER) to perform the post-treatment. Based on the FER, 

it launches a new simulation or finishes the routine. The role of Abaqus is also performed in 

two times. In the first time it takes the FEP generated by Matlab and executes a new 

simulation. In the second time generates the specific outputs used by Matlab.        

 
Fig. 3.3. Interaction between Matlab and Abaqus. 

Abaqus can be used in two ways: using the Python interpreter, or using an input file (Fig. 

3.4). In this procedure, the Python interpreter was used through scripts.  

 
Fig. 3.4. Abaqus interface [56]. 
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The results of the simulation are stored in a database (referred as the odb). An efficient 

method to extract the data from the odb is by building a custom Python script and writing the 

results to a text files.   

In summary, the whole pattern in the integration of Matlab and Abaqus is as follows: to 

transfer the FEP, Matlab writes data files containing the parameters, then these files are read 

by the Python script and transferred to their destination in the FE model. Then, the simulation 

is executed in Abaqus and the odb is generated. A custom Python script reads and writes in 

text files the specific results needed to solve the problem. Matlab evaluates the simulation 

data and decides if launch a new simulation or finish the routine. 

3.2.2 Optimization of mesh size at the contact point 

To analyze the mesh convergence, a coupling between Matlab and Abaqus is used in a loop 

algorithm (Fig. 3.5 (a)). The algorithm uses three main parameters to evaluate the 

performance of the FE model: a) the number of simulations, b) the time required to complete 

the current simulation, and c) the correlation between the last and the current loading curve. 

The number of simulations has two interpretations: from the point of view of Matlab and from 

the point of view of Abaqus. In Matlab, the number of simulations is a count of how many 

times the FE model has been executed. In Abaqus, the number of simulations is interpreted 

as the number of elements in the vertical and horizontal edges of the specimen. The number 

of elements in the specimen can be expressed as: 

 𝑄 = 𝑛2 (3.2) 

where 𝑄 is the number of elements in the model and 𝑛 is the number of the executed 

simulations. This expression is illustrated with an example in the Fig. 3.5 (b). 

The computational time required to compete the simulation is measured from the start to the 

end of the simulation. The FE model is generated from a Python script, meaning that must be 

interpreted by Abaqus before to start the simulation and that takes some time. The total time 

is given by: 

 𝑇𝑡 = 𝑇𝑖 + 𝑇𝑠 (3.3) 

where 𝑇𝑡 is the total time from the start to the end of the simulation, 𝑇𝑖 is the time consumed 

by the interpreter and 𝑇𝑠 is the time used by FE simulation. In this analysis the size and the 

complexity of the model is so small that the interpretation of the script takes only a fraction of 

second, therefore 𝑇𝑖 can be neglected.  

The stop criterion of the algorithm depends on the value of the correlation between the last 

and the current loading curve, which is expressed by: 

 𝑅2 = 1 −
∑(𝑦1 − 𝑦2)

2

∑(𝑦1 − �̅�)2
 (3.4) 

where 𝑦1 is the last loading curve, 𝑦2 is the current curve and �̅� is the mean of the last 

loading curve. The determination of the correlation requires two curves, for this reason in the 

algorithm is evaluated if 𝑛 > 1, forcing a new simulation at the start of the algorithm. The 

algorithm stops when 𝑅2 = 1. 
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The increment in the number of elements in the FE model produces a different quantity of 

points in the table of the loading curve between the last and the current simulation. To make 

possible the calculation of 𝑅2, an interpolation is needed. Matlab offers a built-in function: 

𝑖𝑛𝑡𝑒𝑟𝑝1(𝑥, 𝑣, 𝑥𝑞) [57]. This function needs three input arguments: the vector of the sample 

points 𝑥, the vector of the corresponding values 𝑣(𝑥), and the vector of coordinates of the 

query points 𝑥𝑞. In this problem 𝑥 is the indentation depth, 𝑣 is the loading force and 𝑥𝑞 is a 

vector of points uniformly distributed along the axis of displacement. The vector 𝑥𝑞 contained 

800 points between 0 𝑛𝑚 and 500 𝑛𝑚 (the maximum indentation depth). 

 
Fig. 3.5. Algorithm used to analyze the mesh convergence: (a) block diagram and (b) 

specimen meshing. 

 

A total of 80 simulations were applied to determine the best size of the mesh at the 

indentation contact point (Fig. 3.6). The best correlation was in the simulation 75, resulting in 

an element size of 20𝑥20 𝑛𝑚.  

The time shown in Fig. 3.6 (f), exhibits an exponential increase, which is coherent with the 

exponential increase in the number of elements of the specimen. For a mesh with elements 

of a size of 20 𝑛𝑚 by side, the time to solve the model was about ten minutes.     
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Fig. 3.6. Results of the mesh refinement at the contact point. 

3.2.3 Mesh refinement method  

The literature reports three kinds of mesh refinements. In this study they are referred as 

simple reduction [58], simple reduction with diagonal [59], and structured reduction [60]. An 

example of three types of refinements is schematically illustrated in Fig. 3.7.  

The criterion used to select one of these methods is the capacity of refinement and the 

quality of the mesh that are able to generate. In Abaqus there are two strategies to create a 

mesh: structured and free. Both of them were applied to the three types of meshing. The 

CAX4R (4-node bilinear axisymmetric quadrilateral, reduced integration, hourglass control) 

elements were selected in this analysis. 

 
Fig. 3.7. Schematic representation of the most used mesh refinements in the literature: (a) 

simple reduction, (b) simple reduction with diagonal and (c) structured reduction. 

The size of the specimen was defined in 4860 𝑛𝑚 in height and width. The refinement limit of 

the simple reduction was stablished in 1620 𝑛𝑚 by side. The size of the elements inside the 

refinement at contact point was set to 20 𝑛𝑚 by side. 
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Fig. 3.8. Use of the three types of refinements on an axisymmetric model: (a) simple 

reduction, (b) simple reduction with diagonal and (c) structured reduction. 

Fig. 3.9 shows the three types of refinements. The simple reduction (Fig. 3.9 (a)), applied to 

a structured strategy, produced a mesh where all the elements had 20 nm by side, producing 

62400 elements. Applying a free meshing, the number of elements decreased to 10205. The 

simple reduction with diagonal combined with a structured strategy (Fig. 3.9 (b)), produced a 

very good mesh. However if the quantity of elements was reduced in the edges, the aspect 

ratio of the elements was severely affected. When the simple reduction with diagonal was 
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used with free meshing, the quality of the mesh is similar as the mesh produced by the single 

reduction in free meshing. The structured mesh (Fig. 3.9 (c)), produced the same mesh when 

used with free or structured meshing. An advantage of this kind of meshing is that the aspect 

ratio of the elements never was affected. Also a great feature of this method is that the 

generation of the mesh responds to the following relation: 

 𝑅𝑚 = 𝑥3𝑚 (3.5) 

where 𝑅𝑚 is the size of the element at a given reduction, 𝑥 is the length of the elements in 

the minimum refined zone, and 𝑚 is the number of refinement. For a minimum size of mesh 

of 20 nm, after five refinements the final mesh will have a size of 4860 nm. That is a useful 

relation that helps to planning the mesh and the integration of the vertical and horizontal 

limits. 

To conclude, the three types of meshing analyzed are able to generate a good mesh quickly 

and easy. The first two types are very easy to implement and even can be generated 

automatically by Abaqus, however they have not a good control of the aspect ratio and 

cannot be predicted the factor of reduction. This problem is avoided with the structured 

mesh, providing a total control on the design. Therefore this meshing method will be used in 

all the FE models used in this Thesis, including the 3D model.  

3.2.4 Location of the refinement limit 

To define where must be located the limit of the refinement, the iterative algorithm shown in 

the Fig. 3.9 (a) was implemented. First, the location of the limit parallel to the vertical axis 

was defined (Fig. 3.9 (b)), and then in the horizontal (Fig. 3.9 (c)). Both analyses were 

implemented independently. 

 

Fig. 3.9. Schematic representation of the displacement of the refinement limit: (a) algorithm, 

(b) vertical location of the refinement limit and (c) horizontal location of the refinement limit. 

In both analyses, the limit of the refinement was moved at a constant step every iteration, 

starting in the top of the specimen and moving to the bottom, and from the axis of symmetry 

of the specimen to the right. The size of the step used to move the refinement limits was 

three times the size of the refined element. The procedure was applied four times to 

establish four refinement limits.   
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3.2.4.1 Vertical position of the refinement 

Fig. 3.10 groups the results for the position in the vertical axis of the four refinement limits 

investigated in this study. Results show that the position of the first refinement (Fig. 3.10 (a)), 

is the most important; where the total distance from the free contact surface is 540 𝑛𝑚. 

 
Fig. 3.10. Position of the vertical mesh refinement limits: (a) first limit, (b) second limit, (c) 

third limit and (d) fourth limit. 

Horizontal position of the refinement (Fig. 1.11) groups the positions of the four horizontal 

refinement limits. As in the vertical position, the most important refinement is the first. The 

distance between the axis of symmetry and the first limit is 1620 𝑛𝑚 (Fig. 1.11(a)). When the 

surface is deformed by the indenter at 500 𝑛𝑚, a total of 69 elements are in contact. The 

position of the other three refinements is not impacting on the loading curve.  

 
Fig. 3.11. Position of the horizontal mesh refinement limits: (a) first limit, (b) second limit, (c) 

third limit and (d) fourth limit. 

In brief, the structured reduction is an advanced meshing technique that allows to build very 

fine meshes that evolves rapidly to a coarse meshes, making possible to create very fine 

spot meshes inside of very large specimens (as needed to modeling the nanoindentation 

test) without affecting the aspect ratio and the quality of the mesh. 

3.2.5 Specimen size definition 

The size of the specimen was defined starting from the combined dimensions in the vertical 

and horizontal directions used in the last refinement (Fig. 3.12). In this case the right and the 

bottom edges were displaced at the same constant step and at the same time until the 

loading curve remained constant.   
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Fig. 3.12. Schematic representation of the incremental resizing of the specimen. 

The specimen displayed in the Fig. 3.13 was built combining the vertical and horizontal 

structured reductions. The specimen had 6480 𝑛𝑚 in width and 4860 𝑛𝑚 in height. This 

specimen was used as the starting point to determine the optimal size of the model. In every 

new simulation a vertical and horizontal line of elements of 1620 𝑛𝑚 was added in the right 

edge, and in the bottom edge respectively. 

 
Fig. 3.13. Specimen built from structured reduction. 

Fig. 3.14 shows the results of this process. As shown in Fig. 3.14 (a), in the first six 

simulations the loading curve reaches stability. The simulation time was not severely 

affected, varying around 35 𝑠 (Fig. 3.14 (b)). The curves matched from the fifth simulation 

(Fig. 3.14 (c)), producing the final specimen size of 14580 𝑥 12960 𝑛𝑚 (Fig. 3.14 (d)). Using 

as reference the maximum indentation depth ℎ𝑚𝑎𝑥 = 500 𝑛𝑚, the width is 30ℎ𝑚𝑎𝑥
 and the 

height 26ℎ𝑚𝑎𝑥. Finally Fig. 3.14 (e) shows the distribution of the stress inside the specimen. 
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Fig. 3.14. Results of the specimen size definition. 

With this iterative procedure it was found an optimal size of the specimen used to numerically 

represent the nanoindentation test. Basically was defined a size that allows to avoid the 

effects of the edges of the specimen guaranteeing an indentation loading curve 

representative of the nanoindentation test. 

From this study was stablished the guide to build a numerical specimen to simulate the 

Berkovich indentation: 

1. The finest mesh must completely accommodate the indenter at maximum 

displacement, including additional layers of elements. 

2. In the contact between the indenter and the surface of the specimen there must be at 

least sixty elements to reproduce the loading curve with high resolution. 

3. After the first refinement, additional refinements must be applied to reduce the 

number of elements in the problem as much as possible. 

4. After the first limit, the following limits must be adjusted to allow the accommodation 

of the vertical and horizontal refinements in the model.         

5. The size of the specimen must be 𝟑𝟎𝒉𝒎𝒂𝒙 in width and 𝟐𝟔𝒉𝒎𝒂𝒙 in height. 

3.2.6 Parameterization of the specimen FE model 

The size of an indentation is determined by the applied load and the state of the local 

material properties in the surface. In this sense, to simulate different sizes of indentations, 

different FE models must be adapted to the size of the studied indentation. Based on this 

assumption, the possibility of use only one FE model to represent a wide range of indentation 

sizes was studied.  

A parameterized FE model was generated using the specifications defined in the last section. 

The master parameter was the maximum indentation depth and the slaves the dimensions of 
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the specimen. Using the maximum indentation depth as a master parameter is an easy an 

efficient way to parametrize the model. That is because the maximum depth can be obtained 

directly from the experimental indentation curve. Also as it has length units, is easy to build a 

scale factor to resize the FE model. This scale factor was obtained with the expression: 

 𝑠𝑓 =
ℎ𝑚𝑎𝑥

500
 (3.6) 

where ℎ𝑚𝑎𝑥 is the maximum indentation depth obtained from the experimental indentation 

curve, and 500 is the maximum indentation depth used to study the mesh convergence of 

the FE model. Multiplying all lengths in the FE model by 𝑆𝑓, was obtained a fully 

parameterized model.   

Six indentations depths were simulated using the parameterized specimen (Fig. 3.15). As the 

proportions of the specimen are all dependent on the maximum indentation depth, the 

deformed bodies shown in the Fig. 3.15 seems to be the same, however the displacement 

scale on each body shows the maximum indentation depth on each model. The investigated 

range of displacement covers the maximum indentation depth achieved at maximum load by 

the nanoindenter used in the experimental work, which is about 2500 𝑛𝑚 with a Berkovich 

indenter on a 316𝐿 stainless steel. 

 

 
Fig. 3.15. Indentations of different depth using a parameterized specimen. 

 



Chapter 3: Numerical modeling of the nanoindentation test 
__________________________________________________________________________ 

71 
 

In the simulation, an equivalent perfect rigid Berkovich indenter which is homothetic was 

used. The simulated material was assumed to be homogeneous and isotropic. Then, under 

these conditions the curvature of the loading curve is independent of the indentation depth 

[8]. Therefore all curves matched perfectly between them (Fig. 3.15 (a)). 

An important characteristic of the use of a parameterized FE model is that in all the 

simulations performed, the quantity of elements in contact always remained the same. As 

demonstrated before, the resolution of the loading curve depends on the quantity of elements 

in contact, therefore when using a parameterized model, the resolution of the loading curve 

is preserved in all the indentations analyzed (Fig. 3.15 (a)).    

Finally, this analysis demonstrates the use of a single FE model to represent a wide range of 

indentation depths without loss of resolution. Thus every single indentation can be simulated 

in the same conditions, removing the eventual error induced by the dispersion in the 

experimental test when using a single non-parameterized specimen and experimental data 

gathered on force controlled. But also, this demonstration opens the way to the use the same 

FE model in a multiscale approach, making a clean link between the nano, micro and macro 

indentation. 

3.2.7 Elastic indenter size definition 

Using a FE model with the hypothesis of a rigid indenter, the condition is that the indenter 

must be large enough to cover the maximum indentation depth including the height of the 

pile-up. However if the indenter is considered elastic, the loading curve could be affected 

with the changes in the size of the indenter. In this section, the indenter was assumed as an 

elastic body with the constants 𝐸 = 1141 𝐺𝑃𝑎 and 𝑣 = 0.07 [1] (Fig. 3.16 (b)). To detect the 

variations induced by the size of the indenter, the iterative algorithm shown in the Fig. 3.16 

(a) was implemented. The height of the indenter was increased by a constant length of 

550 𝑛𝑚. The initial height of the indenter was 550 𝑛𝑚, which is enough to cover the ℎ𝑚𝑎𝑥 =

500 𝑛𝑚, taking into account the height of the pile-up for the given material configuration. The 

algorithm was finished when the correlation in the loading curve reached the unity.  

 
Fig. 3.16. Algorithm and FE model used to determine the size of an elastic indenter. 
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Fig. 3.17. Elastic indenter size: (a) correlation coefficient, (b) comparison between the first 

and the last simulation, (c) comparison between the rigid and the elastic indenter, (d) height 

of the indenter and (e) displacement of the indenter. 

Fig. 3.17 shows the results of the final size of the elastic equivalent Berkovich indenter. As 

displayed in Fig. 3.17(a), the saturation is reached after ten simulations. Taking the tenth 

simulation as the limit and compared with the first simulation, Fig. 3.17(b), the correlation is 

so high that the difference between both curves can be neglected. In Fig. 3.17(c) are 

displayed the loading curves of a rigid indentation and the elastic indentation of the tenth 

simulation. The correlation between them has no significant difference. In Fig. 3.17(d) is 

shown the FE model where the size of the indenter in the tenth simulation is 5500 𝑛𝑚. In Fig. 

3.17(e) is presented the total displacement of the indenter.   

From these results can be stated that the size of the equivalent Berkovich indenter can be 

neglected when is modeled as an elastic body with the constants 𝐸 = 1141 𝐺𝑃𝑎 and 𝑣 =

0.07. This clarification is very important because in the literature often the elastic and the rigid 

indentation are used indifferently, and it was not found a clear justification for these choices.    

3.2.8 Effects of friction on Berkovich indentation 

The effects of the friction on the loading curve were analyzed numerically using a rigid and 

elastic Berkovich indenter. The analysis was performed varying the coefficient of friction, 𝜇, 

between the indenter and the specimen from 𝜇 = 0 to 𝜇 = 1 every 𝜇 = 0.1. The loading curve 

generated with 𝜇 = 0 was used as reference to compare the other loading curves.  

In Abaqus the friction is modeled using the formulation of Coulomb [61]. This formulation 

assumes that there is no relative movement if the equivalent frictional stress given by: 
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 𝜏𝑒𝑞 = √𝜏1
2 + 𝜏2

2 (3.7) 

is inferior to the critical stress, 𝜏𝑐𝑟𝑖𝑡, which is proportional to the contact pressure, 𝑝: 

 𝜏𝑐𝑟𝑖𝑡 = 𝜇 𝑝 (3.8) 

As shown in the Fig. 3.18 (a), the correlation between the loading curves of the frictionless 

model versus the loading curves of the friction-included models is very small. That is 

confirmed in Fig. 3.18 (b) and Fig. 3.18 (c), where 𝜇 = 0.1 and 𝜇 = 1 has not a visible effect 

respect the loading curve of the frictionless model. Therefore, is considered that the friction 

can be neglected in the rigid Berkovich indentation. 

 
Fig. 3.18. Effect of friction on rigid Berkovich indentation: (a) correlation coefficient, (b) 

comparaison between 𝜇 = 0 and 𝜇 = 0.1, and (c) comparaison between 𝜇 = 0 and 𝜇 = 1.  

Fig. 3.19 shows the results for the elastic indentation. The variations induced by the friction 

on the correlation in Fig. 3.19 (a), are so small that can be neglected. From Fig. 3.19 (b) and 

Fig. 3.19 (c) it can be determined that the variation in the loading curve in both coefficients 

can be neglected.  

 
Fig. 3.19. Effect of friction on elastic Berkovich indentation: (a) correlation coefficient, (b) 

comparaison between 𝜇 = 0 and 𝜇 = 0.1, and (c) comparaison between 𝜇 = 0 and 𝜇 = 1. 

Finally, the effects of the friction in the rigid and the elastic Berkovich indentations were 

investigated. It was found that there is no significant effect reflected in the loading curve and 

therefore it was considered that for a perfect Berkovich indentation, the friction can be 

neglected. 
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 3D FE modeling of the nanoindentation test 3.3

In the simulation of the nanoindentation test, often a full 3D FE model is used. Specially to 

represent the pyramidal indentation, but sometimes also is used to introduce the real 

geometry of a particular indenter. In this research the use of the 3D model is directly linked to 

the analysis of the residual imprint.  

3.3.1 Equivalence between axisymmetric and 3D FE models 

To exploit together the axisymmetric FE model and the 3D FE model, it must be ensured that 

both models are fully equivalents. A 3D model was built (Fig. 3.20), reproducing all the 

geometric characteristics and meshing of an optimum axisymmetric model (Fig. 3.21). The 

C3D8R (8-node linear brick, reduced integration, hourglass control for the 3D models) 

elements is used. 

 
Fig. 3.20. Schematic representation of the 3D Berkovich FE model: (a) boundary conditions 

and (b) top view of the model. 

The 3D specimen was partitioned using the axes of symmetry of the Berkovich indenter (Fig. 

3.21 (c)). The structured mesh is found in the face of the section of the specimen. Therefore 

to increase the number of elements in the model, the number of partitions must be increased. 

In the other hand, the section of the residual imprint can be obtained through the nodal 

displacement in the line of the axis of symmetry in the contact surface (Fig. 3.21 (c)). That is 

useful because the numerical sections can be contrasted to the residual imprint obtained 

experimentally by AFM.   

 
Fig. 3.21. Nanoindentation FE modeling: (a) axisymmetric model, (b) 3D model and (c) 3D 

model sectioning. 
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Fig. 3.22. Comparison between axisymmetric and 3D loading curves. 

Fig. 3.22 shows the loading curves of the axisymmetric indentation compared to the 3D 

indentation. The number of partitions in the 3D model was increased until the loading curve 

of both models matched. The results showed that as the number of elements in contact was 

increased, the loading curve of the 3D model approached the curve of the axisymmetric 

model, to perfectly match when it had eighteen partitions. When the specimen had eighteen 

partitions, the elements in contact were 1368 at maximum displacement. With the increase in 

the number of partitions, the computational time increased exponentially, going from twenty 

minutes with six partitions, to more than five hours with eighteen partitions. 

The residual imprint also was influenced by the number of partitions in the model, even when 

the number of nodes in the section is constant (247 of which 173 are in contact with the 

indenter). As the material used in the simulation is isotropic and homogenous, the 

deformation in the three sections of the residual imprint was the same.  

 

Fig. 3.23. Residual imprints obtained from the 3D model using different number of partitions. 
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Fig. 3.23 shows one residual imprint per model and its correlation respect models with 

different number of partitions. In Fig. 3.23 (a) was compared the model with six partitions 

versus the model with twelve partitions, there was a little difference between them. This 

difference is reduced with eighteen partitions as shown in Fig. 3.23 (b). Comparing the 

residual imprint produced with eighteen partitions versus twenty four partitions; the 

correlation is high to consider that the sections are equivalent. 

Finally, the loading curve of the 3D model generated with eighteen partitions was equivalent 

to the loading curve produced by the optimized axisymmetric model. The residual imprint 

remained constant from eighteen partitions. Therefore, the model with eighteen partitions 

was considered as the optimum.  

The hard setback of this approach is the exponential increase in the computational time with 

the increase of the number of partitions. Therefore it was investigated how the 3D model can 

be reduced without compromising the quality of the loading curve and the residual imprint. 

3.3.2 Reduction of the 3D FE model 

The use of a full 3D FE model to represent the nanoindentation is computationally expensive 

and high time consuming. The worst scenario is when is used inside of an iterative process. 

Larsson et al. [60] suggested that the Berkovich indentation can be analyzed from one sixth 

of the indenter (Fig. 3.24).  

As depicted, the section of the Berkovich indenter is an equilateral triangle, which has three 

axis of symmetry. One sixth of the Berkovich indenter is bounded by two contiguous axis of 

symmetry. The two axis of symmetry used to “cut” the indenter must be projected in to the 

specimen to obtain its correspondent sixth.  

In the Fig. 3.24 note that two axis of symmetry are called wall section and edge section. 

From the deformation occurred in the specimen along these two axes, the residual imprint is 

reconstructed. To obtain the residual imprint, the nodal displacement in the specimen along 

the axis of the wall section must be unfolded to be coincident with the axis of the edge 

section. 

 
Fig. 3.24. Schematic representation of the reduced Berkovich indentation model proposed 

by Larsson et al [60].  
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The boundary conditions necessary to complete the FE model are illustrated in the Fig. 3.25. 

In this kind of model, two systems of axes were necessary to fully stablish the boundary 

conditions. A common feature with the axisymmetric model was that the contact surface of 

the indenter was the master. The contact surface of the specimen was the slave. Also, it was 

used a reference point attached to the indenter to impose the displacement and to read the 

reaction force.  

 
Fig. 3.25. Schematic representation of the boundary conditions applied to a reduced 

Berkovich FE model: (a) specimen and (b) rigid indenter. 

 

The meshing strategy used in the reduced model was the same of the full model (Fig. 3.26). 

To reconstruct the residual imprint, the nodal displacement along the axis shown in Fig. 3.26 

(b) was used. To verify the validity of this reduction, the loading indentation curve was 

compared with the indentation curve produced by the axisymmetric model. Then, the residual 

imprint generated with the reduced model was compared with the residual imprint produced 

by the full 3D model. The total time of execution was used to compare the performance of 

the reduced model versus the full model.  

 
 

Fig. 3.26. 3D model FE model: (a) full model and (b) reduced model. 
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Fig. 3.27. Indentation loading curve of the axisymmetric model compared with the 
indentation loading curve of the reduced model with differnet number of parttions. 

Fig. 3.27 shows the comparison between the loading curve of the axisymmetric model and 

the loading curve of the reduced model. The curve produced by the model with three 

partitions matches the curve of the optimized axisymmetric model, therefore it was 

considered as the optimum. That was coherent with the analysis performed on the full model, 

where the optimum was eighteen partitions. The time required to complete the simulation 

was reduced from more than five hours in the full model to twenty minutes in the reduced 

model. 

Finally, in Fig. 3.28 are compared the residual imprints of the reduced model with the 

residual imprints of the full model. In the three cases presented, the correlation is high to 

consider both models as equivalent. From three partitions (Fig. 3.29 (c)), the correlation is 

one making a completely equivalent residual imprint. 

 

Fig. 3.28. Comparison between residual imprints produced by the 3D model and the reduced 

model with differnet number of parttions. 
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The use of 3D FE model to simulate a full Berkovich indentation with a high precision is 

computationally expensive and high time consuming. The use of a reduced 3D FE model 

helps to reduce the time to complete the simulation without loose of quality in the numerical 

data. The loading curve obtained from the reduced model is equivalent to the loading curve 

obtained from the reduced model. Also, the residual imprint produced by the reduced model 

is equivalent to the residual imprint obtained with the full 3D model. These results are in 

agreement with the analysis of the Berkovich indentation done by Larsson et al. [60].  

 Spherical, cube corner, and flat punch indentation 3.4

Previously, the procedure to build a numerical specimen adapted to the Berkovich 

indentation was stablished. Using the result of the optimization obtained in this procedure, 

the method to optimize FE modelling of  cube corner, spherical and flat punch indentation, is 

reduced to:  

- Determination of the optimum size of the elements in the contact point.  

- Determination of the denominator, 𝜗, of the scale factor able to produce the required 

element size in the contact point.  

- Determination of the size of the elastic indenter using the constants 𝐸 = 1141 𝐺𝑃𝑎 

and 𝜈 = 0.07. 

- Analysis of friction effects. 

It must be clarified that in the optimized and parametrized specimen, the size of the elements 

in the contact point was 20 𝑛𝑚, by side. Therefore, once the optimum size, 𝑆𝑒, of the mesh at 

the contact point was determined for a given indenter, the value of 𝜗 was obtained through: 

 20 (
ℎ𝑚𝑎𝑥

𝜗
) = 𝑆𝑒 (3.9) 

3.4.1 Spherical indenter 

3.4.1.1 Scale factor computing 

The mesh of the specimen at the contact point for the spherical indenter was tested using an 

axisymmetric model with a rigid indenter of a radius 𝑅 = 2 µ𝑚. The maximum indentation 

depth was set to ℎ𝑚𝑎𝑥 = 800 𝑛𝑚. Fig. 3.29 shows the results of the mesh convergence. In 

iteration 80 reached the maximum correlation. At this point the mesh had 30 𝑛𝑚 by side with 

41 elements in contact, therefore 𝜗 = 533.33.  

 
Fig. 3.29. Mesh convergence for a rigid spherical indenter of 𝑟 = 2 µ𝑚. 
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3.4.1.2 Elastic indenter size 

The indenter was modeled as a sphero-conical indenter with 𝑅 = 2000 𝑛𝑚 and the angle of 

the conical portion 𝑎𝑐 = 60°. The initial size of the indenter measured in the axis of symmetry 

was 2000 𝑛𝑚, every new simulation was incremented 500 𝑛𝑚. Fig. 3.30 shows the same 

level of the correlation coefficient for the 27 simulations. It was considered that the size of the 

indenter has no effect on the loading curve.  

 
Fig. 3.30. Correlations between the loading curve of the last and current simulation, 

depending on the size of the indenter in the case of spherical elastic indentation. 

3.4.1.3 Effect of friction 

The friction in the spherical was analyzed, varying the coefficient of friction from 𝜇 = 0 to 

𝜇 = 1 every 𝜇 = 0.1. The correlation shows that the first three simulations have the greater 

influence in the loading curve (Fig. 3.31(a1)), inducing an increase of 9.5 % in the maximum 

load when 𝜇 = 1 (Fig. 3.31(b1)). The effects of the friction in the loading curve of the elastic 

spherical indentation were the same as in the rigid indentation (Fig. 3.31(a2, b2)).  

(a1) (b1) 

 
(a2) (b2) 

 
Fig. 3.31. Effect of friction on the loading curve in rigid spherical indentation (a1, a2) and in 

elastic spherical indentation (a2, b2). 
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3.4.2 Cube corner indenter 

3.4.2.1 Scale factor computing 

The cube corner indenter was modeled as a cone with an angle 𝛼 = 42.3° [24], and ℎ𝑚𝑎𝑥 =

500 𝑛𝑚. Initially was studied with square elements; however it was found that the model did 

not converge. Then it was changed the aspect ratio making the height of the element two 

times the width. From the simulation 35 the correlation remained constant (Fig. 3.32). In 

simulation 35 the size of the elements was 20 𝑛𝑚 in width and 40 𝑛𝑚 in height, therefore 

𝜗 = 500. A total of 27 elements were in contact at maximum indentation depth.    

 
Fig. 3.32. Cube corner mesh convergence at the contact point. 

3.4.2.2 Elastic indenter size 

The starting size of the indenter was 1000 𝑛𝑚 measured in the axis of symmetry. Then every 

simulation an increase of 500 𝑛𝑚 was applied. After 23 simulations, it was determined that 

the indenter size has no effect in the loading curve of the cube corner (Fig. 3.33).  

 
Fig. 3.33. Correlations between the loading curve of the last and current simulation, 
depending on the size of the indenter in the case cube corner elastic indentation. 

3.4.2.3 Effect of friction  

The correlation drops quickly until 𝜇 = 0.3, then decays slowly (Fig. 3.34(a1)). With 𝜇 = 1, the 

maximum force in the loading curve was increased 11.5 % (Fig. 3.34(b1)). The effect of 

friction in the elastic cube corner indentation was the same as in rigid indentation (Fig. 

3.34(a2, b2)). 

(a1) (b1) 
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(a2) (b2) 

 
Fig. 3.34. Effect of friction in rigid cube corner indentation (a1, a2) and in elastic cube corner 

indentation (a2, b2). 

3.4.3 Flat punch indenter 

3.4.3.1 Scale factor computing 

The Flat punch indenter was modeled as a rigid body with a radius of 5000 𝑛𝑚 and an angle 

of the conical section of 𝑎𝑓𝑝 = 30°. The maximum indentation depth was ℎ𝑚𝑎𝑥 = 5000 𝑛𝑚, 

the size of the specimen was three times the maximum indentation depth. A total of 72 

simulations were performed (Fig. 3.35). The optimum element size was 200 𝑛𝑚, therefore 

𝜗 = 500. At maximum indentation depth there was 27 elements in contact.  

 
Fig. 3.35. Mesh convergence at contact point in a Flat punch indentation. 

3.4.3.2 Elastic indenter size 

The initial size of the indenter was 4000 𝑛𝑚 measured in the axis of symmetry. Every 

simulation was added 500 𝑛𝑚 to the height. A total of 20 simulations were performed to 

reach an indenter size of 14000 𝑛𝑚. It was not found influence of the indenter size on the 

loading curve. 
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3.4.3.3 Effect of the friction 

The correlation decreased quickly to remain constant from 𝜇 = 0.4 (Fig. 3.36(a)). With a 

friction coefficient 𝜇 = 1, the maximum load increased 15.4 % (Fig. 3.36(b)). In the case of 

the rigid indentation, the effect of the friction was the same as in the rigid indentation (Fig. 

3.36(a2, b2)). 

(a1) (b1) 

 
(a2) (b2) 

 
Fig. 3.36. Effect of friction in the rigid flat punch indentation (a1, b1) and elastic flat punch 

indentation (a2, b2). 

 Representative strain 3.5

Initially, Tabor found that for a given geometry of indenter the strain distribution induced on 

metals is similar [63]; and, therefore, there is only one value of strain linked to such 

geometry. For example, for the Vickers indentation, a value of 휀𝑟 = 8% and its corresponding 

value of stress is about 3 𝐻𝑉. These two values makes one point in the true strain-true stress 

curve of the tested material, and are known as representative stress 𝜎𝑟 and representative 

strain 휀𝑟. In general Johnson [63] defined the representative strain in conical indenters as: 

 휀𝑟 = 0.2𝑐𝑜𝑡𝛼 (3.10) 

Using dimensionless functions, Dao et al. [8] found that the representative strain for a 

Berkovich indenter is 3.3 % true plastic strain; then all power laws exhibiting the same true 

stress at 3.3 % true plastic strain, produce the same indentation loading curve (Fig. 3.37).   
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Fig. 3.37. Representative strain of Berkovich indenter: (a) true stress-true strain and (b) 

indentation curve. 

Based on the work of Dao et al. [8] and Bucaille et al. [48] studied indenters with others 

angles. They found 휀𝑟 = 0.0537 for an angle 𝛼 = 60°, 휀𝑟 = 0.082 for an angle 𝛼 = 50° and 

휀𝑟 = 0.126 for an angle 𝛼 = 42.3° (cube corner indenter). Based on this study, they found that 

the representative strain is better described by the expression: 

 휀𝑟 = 0.105𝑐𝑜𝑡𝛼 (3.11) 

That is very important because this fact contributes to the problem in the lack of unicity of the 

determination of the plastic properties by inverse method, meaning that one indentation 

curve may produce an infinite number of 휀 − 𝜎 curves.  

For the spherical indenters, Tabor [63] proposed that the representative strain is expressed 

by the ratio between the radius of the sphere and the radius of the projected contact circle 

given by the equation: 

 휀𝑟 = 0.2
𝑎

𝑅
 (3.12) 

An important aspect of the spherical indentation is that the representative strain increases as 

the indentation depth increases. Also in spherical indenters the transition between the elastic 

to the plastic regime is smooth, making the spherical indentation the preferred to determine 

the elastic limit [17]. 

 
Fig. 3.38. Nanoindentation inverse analysis: (a) optimization algorithm and (b) axisymmetric 

FEM model. 
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Using an inverse method based on non-linear least squares optimization (Fig. 3.38), the 

loading curve of the Berkovich, Cube corner, Spherical and Flat punch were analyzed. All of 

them modeled as axisymmetric rigid perfect indenters. These FEM models were built in 

Abaqus, using a master-slave contact between the indenter and the specimen, and a 

frictionless tangential behavior. For each indenter, the inverse method was executed two 

times from different initial parameters. The objective indentation loading curve was generated 

using an exponential law (Hollomon [18]) with the parameters 𝑛 = 0.278, 𝜎𝑦 = 148 𝑀𝑃𝑎 and 

𝐸 = 180 𝐺𝑃𝑎. This curve was called “Pseudo data”. In the inverse method, the elastic 

modulus was fixed for all cases in 𝐸 = 180 𝐺𝑃𝑎. 

Table 3.1 lists the results of the inverse method for the Berkovich, Cube corner and Flat 

punch indenters. The results confirm the lack of the unicity when using only the loading curve 

of the indentation test.  

 Berkovich Cube corner Flat punch 

𝜺𝒓 0.026 0.077 0.055 

Table 3.1. Representative strain of different indenter tips identified using inverse analysis  

According with the work performed by Bucaille et al. [48] and Dao et al. [8], and the results 

obtained by inverse method in this section, it must be used several indenter geometries to 

describe correctly the elastic-plastic behavior of metals. In the other hand, the representative 

strain for the Berkovich and Cube corner indenters is not coincident with that found by 

Bucaille et al. That is because they used the same elastic-plastic law, but with 24 different 

combinations of elastic-plastic properties making an accurate detection of the representative 

stress. 

In the case of the flat punch, after the first 200 𝑛𝑚 indentation depth, the slope of the loading 

curve remained constant, from that it was supposed that the strain field corresponded to a 

conical indenter, because is a truncated cone and not a cylinder. 

The spherical indenter was study using a radius of 2000 𝑛𝑚, and three different indentation 

depths: 500 𝑛𝑚, 1000 𝑛𝑚 and 1500 𝑛𝑚. Pseudo data was generated from the same 

parameters used before. The results confirm the evolution of the representative strain as the 

indentation depth increases (Fig. 3.39).  

 
Fig. 3.39. Results of the inverse method for the Spherical indenter of a radius of 2000 𝑛𝑚 

and three different indentation depths: (a) 500 𝑛𝑚, (b) 1000 𝑛𝑚 and (c) 1500 𝑛𝑚. 
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However, using the Eq. (3.12) to calculate the representative strain, the values are not the 

same as such inferred from the numerical study (called FEA 휀𝑟), as shown in the Table 3.2. 

 𝒉𝒎𝒂𝒙 = 𝟓𝟎𝟎 𝒏𝒎 𝒉𝒎𝒂𝒙 = 𝟏𝟎𝟎𝟎 𝒏𝒎 𝒉𝒎𝒂𝒙 = 𝟏𝟓𝟎𝟎 𝒏𝒎 

FEA 𝜺𝒓 0.05 0.118 0.158 

Calculated 𝜺𝒓  0.137 0.184 0.2 

Difference 0.087 0.066 0.042 

Table 3.2. Representative strain Inferred from the numerical analysis compared with the 

representative strain calculated using the relation 0.2𝑎/𝑅 

From this table, it can be say that the methodology of Dao et al. [8], or Bucaille et al. [48] 

must be used to determine accurately the representative strain of a given spherical 

indentation depth. That means that is not possible to determine the representative strain 

using an inverse method with only one material.   

 Conclusion 3.6

The finite element simulation of the nanoindentation test was performed in this chapter. 

Several conclusions could be drawn: Firstly, the quality of the indentation curve and the 

residual imprint obtained by simulation is highly dependent on the amount of the elements in 

contact between the indenter and the specimen at maximum indentation depth. Then, the 

simulation of the nanoindentation requires a specimen of large dimensions with a high 

density of elements in the contact point. It was found that the best meshing strategy is the 

structured with several refinements. The best size of the specimen was determined in 

30ℎ𝑚𝑎𝑥 𝑋 26ℎ𝑚𝑎𝑥.  

Otherwise, the use of an axisymmetric model to simulate the nanoindentation test is a 

common practice. This kind of FE models are perfectly equivalent to 3D FE models, but must 

be matched through the indentation curve. Some authors use a full 3D FE model to 

represent the Berkovich indentation [8, 60]. The use of a sixth of the Berkovich indenter [60], 

reduced from more than five hours to twenty minutes the time to solve the model, producing 

the same indentation curve and the same residual imprint.  

Furthermore, using a parametrized FE model the number of elements in the contact 

remained sufficient, and the quality of the indentation curve remained constant, allowing the 

use of a single FE model to analyze a wide range of indentation depths and eventually on a 

multiscale approach.  

On the other hand, the use of an elastic indenter does not had difference compared with a 

rigid indenter when used the elastic constants of diamond: 𝑣 = 0.07 and 𝐸 = 1141 𝐺𝑃𝑎. 

However, the friction coefficient between the indenter and the specimen influenced the 

loading curve depending on the indenter geometry. In conical indentation it was observed 

that decreasing the angle of the cone, the effect of the friction increased (Berkovich versus 

cube corner). The maximum effect of friction was on flat punch indentation, increasing until 

15.4 % 𝐹𝑚𝑎𝑥.  

Finally, Table 3.3 summarizes the main aspects found for the other indenters used in the 

experimental work. It was found that the number of elements in contact to produce a high 

quality loading curve is dependent on the indenter geometry and the maximum indentation 

depth. For all the indenters is possible to use a parametrized specimen adjusting the scale 

factor to the maximum indentation depth and the indenter geometry.  



Chapter 3: Numerical modeling of the nanoindentation test 
__________________________________________________________________________ 

87 
 

Specimen 𝒉𝒎𝒂𝒙 (𝒏𝒎) 𝝑 
Refinement 

size (nm) 
Contact 
elements 

Friction 
effect  

Elastic 
indenter size 

effect 

Berkovich 500 500 20𝑥20 69 0 % 𝐹𝑚𝑎𝑥 no 

Spherical 800 533 30𝑥30 41 9.5 % 𝐹𝑚𝑎𝑥 no 

Cube 
corner 

500 500 20𝑥40 27 11.5 % 𝐹𝑚𝑎𝑥 no 

Flat punch 5000 500 200𝑥200 29 15.4 % 𝐹𝑚𝑎𝑥 no 

Table 3.3. General characteristics of the FE model for every indenter used in the 
experimental work 

To conclude, the analysis of the representative strain allowed understanding that using 

unique indenter geometry is not sufficient to characterize the mechanical behavior of metallic 

material; therefore, the best way to prevent the uniqueness of solutions problem is combining 

several indenter geometries. Moreover, the use of only one set of elastoplastic parameters is 

not enough to determine the representative strain linked to a given indenter. 

In the following, these models developed and optimized with respect to accuracy and 

computation time will be used in the next two chapters to implement elastoplastic 

identification strategies for the 316L steel. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

Chapter 4 

4 The macroscopic behavior of the 316L 

stainless steel 
 

Abstract: The parameters describing the macroscopic behavior of the 316L are investigated 

through inverse analysis: analytical and numerical. An experimental nanoindentation database 

integrating all the indenter tips is created. Results obtained by analytical inverse analysis show that the 

hypothesis used to build such methods are not respected in nanoindentation. The results of numerical 

inverse analysis demonstrate that the origin of the incorrect estimation of the elastoplastic parameters 

is the incorrect modeling of the indenter tip in the finite element model. A new method to include the 

true tip is developed. This new method enables the estimation of the elastoplastic parameters with 

high precision under 100 nm.    
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 Introduction 4.1

On the one hand, we have been able to define, in chapter 2, an experimental protocol 

allowing to avoid the errors and the dispersions due to the conditions of surface preparation 

and realization of the nanoindentation test. The experimental data that will be used in the 

identification have dispersions related only to the non-representativity of the indented surface 

element compared to the heterogeneities of the studied material. This non-representativity 

will be treated statistically by performing a fifty tests and using the first order statistical 

moment (the average). On the other hand, precise numerical models with a minimized 

computation time were set up for the different indenter geometries in Chapter 3. 

This experimental and numerical work constitutes a basis for the identification strategies that 

will be implemented in this chapter, where the objective is to identify the plastic behavior of 

the 316L material using the experimental curves obtained by nanoindentation using several 

indenter geometries. For this purpose two families of methods will be used: the analytical 

inverse methods and the numerical inverse methods. 

Firstly, the analytical inverse methods will be grouped in two families depending on the use 

of single or dual indenters to determine the elastoplastic parameters. In this kind of methods 

only the parameters obtained from the indentation curve will be used; they will be treated 

with a set of analytical equations whose solution leads to the plastic parameters of the 

indented material. This section explores the methods employing a single indenter proposed 

by Ogasawara [65], Zhang [66], Dao [8] and Giannakopoulos [10], and the methods using 

dual indenters of Bucaille [48] and Gao [9]. These methods will be used in this chapter to 

evaluate their ability and accuracy to estimate the parameters of the constitutive equation for 

the 316L. In general these methods are applied on aluminum e.g. [8, 48] and steels [48], 

which are ductile materials. These methods were developed using microindentation, works 

found in the literature report that, in the case of nanoindentation, they are not able to 

estimate correctly the parameters of the constitutive equations. For example in [30], the 

results show that for more than half of the results, the work hardening exponent is 0, 

describing a perfectly plastic behavior. This proposes is not well justified, indeed a valid 

method in microindentation, there is no physical reason for it not to be in nanoindentation. 

Secondly, In the case of the numerical inverse methods, the literature reports in general the 

use of three optimization algorithms: Levenberg-Marquardt, neural networks and genetic 

algorithms. Other authors referred to the software “SiDoLo”. However it was not possible to 

find such software or user manuals, making impossible to know the details of the algorithms 

used to solve the optimization problem. The Levenberg-Marquardt algorithm was used 

successfully by [67] to analyze the fcc Nickel by Berkovich indentation. Neural networks were 

used by Haj-Ali et al. [68] in the estimation of the plastic parameters of Si and Cu. They 

showed the effectiveness of the method in contrast with experimental data found in the 

literature. The genetic algorithm was used by Liu et al. [69] to determine the temperature-

dependent-mechanical properties of Au and Al. In their experiments they showed the high 

performance of the genetic algorithm to find the global minimum.  Other studies included also 

the use of the genetic algorithm to estimate the contact area between the indenter and the 

surface sample of quartz and silicon [70]. The results showed a good correlation with the 

function area estimated using the procedure of Oliver and Pharr [29].  
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Unlike analytical inverse methods, a FE model is coupled to an optimization algorithm in the 

numerical inverse methods. The algorithm performs a minimization of the discrepancy 

between the experimental and the simulated nanoindentation response. The advantage of 

this approach is that it is possible to combine several nanoindentation responses in the same 

optimization routine, in addition to being able to include the residual imprint. The 

disadvantage is that much more time and calculation power are required than in analytical 

methods. For the numerical inverse analysis performed in this work, the Levenberg-

Marquardt (LM) algorithm and the genetic algorithm (GA) will be selected. The advantage of 

the LM is the relative fast convergence towards the nearer minimum, while, the advantage of 

the GA is its ability to find the global minimum. However, it is more computational expensive.   

Finally, a new method will be proposed to introduce the true geometry of the Berkovich 

indenter in the FE model. In all cases the found parameters will be compared to the 

parameters obtained by the fitting of the responses of tensile and compression test. 

 Experimental nanoindentation database 4.2

The present section introduces the experimental indentation curves and the corresponding 

residual imprints used for the identification of the elastoplastic behavior of the 316L. For all 

indenters, a total of 50 indentations were performed according to the indentation protocol 

listed in the Table 4.1. All the parameters used in the protocol were carefully selected in 

function of the shape and size of the indenter.  

Parameter BKs BKw CC Sp2 Sp10 Sp50 Sp100 FP10 

Fmax (mN) 50 50 50 8 50 300 450 200 

Loading rate (mN/min) 10 10 15 5 7 50 70 10 

Unloading rate (mN/min) 10 10 15 5 7 50 70 10 

Acquisition rate (Hz) 30 30 30 30 30 30 30 30 

Table 4.1. Indentation protocol for each indenter used in the experiments 

Generally, the curve corresponding to the first order statistical moment of these 50 

indentation curve (the average) will be selected to identify the plastic behavior. For some 

identification strategies three curves will be used in the identification strategies the average, 

the minimum and the maximum curve. These curves corresponding respectively to the 

average, the minimum and the maximum values of ℎ𝑚𝑎𝑥. These curves were named mean, 

min and max. In the following, all the curves obtained with each indenter are presented and 

those used in the study are highlighted. 

4.2.1 Berkovich indentation 

The Berkovich indentation was conducted in the surface of the 316L using the BKs and BKw 

indenters (Fig. 4.1). The BKs is sharper than the BKw, therefore the curves obtained with the 

BKs are deeper. Also the branches of the residual imprint are sharper and better defined in 

the BKs indentation.   
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Fig. 4.1. Experimental Berkovich nanoindentation: (a) sharp indenter (BKs), (b) worn indenter 
(BKw). 

4.2.2 Cube corner indentation 

The nanoindentations performed with the CC produced the deepest indentations in this 

experimental work (Fig. 4.2 (a)). For 𝐹𝑚𝑎𝑥 = 50 𝑚𝑁, a residual imprint of almost the same 

size as the Berkovich indentation was produced; however the deformation induced by the CC 

is different from the deformation produced by the Berkovich indenter (Fig. 4.2 (b)). The 

branches of the residual imprint are distorted, and the shape of the mark is irregular, also the 

deformation around the imprint is larger than for the Berkovich indentation.  

 

Fig. 4.2. CC indentations: (a) nanoindentation curves and (b) residual imprint. 

4.2.3 Spherical indentation 

The four spherical indenters used in the experiments have different radius, therefore the 

loading force was varied in function of the size of the indenter, e.g., for the Sp2 the maximum 

applied loading force was 𝐹𝑚𝑎𝑥 = 8 𝑚𝑁 (Fig. 4.3 (a)) and for the Sp100 was 𝐹𝑚𝑎𝑥 = 450 𝑚𝑁 

(Fig. 4.3 (d)). The loading force applied to the Sp2 produced indentations in the spherical 

zone of the indenter. If the load is increased, the indentation can reach the conical zone of 

the indenter, and therefore the strain field is not corresponding to the spherical indentation.  
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Fig. 4.3. Spherical indentation: (a) Sp2, (b) Sp10, (c) Sp50 and (d) Sp100. 

4.2.4 Flat punch indentation 

The loading force used with the FP10 was enough to produce a measurable hardness 

impression (Fig. 4.4). Loading forces below 𝐹𝑚𝑎𝑥 = 100 𝑚𝑁 were not able to produce an 

observable/well-defined residual imprint.  

 

Fig. 4.4. FP10 indentations; (a) indentation curves, (b) AFM of a residual imprint. 
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 Elastoplastic parameter identification using analytical methods 4.3

The analytical inverse methods are generally constructed from a power law (according Dao 

description [8]) using three parameters to describe the elastoplastic behavior of the tested 

material: 1) elastic modulus, 2) elastic limit and 3) hardening exponent (see Appendix B). It 

was not found other types of constitutive laws in the literature. The other laws are not 

explored due to the nature of the analysis used to derive the dimensionless functions, which 

is based on three parameters: the elastic modulus, the yielding point and the hardening 

exponent. 

The dimensional analysis leads to the demonstration that there are three independent 

parameters that are obtained directly from the indentation curve: the curvature of the loading 

curve 𝐶, the slope of the unloading branch at maximum loading force 𝑑𝐹 ⁄ 𝑑ℎ, and the ratio 

ℎ𝑝 ⁄ ℎ𝑚𝑎𝑥. Several methods exist; each method is different and based on the indenter 

geometry used in the experiments, and the set of expressions describing the indentation 

response. Based on the same principle, methods using several indenters can be established, 

and in theory more than two indenter geometries can be used in the same method. The only 

method using a different approach is the method of Gao et al. [9], which is based on the 

analysis of the strain and stress states of the material near the indenter tip. Other methods 

based in several indenter geometries can be found in the literature for example [64, 65], 

however they are not presented in this work because the indenters needed to make the 

experiments were not available. 

All the analytical methods were programed in Matlab and the solution of the system of 

equations was found using the function 𝑣𝑝𝑎𝑠𝑜𝑙𝑣𝑒, which help to solve numerically equations. 

A starting point was defined in all cases, and the type of solution was imposed to be real. 

4.3.1 Parameter identification using sharp indentation 

The methods using one sharp indenter proposed by Dao [8], Giannakopoulos [10] and 

Ogasawara [65] were tested to identify the elastoplastic parameters of the 316L through the 

BKs and BKw indentations. The algorithms used in these methods are illustrated in Appendix 

B. The elastoplastic parameters obtained with these parameters are compared in Fig. 4.5. 

The elastic modulus was identified with an acceptable accuracy by the methods of Dao and 

Giannakopoulos (Fig. 4.5(a)). The method of Ogasawara needs the elastic modulus as an 

input parameter to solve the problem.  

The yielding point was underestimated in the method of Dao with BKs indenter and 

estimated with better accuracy with the BKw. The method of Giannakopoulos produced the 

best estimations with both indenters (Fig. 4.5(b)). The method of Ogasawara produced an 

approximated estimation only with the mean curve of the BKs.    

Finally, only the method of Dao was able to approximate the value of the hardening exponent 

(Fig. 4.5 (c)). The method of Giannakopoulos produced values that are superior to 𝑛 = 0.5 

which is considered as the limit for metals. The method of Ogasawara also produced values 

that were far from the known value.  



Chapter 4: The macroscopic behavior of the 316L stainless  steel 
__________________________________________________________________________ 

95 
 

 

Fig. 4.5. Identified parameters using the methods of Dao, Giannakopoulos and Ogasawara 
with the BKs and BKw: (a) elastic modulus, (b) elastic limit and (c) hardening exponent.   

The identified parameters were used in the nanoindentation simulation and compared with 

the experimental nanoindentation curves (Fig. 4.6). The response obtained with the method 

of Giannakopoulos is automatically discarded because in all cases it is far from the 

experimental response. The increase in the loading force is related to the high value of the 

hardening exponent produced by the analytical method.  

The responses obtained with the method of Dao and Ogasawara are close to the 

experimental response. In fact it seems that both are solutions to the experimental 

indentation; however the parameters are very different, suggesting the multiple solution 

problems was present in the analysis.  

Another consideration is the use of the numerical solvers: the solution of the system of 

equations was done numerically and the solution depends on the starting point and on the 

admission in the solution of the real or imaginary values. It must be said that many starting 

points were explored before reaching the parameters (the best stable solution). 

These methods must be used with care, because the parameters extracted from the 

indentation data do not depend only on the nature of the experimental nanoindentation 

response, but also on the configuration of the numerical solver used to solve the system of 

equations. 
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(a) (b) 

  
Fig. 4.6. Nanoindentation simulation using the parameters estimated thorugh analytical 

methods: (a) BKs and (b) BKw. 

 

4.3.2 Parameter identification using dual indenters 

The first method used in this section was the method of Bucaille et al. [48]. This method was 

used combining the BKs or BKw Berkovich indenters with the cube corner CC indenter. The 

parameters identified with the combination of the BKs and the CC produced parameters that 

are consistent with those obtained by the tensile and the compression test (Fig. 4.7). 

However the parameters obtained with the combination of the BKw and the CC produced 

overestimated values of 𝑅 and underestimated values for 𝑛 with respect to the tensile and 

compression tests. 

 

Fig. 4.7. Identified parameters using the method of Bucaille combining the BK and the CC: 
(a) elastic modulus, (b) elastic limit and (c) hardening exponent. 

Using the parameters identified with the method of Bucaille, the indentation response with an 

equivalent rigid Berkovich indenter was simulated (Fig. 4.8). For both set of parameters the 

simulation is close to the experimental response. An important observation arises from the 

simulation response: for the BKw identification, the low values of 𝑛 are equilibrated by high 

values of 𝑅. Then under this observation it could be said that the parameters identified with 

the pair BKw-CC are another solution producing the same indentation curve.   
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(a) (b) 

  
Fig. 4.8. Berkovich indentation simulation using the identified parameters with the method of 

Bucaille: (a) using BKs+CC and (b) using BKw+CC. 

The method of Gao et al. [9] uses a combination of sharp and spherical indenters. The 

identification performed in this section was done using two combinations of indenters, the 

BKs with the Sp10, and the BKw with the Sp10. In all cases this method produced 𝑛 = 0, and 

values of 𝑅 that are at least two times the known value. The starting point of the solver was 

varied over a large interval; however the results were always similar. On the other hand, 

there is only one equation to solve, therefore it was concluded that this method is not suitable 

for the analysis of nanoindentation data.   

4.3.3 Conclusion on analytical inverse methods 

Both kinds of methods, using single indenter and dual indenters, were used to estimate the 

elastoplastic parameters of the 316𝐿. When using a single indenter, the risk to find false 

parameters is high because each indenter geometry is associated to a single representative 

strain 휀𝑟. From the methods used in this chapter, the most performant method using a single 

sharp indenter was the method of Dao. The methods of Giannakopoulos and Ogasawara 

produced results that are not convincing. 

To avoid the problem of the unicity of solutions inherent to the use of a single indenter, some 

authors propose the use of dual indenters to produce two points on the true strain-true stress 

curve. In this case, the Bucaille method, based on dual sharp indenters, produce parameters 

close to those obtained by tensile and compressive test. The method of Gao, from the 

computational point of view, is simpler than the method of Bucaille, but was not able to 

produce approximated values of 𝑛 and 𝑅, even when the starting point of the solver was 

varied over a large interval.   

Even, when the method of Bucaille is able to estimate parameters that reproduce the correct 

indentation response by simulation, the problem of unicity of solutions is highlighted when 

using a worn Berkovich indenter. That could be related to the fact that a worn tip changes the 

value of 휀𝑟 associated to this tip, invalidating the hypothesis used to develop the method. 

Then these methods are limited to indentation depths where 휀𝑟 is linked to a given indenter 

geometry, according to the hypothesis of the method. Therefore in the case of the study of 

very small structures using nanoindentation, before performing the experiments it must be 

guaranteed that the indenters satisfy the geometric characteristics with respect to the 

hypothesis of the analytical inverse method.  
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Finally, the analytical inverse methods must be used carefully because besides the complex 

nature of the indentation response, the numerical solvers can highly influence the results. 

 The strategies used in numerical inverse methods 4.4

The numerical inverse methods to estimate the plastic behavior of the 316L is described in 

this section. Algorithms based on the derivatives of the objective function and on evolutionary 

processes were used to find the parameters of the constitutive equations. The algorithms 

used in this work are presented. Due to the simulation time required to identify the 

parameters, in some cases only the mean indentation curves will be analyzed.  

4.4.1 The inverse problem and the optimization algorithms 

In engineering, the numerical simulation is a powerful tool used to solve direct problems, also 

known as forward problems. The solution of this kind of problems is the finding of the 

response fields (effects) based on a complete set of known input parameters (causes) [11]. 

Sometimes the input parameters are unknown, but the response is known; these problems 

are called inverse problems. Then the solution of the inverse problems is the determination 

of the input parameters, using numerical simulation, that reproduce the experimental 

response. The solution of the inverse problems is performed through the inverse analysis. 

The inverse problems are connected with the forward problems, because the numerical 

simulators need the input parameters to predict the response. Forward problems need a 

minimum set of parameters describing it, referred as the condition of uniqueness. The 

condition of uniqueness should include information about the geometry of the model, the 

boundary conditions, the initial conditions and the properties of the involved materials. On 

inverse problems some information of these data are missing. In practice it is possible that 

not only one set of missing parameters makes the solution possible. Then the inverse 

problems may not satisfy the uniqueness condition.  

This kind of analysis involves the experimental test of the surface by nanoindentation, to 

obtain the mechanical response, 𝐷𝑒𝑥𝑝 (Fig. 4.9). The inverse method is an iterative 

procedure in which for each iteration a new set of parameters is produced and evaluated 

through FEM simulation to produce the simulated mechanical response 𝐷𝑛𝑢𝑚 which contains 

the same type of data as 𝐷𝑒𝑥𝑝. Then, 𝐷𝑒𝑥𝑝 and 𝐷𝑛𝑢𝑚 are evaluated through the expression: 

 𝑓 = ‖𝐷𝑒𝑥𝑝 − 𝐷𝑛𝑢𝑚‖ (4.1) 

where 𝑓 denotes the objective function. Then the solution of the problem consists of a set of 

parameters evaluated in the FEM model that reproduces as close as possible to the 

experimental response, i.e. 𝑓 → 0. This whole procedure is referred as inverse method or 

inverse analysis in this document. 

Based on the information of the objective function required by the optimization algorithm, the 

optimization algorithms can be classified as follows: 

- Zero order algorithms: involve only calculations of the objective function e.g. genetic 

algorithms, Nelder-Mead algorithm, etc. 

- First order algorithms: these need first derivatives of the objective function e.g. trust 

region algorithm, gradient descent algorithm, etc. 
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- Second order algorithms: need information about the Hessian i.e. the second 

derivatives of the objective function e.g. Gauss-Newton algorithm, etc. 

 

Fig. 4.9. General form of the inverse analysis used to determine the parameters of the 
constitutive law through nanoindentation test. 

The algorithms used in this report were the Levenberg-Marquardt algorithm (LM, which 

combines the advantages of the gradient descent and the Gauss-Newton algorithms) and the 

genetic algorithm (GA). These algorithms are described in the Fig. 4.10 and detailed in the 

Appendix C.  

The approaches used in these two algorithms to solve the optimization problem are different: 

Genetic Algorithm Levenberg-Marquardt algorithm 
i) Creates a population of points at each 
iteration, where the best point in the 
population approaches the optimal solution. 
 

iii) Creates a single point at each iteration, 
then a sequence of points approaches the 
optimal solution. 

ii) Selects the next population using rules, 
which include the use of random 
generators. 

iv) Selects the next point in the sequence 
by a deterministic computation. 
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Fig. 4.10. Flow chart of the algorithms used to estimate the parameters through 
nanoindentation test: (a) Levenberg-Marquardt and (b) Genetic algorithm. 

4.4.2 Formulation of the objective function 

The single-objective algorithm was used to perform the inverse analysis of the experimental 

indentation data obtained from several indenter geometries in two ways: using only the 

loading curve, and using the loading and unloading curve. The first type of identification is 

straightforward because the loading curve starts in the point (0,0), therefore the difference 

between the experimental and the simulated curves is calculated directly.  

However the use of the loading and unloading curve in the same optimization procedure 

needs a different approach. In a strict sense, the whole indentation curve is not a bijective 

function, because always in a given point, at each value of the indentation force corresponds 

two values of depth (one for the loading and one for the unloading), then the construction of 

a single vector containing all the experimental data points has no sense. 

Then the approach adopted in this work is based on the following hypothesis: 

- The indenter has a constant geometry in the whole optimization procedure. 

- The maximum indentation depth ℎ𝑚𝑎𝑥 remains constant in the whole optimization 

procedure. 

Under these hypotheses instead the use of the experimental data points to calculate the 

difference with the simulated data points, the indentation work can be used. The total work, 

𝑊𝑡𝑜𝑡𝑎𝑙, for the loading curve, and the elastic work, 𝑊𝑒𝑙𝑎𝑠𝑡, for the unloading curve.  
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These hypotheses are consistent with the analysis of Dao et al. [8], where considering the 

combined elasticity of the indenter and the specimen, 𝐸𝑟 , the loading curve is expressed by: 

 𝐹 = 𝜎𝑟ℎ
2Π(

𝐸𝑟

𝜎𝑟
, 𝑛) (4.2) 

The total work is computed from: 

 𝑊𝑡𝑜𝑡𝑎𝑙 = ∫ 𝐹𝑑ℎ
ℎ𝑚𝑎𝑥

0

 (4.3) 

The unloading curve is represented by the dimensionless function: 

 𝐹𝑢 = 𝐸𝑟ℎ
2 Π (

ℎ𝑚𝑎𝑥

ℎ
,
𝜎𝑟

𝐸𝑟
, 𝑛) (4.4) 

and the elastic work by: 

 𝑊𝑒𝑙𝑎𝑠𝑡 = ∫ 𝐹𝑢𝑑ℎ
ℎ𝑚𝑎𝑥

ℎ𝑝

 (4.5) 

Therefore the 𝑊𝑡𝑜𝑡𝑎𝑙 and 𝑊𝑒𝑙𝑎𝑠𝑡 are independent, which are dependent on ℎ𝑚𝑎𝑥 and the 

material properties 𝛽. As ℎ𝑚𝑎𝑥 is constant along the optimization procedure, the solution 

depends only on the material parameters. Hence it is possible to associate the objective 

function using the 𝑊𝑡𝑜𝑡𝑎𝑙 and the one using 𝑊𝑒𝑙𝑎𝑠𝑡. Note that even when ℎ𝑝 appears in the 

Eq. (4.5), it is only the last point of contact, which also depends on ℎ𝑚𝑎𝑥 and the material 

properties 𝛽. 

Using the 𝑊𝑡𝑜𝑡𝑎𝑙 and 𝑊𝑒𝑙𝑎𝑠𝑡, the components of the objective function for a single indenter 

were assembled in the form:  

 

𝑓1(𝛽) = ‖
𝑊𝑛𝑢𝑚_𝑡𝑜𝑡𝑎𝑙 − 𝑊exp _𝑡𝑜𝑡𝑎𝑙

𝑊exp _𝑡𝑜𝑡𝑎𝑙
‖ 

 

𝑓2(𝛽) = ‖
𝑊𝑛𝑢𝑚_𝑒𝑙𝑎𝑠𝑡 − 𝑊exp _𝑒𝑙𝑎𝑠𝑡

𝑊exp _𝑒𝑙𝑎𝑠𝑡
‖ 

(4.6) 

When the experimental response of several indenters was used on the same inverse 

analysis, a pairs of components were stacked on the objective function (one pair per 

indenter).  

The residual imprint was also used in some cases as an optimization objective. The 

hypotheses used for this approach were: 

- The size and shape of the residual imprint depends on the indenter geometry, ℎ𝑚𝑎𝑥 

and the material parameters 𝛽.  

- The indenter geometry and ℎ𝑚𝑎𝑥 are constants along the inverse method. 

- All the cross-sections coming from the same experimental residual imprint are equals; 

therefore it can be taken only one section as input for the optimization algorithm. 

- The cross-section of the residual imprint is a post-mortem data. 

- The cross-section of the residual imprint is a descriptor of the shape of the deformed 

point. 



Chapter 4: The macroscopic behavior of the 316L stainless  steel 
__________________________________________________________________________ 

102 
 

As shown in the Fig. 4.11, the section of the residual imprint is the final state of the deformed 

point once the indenter is withdrawn (𝐹𝑢 = 0). When 𝐹𝑢 = 0, arises the dimensionless function 

[8]: 

 
ℎ𝑝

ℎ𝑚𝑎𝑥
= Π(

𝜎𝑟

𝐸𝑟
, 𝑛) (4.7) 

This function is dependent on the material parameters and ℎ𝑚𝑎𝑥, ℎ𝑝 being the last point of 

contact; therefore the hypotheses used in this approach are well supported. 

 
Fig. 4.11. Cross-section of experimental Berkovich residual imprint. 

As the deformation is imposed by the indenter geometry, and the final size by the material 

parameters and ℎ𝑚𝑎𝑥, the difference between the experimental and the simulated data can 

be calculated, thanks to the area under the section obtained through 

 𝑅𝐼 = ∫ 𝛿𝑑𝜔
𝜔

−𝜔

 (4.8) 

 

Then, the component of the objective function used to include the cross-section of the 

residual imprint has the form     

 𝑓(𝛽) = ‖
𝑅𝐼𝑛𝑢𝑚 − 𝑅𝐼𝑒𝑥𝑝

𝑅𝐼𝑒𝑥𝑝
‖ (4.9) 

4.4.3 General considerations in the application of the inverse methods 

The nanoindentation response obtained from the experimental test is a sequence of data 

points representing the displacement of the indenter and the reaction force on it. This data 

points are collected at a high acquisition frequency which may cause fluctuations (Fig. 4.12 

(a)), producing non-differentiable curves, in consequence the optimization methods based on 

derivatives of the objective function cannot be used with this input.  

On the other hand, the number of experimental data points may be different from the 

simulated points; even if the experimental and the simulated vector have the same size, this 

does not imply that the points have the same coordinate with respect to the independent 

variable, i.e. the displacement of the indenter. Therefore the subtraction of the two vectors in 

this situation would not make sense. 



Chapter 4: The macroscopic behavior of the 316L stainless  steel 
__________________________________________________________________________ 

103 
 

 

Fig. 4.12. Experimental nanoindentation data: (a) example of fluctuation and (b) corrected 
and interpolated data each 𝑛𝑚. 

To eliminate the fluctuations and to obtain vectors of the same size and sharing the same 

points with respect to the independent variable, both experimental and simulated data must 

be treated. The solution proposed in this report is the use of an interpolation function to have 

points at each 1 𝑛𝑚 and therefore obtain vectors of the same size. An interpolation function 

needs a set of points increasing. As displayed in the experimental data on the Fig. 4.12, this 

condition is not satisfied by this data set, therefore before the interpolation, the data was 

filtered in two steps. First all the repeated data points were eliminated. Then the resulting 

data was reordered to be increasing (Fig. 4.12 (b)). After the treatment, all the data points 

had the same position, but the path followed by the filtered data was always increasing. 

Then, the interpolation function was applied to have the query points at each 1 𝑛𝑚 (Fig. 4.12 

(b)). 

Furthermore, the parameter identification was performed using three model cases. Each 

model corresponds to a specific need depending on the characteristics of the indenter used 

in the experiments (Table 4.2). These three models are:  

- Model 1: the indenter is assumed rigid and the elasticity of the 316L is set to a fixed 

value of 197 𝐺𝑃𝑎. This model is applied in the case of BKs, BKw, CC and Sp2 

indenters, because they are made in diamond which has an elastic modulus of 

several times the elasticity of the 316L. 

- Model 2: the indenter is assumed elastic, and its elastic modulus value is a 

parameter in the optimization algorithm. The elasticity of the 316L has a fixed 

modulus of 197 𝐺𝑃𝑎. This model is applied in the case of spherical indenters (Sp10, 

Sp50 and Sp100). That is because these indenters are made with a “hard metal”, and 

using the value of the elasticity provided by the manufacturer did not produce 

consistent results. 

- Model 3: the indenter is assumed rigid and the elastic modulus of the 316L is a 

parameter in the optimization algorithm. This last model was applied initially to the 

FP10. In fact, this indenter is made in diamond, however, when the optimization was 

performed with a fixed value of elastic modulus of the specimen (197 𝐺𝑃𝑎), the 

algorithm did not reach the convergence. Therefore the selected solution was to use 

the elasticity of the 316L as parameter in the optimization problem. On this case, 

other indenters were also included, when the unloading curve is used in the 

optimization (BKs, BKw, CC, Sp2).  
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 Identification using: Model 1 Model 2 Model 3 

Single objective 
optimization 

Loading curve 
BKs, BKw, 
CC, Sp2 

Sp10, Sp50, 
Sp100 

FP10 

Loading + unloading 
curves 

 
Sp10, Sp50, 

Sp100 
FP10, BKs, 

BKw, CC, Sp2 

Multi-objective 
optimization 

Loading + unloading 
curves (1 indenter) 

BKs, BKw, 
CC, Sp2 

Sp10, Sp50, 
Sp100 

FP10 

Loading + unloading 
curves (2 indenters) 

 
Sp10, Sp50, 

Sp100 
FP10, BKs, 

BKw, CC, Sp2 

Loading + unloading 
curves (3 indenters) 

  
BKs, Sp10, 

FP10 
Loading + unloading 
curves (4 indenters) 

  
BKs, Sp10, 
CC, FP10 

Table 4.2. Application of models in according to the indenter and the type of optimization 
method 

Finally, when using the GA, material parameters were bounded with the values listed in the 

Table 4.3, where 𝐸(𝑖) denotes the indenter elasticity modulus in the model 2 and  

𝐸𝑠 the elasticity modulus of the specimen in the model 3. 

 Hollomon Ludwick Dao Voice Swift model 2 model 3 

Par. 𝑲𝑯 𝒏𝑯 𝑲𝑳 𝒏𝑳 𝑹𝑫 𝒏𝑫 𝑲𝑽 𝜷 𝑸 𝑲𝑺 𝒏𝑺 𝝃 𝑬(𝒊) 𝑬𝒔 

Min 500 0.05 150 0.05 100 0.05 100 0.05 250 500 0.15 0.005 100 100 

Max 3000 0.50 4000 1.50 1000 0.50 1000 27 3500 2800 2.30 0.60 1700 300 

Table 4.3. Bounds of the parameters used in the GA 

The bounds of the parameters were selected arbitrarily, but within a reasonable range to limit 

the computational time, and to ensure the convergence of the FEM model.  

 
Fig. 4.13. Results of GA configured to 20 individuals and 20 generations for a Berkovich 

indentation and the law of Dao. 
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To define the number of generations needed to solve the optimization problem, an inverse 

method using the law of Dao was launched with 20 generations of 20 individuals, to find the 

parameters of a BKs indentation. Then the parameters were plotted in function of the number 

of generations (Fig. 4.13). After 10 generations the parameters remained oscillating in an 

identical interval, therefore 10 generations of 20 individuals were considered as the best 

configuration of the GA. Likewise, the scores (the value of the objective function for a given 

parametric combination) showed the same behavior (Fig. 4.13 (c)), however never reached 

the zero value. That is a consequence of the difference between the experimental and 

simulated nanoindentation curve, induced by the geometrical difference of the indenters.   

 Parameter identification using single-objective optimization 4.5

In this section the results obtained through the inverse analysis of the nanoindentation 

curves through single-objective optimization from two formulations are presented: a) using 

the loading curve (LC), where the objective function is given by the expression 

 𝑓(𝛽) = ‖𝐷𝑒𝑥𝑝 − 𝐷𝑛𝑢𝑚‖ (4.10) 

where 𝐷𝑒𝑥𝑝 is the experimental curve, and 𝐷𝑛𝑢𝑚 the simulated curve; and b) using the 

loading-unloading curve (LUC), with the objective function formulation 

 𝑓(𝛽) =

[
 
 
 
 ‖

𝑊𝑛𝑢𝑚_𝑡𝑜𝑡𝑎𝑙 − 𝑊exp _𝑡𝑜𝑡𝑎𝑙

𝑊exp _𝑡𝑜𝑡𝑎𝑙
‖

‖
𝑊𝑛𝑢𝑚_𝑒𝑙𝑎𝑠𝑡 − 𝑊exp _𝑒𝑙𝑎𝑠𝑡

𝑊exp _𝑒𝑙𝑎𝑠𝑡
‖
]
 
 
 
 

 (4.11) 

 In both cases, 𝛽 represents the set of parameters of the constitutive law. 

The curves obtained by the inverse analysis with all the constitutive laws and the LUC were 

plotted for all indenters. In all cases, the curves obtained by simulation using the proposed 

constitutive laws, are close to the experimental curves for all the indenters (Fig. 4.14). 

However, differences between the experimental and simulated curves were observed. 

Therefore, two statements need to be verified: firstly, the difference between the 

experimental and identified curves is a consequence of the indenter geometry used in the FE 

model, and secondly, the difference is a consequence of the indented volume of matter. 

To verify these statements, the results of the inverse analysis were grouped in three sets, for 

the first question: i) investigation of the wear on the indenter tip, ii) investigation on the 

effects of the indenter shape. For the second question: iii) investigation on the effects of the 

indenter size. 

On next sections these three analyses are presented, and the identified parameters were 

compared with the parameters found by tensile and compression tests. In this sense, the 

errors were computed with respect to the middle point of the interval bounded by the values 

of the parameters obtained by tensile and compression test. Only the constitutive law of 

Dao will be analyzed (because is the most used in nanoindentation inverse analysis).    
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Fig. 4.14. Overview of the mean nanoindentation curves against the results of the inverse 
analysis using the LUC: (a) BKs, (b) BKw, (c) CC, (d) Sp2, (e) Sp10, (f) Sp100 and (g) FP10.   

Three aspects were observed in the analysis:  

- The shape of the stress-strain curve, i.e. the resemblance between the experimental 

curves and the curves produced by the inverse analysis.  

- The dispersion in the parameters obtained by the analysis of the LC.  

- The errors in the identified parameters with respect to the parameters obtained 

through experimental tensile test.   

4.5.1 Effects of wear on Berkovich indentation 

The shape of the stress-strain curve produced with Dao constitutive law is not sensitive to 

the wear on the indenter tip (Fig. 4.15 (a)). Excluding the curve of BKs obtained with the 

LUC, the other curves are next to the curve of the compression test. In terms of dispersion, 

both 𝑅𝐷 and 𝑛𝐷 have the same level in both indenters.  
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Fig. 4.15. Results of the inverse analysis performed with the constitutive law of Dao. 

When using the BKw and the LC the 𝑅𝐷 parameter is higher than for BKs, describing a 

stronger material. That is coherent because to produce an indentation of the same depth with 

both BKs and BKw, the BKw requires more indentation force. This effect is linked to the 

sharpness of the indenter: the sharper the indenter, the more the contact area is reduced, 

producing higher levels of stress in the contact point, reaching the yield stress faster than the 

blunted tip. 

In terms of error, the best parameter identification was produced by the BKs and LC where 

the 𝑒𝑟𝑟 = 0.76 % for 𝑅𝐷 and 𝑒𝑟𝑟 = 5.5 % for 𝑛𝐷 (Fig. 4.15 (b) and (c)). On the other hand, 

when using LUC, the unicity of solutions problems is present: in the case of BKs, an 

overestimated 𝑛𝐷 and an underestimated 𝑅𝐷 were produced, showing that the formulation of 

the objective function proposed in this work is not enough to find a unique solution. However 

an important result is that when using the LUC of BKw, the value of both parameters was 

improved, reducing 19.3 % the error in the case of 𝑅𝐷 and 15.2 % in 𝑛𝐷.  

The results obtained with both indenters are not very different between them, meaning that 

the wear on the indenter tip at this indentation depth is not playing a predominant role in the 

parameter identification i.e. the indentation depth is enough to consider that both indenters 

are equivalents. 

4.5.2 Indenter shape effect 

All the indenters used in this section were new and were used only to perform the indentation 

experiments analyzed here. Therefore, it was supposed that the tips on the FE model are 

representative of the tips used in the experiments.  
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Fig. 4.16. Results of the parameter identification performed with several indenter geometries 

and the law of Dao. 

The shape of the stress-strain is similar to the experimental reference curves. Discarding 

BKs/LUC and Sp10/LUC, all the other curves are close to the reference curves. In terms of 

dispersion, the less dispersed was Sp10/LC, and the other indenters had the same levels. 

According to the errors, the value of the parameters were close to any of the reference 

bounds, except for BKs/LUC, which was considered an error induced by the uniqueness of 

solutions problem.  

4.5.3 Indenter size effect 

In the previous section it was suggested that besides the shape of the indenter, the size of 

the indenter has no effect on the parameter identification, e.g. the diameter of the residual 

imprint of the FP10 is at least two times the diameter of the residual imprint of the BKs (Fig. 

4.1 (a) for BKs and Fig. 4.4 for FP10).  

However to better analyze the effect of the size of the indenter three spherical indenters of 

different radius were used in the experiments. The indenters were new and were used only 

for the experiments analyzed in this section. The results are presented in Fig. 4.17. 

Discarding Sp100/LUC, all the other stress-strain curves are inside the bounds defined by 

the stress-strain curves obtained by tensile and compression tests. In this case all the curves 

are closer to the tensile curve and have a great similitude. 
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Fig. 4.17. Parameter identification using spherical indenters and the constitutive law of Dao. 

The effects on the dispersion are clear: the greater the indenter, the more the dispersion is 

reduced (Fig. 4.17(b) and (c)). When using the Sp2, the contact zone is smaller than the 

mean size of the grains in the 316L; therefore the higher dispersion could be related to the 

material characteristics that are present at this scale e.g. the mean orientation of the grain, 

the quantity of dislocations present in the contact point, twining and grain boundaries. As the 

size of the indenter is increased, the indented volume approaches the representative volume 

reducing the dispersion. In terms of error, the best identifications were produced by the 

Sp2/LUC and the Sp10/LUC which are close to the tensile test parameters. 

 Parameter identification by multi-objective optimization 4.6

In the previous sections, the effects of the constitutive law and the representation of the 

indenter geometry in the FE model on the parameter identification were investigated. Now 

this section is focused to the investigation of the uniqueness of solutions problem through the 

use of multi-objective optimization algorithms.  

The multi-objective optimization was performed using as first objective the total indentation 

work 𝑊𝑡𝑜𝑡𝑎𝑙 and the second objective the elastic work 𝑊𝑒𝑙𝑎𝑠𝑡 on each indenter geometry. The 

parameter identification was reduced to the analysis of the mean curves of the indenters 

BKs, BKw, CC, FP10, Sp10 and Sp100 and for the Dao law. Then, the algorithm was 

configured to perform 10 generations of 20 individuals on each case. The maximum number 

of generations was the only stop criterion. 

The multi-objective optimization produces a set of solutions at the end of the optimization 

procedure. The selection of one of these possible solutions is a task that is not simple and 
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requires a selection criterion. A procedure for the selection of the solution is presented in the 

following. 

4.6.1 Selection of the optimum set of parameters 

On this analysis, three possible criteria for the selection of the best individual were explored: 

1) using the Pareto front, 2) evaluating the residual imprint produced by the final population, 

and 3) using the scores of the individuals at the last generation. 

4.6.1.1 Selection from the Pareto front 

The use of the Pareto front is quite simple when using two objective functions. The principle 

is to plot the first objective function versus the second objective function, and then the best 

individual is the one whose value approach to the origin.  

Considering the Pareto front and the stress-strain curves produced by the individuals of the 

last generation (Fig. 4.18), the best individual on the Pareto front is the closest individual to 

the diagonal in dashed points (Fig. 4.18 (a)). The stress-strain produced by this individual is 

shown in Fig. 4.18 (b). In the set of possible solutions there are other individuals that produce 

closer stress-strain curves to the reference curves, therefore the selection of the best set of 

parameters using the Pareto front may not be the best one.    

In addition, this example includes only two objectives, but in this work, studies including until 

eight objectives were performed; then the construction of the Pareto front with more than 

three objectives is transformed into a multidimensional surface, and the selection of the best 

individual could be even harder and subjective. To reduce the complexity of the use of the 

Pareto front as the only mean to select the best individual, the residual imprint was used to 

help in the final decision. 

 
Fig. 4.18. Results of the GA for the BKs: (a) Pareto front, (b) stress-strain curves produced 

by the individuals of the last generation and the law of Hollomon. 

4.6.1.2 Selection from the residual imprint 

On this approach, each of the twenty individuals of the last generation was evaluated on a 

3D FEM model. Then, the numerical residual imprint was compared against the experimental 

one; to finally select the best individual as the closest to the experimental residual imprint. 

Fig. 4.19 shows an example of this method of selection using the results of BKs and the Dao 

law. According Fig. 4.19 (a), the best numerical residual imprint and its associated stress-

strain curve (Fig. 4.19 (b)), corresponds to the individual similar to the individual selected 

using the Pareto front method. Therefore, this approach is almost equivalent to the use of the 
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Pareto front method; however it could be a practical solution when using more than three 

objective functions. 

 
Fig. 4.19. Selection of the best individual with the help of the residual imprint: (a) individual 

producing the residual imprint with the minimum difference between experimental and 
numerical data, (b) corresponding response in the stress-strain results of the last generation. 

The advantage of this method is that it includes additional experimental information, 

approaching the solution to the experimental response obtained in the nanoindentation 

stage. The drawback is the additional computational time required to evaluate each individual 

on a 3D FE model, and the need to build a new algorithm to perform the task. Also the 

residual imprint of the CC is not exploitable because the branches of the residual imprint are 

not straight lines. 

4.6.1.3 Selection using the scores of the last generation 

This procedure was developed considering that each individual has at least two scores: one 

corresponding to the first objective (associated to 𝑊𝑡𝑜𝑡𝑎𝑙 and denoted 𝑓1𝑡𝑜𝑡𝑎𝑙) and another 

one corresponding to the second objective (associated to 𝑊𝑒𝑙𝑎𝑠𝑡 and denoted 𝑓2𝑒𝑙𝑎𝑠𝑡). 

An important fact is that the 𝑊𝑡𝑜𝑡𝑎𝑙 holds the plastic information produced at the moment of 

the loading stage in the nanoindentation experiment. Therefore in this approach the priority is 

given to 𝑓1𝑡𝑜𝑡𝑎𝑙. 

The procedure is performed in three steps: 1) the scores of both objectives are plotted in 

ascending order taking as reference the scores of 𝑓1𝑡𝑜𝑡𝑎𝑙. 2) The individuals having the lower 

score of 𝑓1𝑡𝑜𝑡𝑎𝑙 are selected as the best candidates. 3) From the selected candidates, the 

best individual is the one having the lowest 𝑓2𝑒𝑙𝑎𝑠𝑡.  

An example of the procedure is given in Fig. 4.20 (a), where the scores are plotted in 

ascending order with respect to 𝑓1𝑡𝑜𝑡𝑎𝑙. The first nine individuals were selected as 

candidates of the solution. From the nine individuals, the individuals 1 and 20 had the lower 

value of  𝑓2𝑒𝑙𝑎𝑠𝑡. As the individuals 1 and 20 are “twins”, both of them are the best solution of 

the optimization problem (Fig. 4.20 (b)). 
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Fig. 4.20. Selection of the best individual using the scores in the last generation of 

individuals: (a) individuals sorted using as reference 𝑓1𝑡𝑜𝑡𝑎𝑙, (b) stress-strain curves of the 
last generation. 

An important advantage of this method of selection is that the more number of the objective 

functions are, the easier the selection is. For example when using only two objective 

functions, the scale effects in the plot could lead to an incorrect selection, then it is necessary 

to sort the data to clearly detect the best individuals. When using eight objective functions, 

the selection can be done directly, without sorting data (Fig. 4.21). 

 
Fig. 4.21. Selection of the best individual in a multi-objective optimization with eight objective 

functions. 

The selection of the best individual can be a subjective and hard task. Three methods of 

selection were explored, however the cheaper, less subjective, and direct method for 

selecting the best individual of the last generation is based on the use of the scores; 

therefore this method was selected to be applied in the next analysis.  

4.6.2 Parameter identification using the loading-unloading curve 

4.6.2.1 Effect of the number of indenters used in multi-objective identification 

In previous sections the use of a single indentation loading-unloading curve as objective for 

the optimization routine has been investigated. In most cases the obtained results were in 

good agreement with respect to the reference. In this section the effect of the number of 

indentation responses in the objective function is explored. 
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Table 4.4 lists the quantity and type of indenters used on each parameter identification 

procedure. Also, the reference of each combination of indenters is given. The analysis 

started with a single indenter, and then the number of indenters was progressively increased 

to reach a maximum of four indenters, giving a maximum of eight objectives (two objective 

functions by indenter).    

Number of indenters Label Used indenters 

1 1ind BKs 

2 2ind BKs+Sp10 
3 3ind BKs+Sp10+FP10 

4 4ind BKs+Sp10+FP10+CC 
Table 4.4. Number of indenters used in the multi-objective routine 

 The results show that when using a single indenter, the BKs in this case, the stress-strain 

curve is out of the reference curves (Fig. 4.22 (a)). However when it is combined with other 

indenter, the curve falls inside the reference. In fact after two indenters, the solutions are 

close to the reference limits. Therefore the use of more than one indenter improves the 

stress-strain curve. 

 
Fig. 4.22. Results of the multi-objective optimization procedure combining several indenters. 

It is observed that 𝑅𝐷 is highly overestimated when using a single indenter (Fig. 4.22 (b)). 

Then, when using two indenters, results are improved, but fall outside the reference. When 

using three indenters, the best estimation is reached, to finally fall outside of the reference 

when using four indenters. 

In the case of the parameter 𝑛𝐷, when using one indenter it is underestimated, including a 

second indenter improved the results that fall inside the reference limits, to finally be 

degraded when using three and four indenters (Fig. 4.22 (b)). According to the errors, the 

best identification was performed with the combination of three indenters. 
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From this results it can be say that using two indenters is enough to obtain good parameter 

estimation. The increase of more than two indenters introduces two facts: 1) the solution is 

not highly improved, and 2) the required computational time is heavily increased.  

Since it was verified that two indenters are enough to obtain a good estimation of the 

parameters, the effect of the combination of pairs of indenters with different geometry is 

investigated in the next section. 

4.6.2.2 Effect of the shape of indenters used in multi-objective identification 

The nanoindentation curves of pairs of indenters of different geometries were used to 

formulate the objective function of the multi-objective optimization routine. The first pair 

consists of two sharp indenters, i.e. the BKs and the CC. The second pair is a combination of 

sharp and soft indenters, the BKs and the Sp10. A third pair consists of spherical indenters, 

the Sp10 and Sp100. Table 4.5 lists the indenters and the labels used in this procedure. 

Number of indenters Label Used indenters 

2 Sharp BKs+CC 
2 Mixed BKs+Sp10 

2 Soft Sp10+ Sp100 
Table 4.5. Combinations of indenters used in the multi-objective routine 

 

Fig. 4.23. Results of the multi-objective optimization procedure combining indenters of 
several shapes. 

 

As shown in Fig. 4.23(a), all the stress-strain curves generated by the inverse analysis are 

inside the limits defined by the reference stress-strain curves (tensile and compression) as 

expected. 𝑅𝐷 is underestimated when using a mixture of sharp and soft indentation (Fig. 

4.23(b)). In the case of the sharp and soft indentation, the parameter is inside the reference 

interval. In the case of 𝑛𝐷, in all cases the found values are inside the reference interval (Fig. 

4.23(c)). 
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According to the errors, the best parameter identification was performed with the sharp 

indentation, i.e. with the combination of the BKs and the CC. On the other hand, the 

combination of the two spherical indenters of different radius produced parameters that are 

closer to the tensile test than the compression test. The residual imprints of the BKs and the 

Sp10 have a similar size, then the representative stress could be closer for both indenters, 

and that could be the reason why combination of BKs and Sp10 produces the 

underestimated 𝑅𝐷. 

The effects of the number of indenters and the combination of different indenter shapes 

allowed a better understanding of the use of the multi-objective optimization in the 

nanoindentation inverse analysis. The next stage is to investigate if the loading-unloading 

curve combined with the residual imprint in the same multi-objective function allows a good 

estimation of the parameters.  

4.6.3 Parameter identification using the LU curve and the residual 

imprint 

In this section the indentation response was combined with the residual imprint obtained by 

AFM. The use of the whole topography is a complex task; therefore only one section of the 

residual imprint was used.  

The first observation was that the plot of the objective functions of the indentation work are 

not forming a Pareto front as expected (Fig. 4.24 (a)). In fact the solution is not approaching 

to zero in any plot. 

 
Fig. 4.24. Plot of the functions obtained after 10 generations. 
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Inspecting the indentation curves, it was detected that the solutions were blocked inside an 

interval (Fig. 4.25 (a)), which is clearly visible by comparing the curves of the solution with 

the same GA but using only the loading-unloading curve. Therefore the introduction of the 

residual imprint limited the solutions. 

 
Fig. 4.25. Set of all numerical indentation curves obtained with the BKs and the GA, (a) using 

as input the LUC and the residual imprint, (b) using as input only the LUC. 

To try to understand the problem, the GA was launched only with the residual imprint as 

objective function. It was found that the scores of the residual imprint was ranging between 

0.0340 𝑎𝑛𝑑 0.1766, while the interval of the scores for the indentation curves (GA with only 

the indentation curve) was 0.006 𝑡𝑜 0.9716 (including both 𝑊𝑡𝑜𝑡𝑎𝑙 and 𝑊𝑒𝑙𝑎𝑠𝑡).  

The conclusion about this failure is that large changes in the parameters of the constitutive 

law have minor impact on the residual imprint (Fig. 4.26), unlike the indentation curve, where 

small changes in the constitutive law introduces large changes. 

As the evidences show, the use of the residual imprint does not help to improve the solution. 

Maybe by using other approaches, for example using the whole topography of the residual 

imprint, the parameter identification could be improved. On this work it was decided to 

decline the use of the residual imprint to focus the efforts on the improvement of the 

exploitation of the indentation curve, which contains more profitable information about the 

plastic deformation. 

 
Fig. 4.26. Set of numerical residual imprints obtained using as only input of the GA the 

experimental residual imprint. 
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 Proposition of a new identification method 4.7

The parameter identifications performed in previous sections suggest that the shape of the 

indenter included in the FE model plays a very important role on the results. Therefore this 

section is devoted to search a method that allows the reproduction of the real geometry of 

the Berkovich indenter tip on the FE model with high accuracy.  

The so-called tip defect on Berkovich indenters is the result of wear produced by the 

indentation of hard surfaces. This wear is unavoidable and progressive as the indenter is 

used to perform indentation experiments. Therefore the hypothesis of perfect indenter is lost 

quickly, forcing to perform deeper indentations to respect this hypothesis. On the other hand 

it was noted that even using a new tip, there is a difference between the experimental and 

simulated curves, meaning that the manufacturing process also plays a role in the defect of 

the tip.  

The work presented by Pelletier et al. [71], proposes that the defect in the tip of the 

Berkovich indenter can be included on an axisymmetric model as a curvature on the tip with 

a given radius, producing a sphero-conical indenter shape (Fig. 4.27).  

 
Fig. 4.27. Schema of the round tip indenter [71]. 

The parameters describing this geometry are 𝑎1 and 𝑙1 given by: 

 𝑎1 = √2𝑅𝑙1 − 𝑙1
2  𝑎𝑛𝑑  𝑙1 = 𝑅

𝑐𝑜𝑠휃

𝑡𝑎𝑛휃
 (4.12) 

This proposition is based on the indenter area function introduced in the analysis of the 

nanoindentation data by Oliver and Pharr [1]: 

 𝐴(ℎ𝑐) = 24.5ℎ𝑐
2 + 𝐶1ℎ𝑐 + 𝐶2ℎ𝑐

1 2⁄
+ 𝐶3ℎ𝑐

1 4⁄
+ ⋯+ 𝐶8ℎ𝑐

1 128⁄
 (4.13) 

Where the first term describes the perfect tip and the others describe the deviations on the 

tip. Then they propose the equivalent indenter area functions 𝐴𝑡ℎ for the perfect indenter, and 

𝐴𝑠 for a worn tip: 

 
𝐴𝑡ℎ = 𝜋ℎ2𝑡𝑎𝑛2휃 
𝐴𝑠 = 𝜋[ℎ(2𝑅 − ℎ) + (𝑎1 + (ℎ − 𝑙1)𝑡𝑎𝑛휃)2] 

(4.14) 

Then by comparing the ratios 𝐴𝑠 𝐴𝑡ℎ⁄  versus indentation depth (Fig. 4.28), the indenter radius 

𝑅 can be deduced. 
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Fig. 4.28. 𝐴𝑠 𝐴𝑡ℎ⁄  ratio versus indentation depth ℎ for the real Berkovich indenter and for 

conical indenter with different tip radius 𝑅 [71]. 

This method to deduce the radius of the sphero-conical indenter is straightforward and 

requires only the indenter area function. In the same line, a more sophisticated and 

elaborated work was performed by Breuils et al. [30]. In his method (depicted in Fig. 4.29), 

the authors include the indenter geometry obtained by AFM in contact mode. The results 

obtained with this method are excellent, allowing the reproduction of the indentation 

response at shallow depths (Fig. 4.30).  

 
Fig. 4.29. Method used by Breuils to introduce true indenter geometry into the FE model [30]. 

The hard drawback of this method is that it requires the use of an AFM to capture the 

indenter geometry, and also good competences in data treatment to correct the data cloud 

representing the indenter.  
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Fig. 4.30. Influence of the tip modeling on shallow indentations (a) on Si and (b) on SiO [41]. 

As the reproduction of the indenter geometry by AFM is a challenge, it was decided to 

develop a new method based on the use of the function area proposed by Oliver and Pharr 

[1]. 

4.7.1 Method development 

The method proposed in the Fig. 4.31 is based on the use of the indenter area function 

deduced from the experimental indentation conducted on fused quartz. The method is not 

limited to worn indenters, because even new indenters have manufacturing defects or 

deviations and therefore the tip of the indenter must be calibrated [1, 28, 72], to assess the 

elastic modulus and the hardness. The first steps presented in the Fig. 4.31 correspond to 

the actual method of calibration. Then, the core of this method consists in the reconstruction 

of the indenter geometry and its representation on the FE model. To avoid interferences 

induced by impurities, the tip need to be cleaned before the experiments on fused silica as 

proposed in the next section.    

 

Fig. 4.31. Method to extract the true indenter geometry of a worn Berkovich indenter. 
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4.7.1.1 Tip cleaning and indenter calibration 

The method starts with the cleaning of the worn Berkovich indenter (BKw in this case) using 

an ultrasonic cleaner. To prevent damage on the tip, the indenter was mounted on a holder 

and placed at the bottom of a vessel filled with alcohol. The ultrasonic cleaning was 

performed in all the available frequencies by intervals of ~2 minutes. Then the indenter was 

calibrated using the standard fused silica block provided by the manufacturer of the 

nanoindenter, using the protocol listed in the Table 4.1. For each indentation load, 10 

indentations were performed. 

Load (mN) 0.1 0.3 1 3 10 20 40 60 80 

Loading rate (mN/min) 0.6 1.8 6 18 60 120 120 120 120 

Acquisition frequency (Hz) 30 30 30 50 100 150 150 150 150 

Table 4.1. Experimental protocol used to calibrate the indenter 

The original protocol proposed by Oliver and Pharr [1], was extended with additional loads of 

40, 60 and 80 mN, to increase the height of the calibrated zone of the indenter. 

4.7.1.2 Function area determination 

Using the experimental data gathered by the indentation on the fused silica, five indenter 

function areas were constructed using the same principle proposed in the original method 

[73], but from combinations of different indentation loads. The loads used to construct the 

functions 𝐹1 to 𝐹5 are listed in the Table 4.2. 

 F1 F2 F3 F4 F5 

L
o

a
d

 (
m

N
) 

0.1 0.1 0.1 0.1 0.1 

0.3 0.3 0.3 0.3 0.3 
1 1 1 1 1 

 3 3 3 3 

  10 10 10 

   20 20 

   40 40 

    60 

    80 

Table 4.2. Indentation loads used to create the functions 

Then, with the help of the software included with the nanoindenter, the coefficients of the 

functions were determined. Several sets of coefficients were tested on each function, but 

only the set of coefficients that best fits the experimental points on each case were selected. 

The complete list of coefficients is listed in Table 4.3. 

 F1 F2 F3 F4 F5 

𝐶1 7.568E+14 7.330E+14 -1.144E+14 -1.385E+14 -4.230E+14 

𝐶2 -1.214E+14 -9.159E+14 8.150E+14 9.470E+14 4.794E+14 

𝐶3 7.031E+14 3.300E+14 -4.084E+14 -4.762E+14 -5.513E+14 

𝐶4 -1.278E+14 -2.487E+14 3.606E+14 4.211E+14 1.460E+14 

𝐶5 6.938E+14 0.000E+00 0.000E+00 0.000E+00 -9.645E+14 

𝐶6 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 

𝐶7 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 

𝐶8 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 

Table 4.3. Deduced coefficents for each function area 
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4.7.1.3 Reconstruction of the indenter geometry 

The utility of the function area is to obtain the value of the projected area of the indenter at 

given height of the indenter measured from its tip (Fig. 4.32).  

 

Fig. 4.32. Illustration of a conical indenter showing the projected area, 𝐴, and its respective 

radius, 𝑟, in function of the indenter height ℎ. 

As the indenter is considered as conical, each projected area corresponding to each ℎ has a 

shape of a circle of radius 𝑟. Then for each ℎ, the radius is obtained with the expression 

 𝑟(ℎ) = √
𝐴(ℎ)

𝜋
 (4.15) 

From this expression, 𝑟 is used to build the profile of the axisymmetric indenter. On this 

procedure, the indenter height was fixed to ℎ = 500 𝑛𝑚, then the profile of the indenter was 

constructed for each function area as shown in the Fig. 4.33. 

A scale effect in the indenter profiles shown in the Fig. 4.33 makes difficult to see the 

difference between them. However it is clear that F3, F4 and F5 fail in the description of the 

initial part of the profile.  

 
Fig. 4.33. Axisymmetric profiles obtained from the five function areas: (a) F1, (b) F2, (c) F3, 

(d) F4, and (e) F5. 

The next step is to superimpose the indenter profiles generated with the indenter functions 

area and detect the intersection between them, and then the sections are trimmed to form 

only one profile. With this procedure the artifacts introduced in the area functions of relative 

high ℎ are eliminated. A clear example is given when superimposing the profiles produced 

with F2 and F3, shown in Fig. 4.34. 
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Fig. 4.34. Example of a combination of two indenter profiles produced by different functions 

area. 

This procedure is effectuated progressively (F1 versus F2, F2 versus F3, etc.), to reconstruct 

the whole profile. The final shape of the reconstructed indenter is compared with the profile 

of an equivalent perfect Berkovich indenter in Fig. 4.35. 

 
Fig. 4.35. Comparison between the reconstructed indenter from several functions and the 

equivalent perfect Berkovich indenter. 

On this comparison it can be noted that the profile obtained by this procedure is not sphero-

conical. Also in any part of the reconstructed indenter exists a parallelism respect the perfect 

indenter. It must be clarified that the result of this procedure are three vectors:  

- the vector containing the set of ℎ, in this case ℎ ∈ [0, 500] 𝑛𝑚,  

- the vector containing the set of projected areas 𝐴 corresponding to each ℎ, 

- the vector containing the radius, 𝑟, of each 𝐴.  

Therefore the expression of the function area in the form of the Equation (4.13) is not used 

anymore. To go further, the mixed function area (i.e. the vector of projected areas obtained 

by the combination of F1 to F5) was used to build an ideal 3D worn Berkovich indenter. To 

do that, a hypothesis of a triangular projected area was used. The parameters of this ideal 

area are given in the Fig. 4.36.  

On this geometry 𝑎 is given for each ℎ by: 
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 𝑎(ℎ) = √𝐴(ℎ)
4

√3
 (4.16) 

and 𝑧 by: 

 𝑧(ℎ) =
𝑎(ℎ)

2
tan (30°) (4.17) 

 

Fig. 4.36. Parameters of the projected area of a Berkovich indenter. 

The resulting vector 𝑧(ℎ) is used as input in the FE model to define a profile at the middle of 

the wall of the indenter. Extruding symmetrically the profile is obtained one wall of the 

indenter. Using a circular pattern, the other two walls of the indenter are generated. To obtain 

the final indenter shape, the walls are trimmed on the intersections. 

The resultant ideal worn Berkovich indenter is compared with the perfect indenter (using 𝐴 =

24.5ℎ2) in Fig. 4.37. Both indenters were created using the same script in Abaqus.    

To evaluate the performance of the proposed method of reconstruction of the Berkovich 

indenter tip, a new set of indentation experiments was conducted on the sample of 316L as 

detailed in the next section. 

 
Fig. 4.37. 3D Berkovich indenters created using scripts in Abaqus: (a) perfect indenter from 

𝐴 = 24.5ℎ2 and (b) worn indenter using a mixed function area. 
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4.7.2 Nanoindentation experiments on 316L 

As the BKw was used in other nanoindentation experiments before the implementation of this 

method, a new set of nanoindentations experiments were conducted on the sample of 316L 

to avoid possible interferences in the old data (eventual evolution of the wear on the tip at the 

moment of the calibration, presence of impurities on the tip in old experiments, etc.). The 

experimental conditions used in the new experiments are listed in the Table 4.4. 

Load (mN) Loading rate (mN/min) Acquisition frequency (Hz) 

0.3 0.7 30 
1 6 30 

3 6 30 
10 6 30 

15 6 30 
Table 4.4. Experimental conditions used to indent on the 316L 

For each load, nine indentations were performed,  then, the indentation curves lying in the 

same loading path were selected (Fig. 4.38 (a)). 

 
Fig. 4.38. Nanoindentation experiments: (a) indentation curves used as input of the inverse 

analysis, and (b) residual imprints. 

Different indentation loads were used to produce different indentations depths to: a) allows 

the evaluation of the performance of the method, b) to check if the reconstructed indenter is 

able to reproduce correctly all the nanoindentation curves and c) to analyze the parameters 

of the constitutive equation produced for each indentation depth.  

4.7.3 Parameter identification using the proposed method 

Initially it was planned to use the whole indentation curve on a multi-objective optimization 

with the GA, but as the method was new, it was decided to start with GA with a single-

objective optimization using only the loading curve to explore the influence of the true tip on 

the results. On the LM algorithm, the loading and the unloading curves were used as before. 

In that case, the experimental data were analyzed using the reconstructed indenter and a 

perfect indenter to evaluate the differences of the results. Additionally the experimental data 

were analyzed with the Dao analytical inverse method. 

The initial parameters used in the algorithm of LM for both, perfect indenter and true 

indenter, were 𝑅𝐷 = 1000 and 𝑛𝐷 = 0.5. The limits used in the GA were 𝑅𝐷 ∈ [100, 1000] and 

𝑛𝐷 ∈ [0.05, 0.5]. The perfect tip was not used in the GA.  
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The results of the parameter identification are listed in the Table 4.5. The identification 

performed with the Dao analytical method produced reasonable results for 𝑅𝐷, but out of the 

range of the 316L or not consistent for 𝑛𝐷; therefore the analytical identification is not useful 

in this conditions. When using a perfect tip on the LM algorithm, the parameters found for a 

0.3 mN are not coherent: in fact 𝑛𝐷 is superior to 0.5. For the other indentation loads, the 

parameters remained on the coherent limits. 

 Parameter 0.3 mN 1 mN 3 mN 10 mN 15 mN 

Dao 
𝑅𝐷 - 4704 5449 1270 234 269 

𝑛𝐷 1.177 -0.161 0.280 0.462 0.423 

LM + perfect tip 
𝑅𝐷 1891 1049 898 709 639 

𝑛𝐷 0.614 0.483 0.362 0.258 0.241 

LM + True tip 
𝑅𝐷 697 547 458 480 486 

𝑛𝐷 0.256 0.248 0.269 0.214 0.210 

GA + True tip 
𝑅𝐷 653 562 435 406 409 

𝑛𝐷 0.210 0.202 0.224 0.222 0.222 

Table 4.5. Identified parameters using several methods 

Plotting the parameters in function of the indentation depth revealed that the representation 

of the indenter tip on the numerical model plays a fundamental role (Fig. 4.39). When using 

the reconstructed indenter: 

- Concerning the parameter 𝑅𝐷, an important trend is observed: in shallow indentations 

(ℎ ∈ [0, 130] 𝑛𝑚) its value is high, which could be related to the indentation size effect 

[44], scale effects, or transformations of the surface induced by the polishing 

procedure.  

- The parameter 𝑛𝐷 is constant, which is coherent with the reality because 𝑛𝐷 is a 

material constant. 

When using the perfect indenter, the trend is an increase of both parameters as the 

indentation depth is reduced; however the values remained coherent with the values 

obtained by tensile/compression test on indentations of 10 and 15 mN.  

 
Fig. 4.39. Identified parameters at different indentation depths. 

Fig. 4.40 shows that the stress-strain curves are shifted upwards compared to the uniaxial 

limits for the load 0.3 mN, and then progressively falls inside the limits. That is the effect of 

the increase in 𝑅𝐷 observed in the Fig. 4.39. On the other hand, the identification performed 

with the perfect indenter never falls inside the uniaxial limits. 



Chapter 4: The macroscopic behavior of the 316L stainless  steel 
__________________________________________________________________________ 

126 
 

 
Fig. 4.40. Uniaxial response identified with a perfect indenter and the true indenter using 

loading forces of: (a) 0.3 mN, (b) 1 mN, (c) 3 mN, (d) 10 mN and (e) 15 mN. 

Concerning the indentation curves (Fig. 4.41), the numerical curves obtained with the 

reconstructed indenter are in good agreement with the experimental curves for all loads. As 

the indentation load decreases, the difference between the experimental curve and the 

numerical curve obtained with the perfect indenter is increased. This is consistent with the 

idea of using deep indentation to consider the indenter as perfect.   

 
Fig. 4.41. Numerical indentation curves obtained with a perfect tip and reconstructed true tip 

compared with the experimental data at different indentation loads. 

The parameters identified with the LM for a load of 15 mN were used on a 3D simulation to 

generate the indentation curve (Fig. 4.42), and the residual imprint (Fig. 4.43) of an ideal 

worn indenter and a perfect indenter. The indentation curve obtained with the 3D indenter is 
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perfectly equivalent to the curve generated with the axisymmetric indenter, and in turn both 

of them are coincident with the experimental curve (Fig. 4.42 (a)). On the other hand, using 

the same set of parameters but on a perfect 3D indenter, the discrepancy between the 

curves is high, evidencing the effect induced by an incorrect representation of the indenter in 

the FE model (Fig. 4.42 (b)).  

 
Fig. 4.42. Validation of the 3D true indenter: (a) comparison between the numerical curves 

obtained with the true 3D indenter and the true axisymmetric indenter against the 
experimental response, and (b) numerical curves obtained with a perfect indenter and the 

true indenter on a 3D simulation using the same set of parameters. 

Also as seen in Fig. 4.49 , the imprint coming from the reconstructed indenter shows a better 

agreement with the experimental profile than the one from the perfect indenter. At a glance it 

is easy to see that the volume of matter displaced by the worn indenter is greater than for the 

perfect indenter, which necessarily has an impact on the indentation curve, as shown in the 

Fig. 4.42 (b).  

 
Fig. 4.43. Residual imprint generated by evaluating the results of the LM for a 15 mN on a 3D 

model: (a) using the ideal worn indenter, (b) using a perfect indenter. 

4.7.4 Conclusion on the proposed method 

The method to reconstruct the geometry of a worn Berkovich indenter presented in this 

section is derived from the method of calibration proposed by Oliver and Pharr [29], which 

originally is used to determine the projected contact area and then the hardness and the 

elastic modulus of the indented material. Even when this calibration procedure has no 

physical meaning, it is a powerful method to describe the shape of the indenter. However, as 

stated in [2], the function area satisfies a range of indentation depth, therefore several 

functions area are needed to describe correctly all the indenter.  
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On the other hand, it was observed that on the range of depth studied in this section, the 

reconstructed axisymmetric indenter is not of a sphero-conical type.  

The reconstruction of a 3D indenter using several functions was also possible, and the 

equivalence with the curves obtained using the worn axisymmetric model is a way to 

demonstrate it. But also the great resemblance of the residual imprint obtained with the ideal 

worn indenter and the experimental proves the effectiveness of the method.   

 Conclusion 4.8

The plastic behavior of the 316L was characterized through the experimental 

nanoindentation data, which was used as input of the analytical inverse methods and 

numerical inverse methods. The use of analytical inverse methods produced results that 

satisfied the parameters of the 316L for the method of Dao and Bucaille (using the BKs and 

CC). These kinds of methods are very useful because the parameters are found by solving a 

set of equations, which is not highly time consuming. However these methods are limited to 

the hypothesis of a perfect indenter, requiring indentations sufficiently deeper to satisfy this 

condition. Finally, the analytical inverse methods must be used carefully because the 

numerical solvers can highly influence the results. 

For the numerical inverse analysis two formulations of the objective function were proposed: 

one using the classic minimization of the experimental and numerical points of the 

indentation curves, and another one using the indentation work. The advantage of the use of 

the indentation work is that the whole indentation curve can be easily introduced in the 

objective function as a vector of two components (one for the loading curve and other one for 

the unloading curve). The second formulation facilitates the stack of several indentation 

responses in the multi-objective optimization. Also a formulation allowing the use of the 

residual imprint in the objective function was proposed. 

In single-objective optimization, the approach used to understand the role of the indenter 

wear revealed that the wear is not the only factor implicated in the correct representation of 

the nanoindentation because even a new Berkovich indenter was unable to reproduce 

perfectly the indentation curve. The approach used to understand the role of the shape and 

the size of the indenter, revealed that the shape of the indenter is not playing a fundamental 

role in the parameter identification, neither the size of the indenter. 

In multi-objective optimization, an adapted method to select the best solution was proposed. 

It was demonstrated its high efficiency when using more than two objective functions, 

eliminating the necessity of a Pareto front analysis. Results showed that the use of a single 

indenter is not enough to produce accurate parameters (as observed before), but on the 

other hand, when using more than three indenters the solution is degraded and the 

computational time is heavily increased. Therefore two indenters are enough to have good 

parameter estimations. In this sense, the best parameter identification was performed with a 

combination of the BKs and the CC.      

Finally, the true geometry of the Berkovich indenter was introduced in FE analysis to 

describe the shape of the indenter, a composite function area obtained through the 

calibration of the Berkovich indenter was used. Then, using the true indenter shape, the 

indentation curve was correctly described by the numerical model and the parameters of the 

Dao law were coherent for all the analyzed indentation depths, even for indentations inferior 
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to 100 nm, which are a challenge until today. Also it was verified that the 3D indenter 

generated using the composite function area produced a residual imprint very close to the 

experimental indentation mark.  

All these results demonstrate that the most important aspect in the elastoplastic parameter 

identification is the correct representation of the indenter in the FE model.   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

Chapter 5 

5 Micromechanical behavior of 316L 

Stainless steel 
 

Abstract: The microscopic behavior of the 316L is investigated through experimental and 

numerical inverse analysis. The critical load for the resolved shear stress is investigated 

experimentally by pop-in analysis. Then, a parametric reference frame is defined through micropillar 

compression test. The crystal orientations are taken into account, of the grains where the micropillars 

and the nanoindentations are conducted. The parameter identification is performed using the Genetic 

Algorithm. The results are spread in the case of the spherical indentation and less dispersed in the 

case of the Berkovich indentation but in any case the parameters are equivalent to those obtained by 

micropillar compression.      
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 Introduction 5.1

Nanoindentation is widely used to explore the mechanical properties of small volumes of 

materials. For crystalline materials, there is a growing experimental and theoretical interest in 

micromechanical characterization of crystal deformation. Liu et al. [74] performed a 

combined crystal-plasticity (CP) finite-element (FE) numerical simulations and 

nanoindentation experiments to determine crystal properties of the pure copper. Lee and 

Chen [75] adopted the CP theory to model the size effect in a nanoindentation process of the 

same material. Wang et al. [76] studied an effect of crystallographic orientation on pile-up 

patterns and microtextures using a CPFE model for single crystal of copper. Correct 

numerical predictions of the surface pile-up patterns were achieved; however, a difference of 

one order of a magnitude in the load–displacement curve between experiments and 

simulations was reported. Liu et al. [77] performed a similar study using a spherical indenter 

instead of a conical one, where satisfactory agreements between the numerical and 

experimental load–displacement curves were demonstrated. 

Some studies attempted to characterize the texture evolution in nano-indentation, with the 

use of different experiments such as a non-destructive 3D synchrotron diffraction technique, 

3D electron back scattered diffraction (EBSD) and transmission electron microscopy (TEM). 

A limited number of numerical studies attempted to analyse physical deformation 

mechanisms leading to lattice rotations. For instance, Wang et al. [76] demonstrated lattice 

rotations for a single crystal of Cu with different orientations using a 3D elastic-viscoplastic 

CP FE modeling. Zaafarani et al. [78] proposed a physically based CP model based on 

dislocation-rate formulations to explain potential reasons for deformation-induced patterns 

consisting of multiple narrow zones with alternating crystalline rotations. Demiral et al. [79] 

developed a 3D finite-element model of nanoindentation incorporating an enhanced model of 

the strain gradient crystal plasticity [80] to simulate accurately deformation of a bcc metallic 

material. This study demonstrated that the introduction of strain gradients altered the activity 

of slip systems and the relative contribution to the overall plastic slip. 

In this context, the last chapter of this work attempts to analyze and modeling the behavior of 

316L at the crystal scale. This chapter focuses on the study of the microstructural 

characteristics of the 316𝐿. Beside the nanoindentation test, the microcompression test will 

be introduced to establish the reference parameters of a micromechanical constitutive law. 

The nanoindentation inverse analysis will be used to estimate the constitutive crystal 

plasticity parameters.  

After a first presentation of the state of the art concerning the micromechanical 

characterization by nanoindentation and micropillar compression test as well as the pop-in 

events detected in the nanoindentation test, the chapter is divided in two main parts: the 

microcharacterization of the crystal behavior by micropillar compression, and, the uses of 

nanoindentation test to identify the crystal plastic behavior of the 316𝐿 material. 

In the first part the details of the experimental characterization through micropillar 

compression will be presented. Then the experimental data will be used as input to the 

inverse analysis, and the reference parameters will be determined. 

In the second part, the microstructural effects on nanoindentation test will be studied for the 

Sp2 and BKs indenters. Such effects will be included as the mean orientation of the grain, 
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the misorientation, the size of the grain and the grain boundaries. The results of the inverse 

analysis of the nanoindentation data gathered with the Sp2 and BKs will be presented.  

Finally, the results will be compared with the reference parameters and the validity of the 

nanoindentation curves obtained by simulation and experimentally will be debated. 

 State of the art: microscale characterization 5.2

5.2.1 Analysis of the microstructure effect in nanoindentation 

The nanoindentation test is a powerful technique that can be used to analyze the mechanical 

response linked to the microstructural characteristics of crystalline materials, thanks to its 

ability to produce residual imprints of a few micrometers. Several studies have demonstrated 

that the microstructure plays an important role on the mechanical response by 

nanoindentation. Some of these studies include the effects of the microstructural 

characteristics on the hardness [63], on the residual imprint [59], on the transition between 

the elastic and elastic plastic regime [81] among others. These effects as appear as changes 

in the indentation magnitudes, inducing some degree of dispersion on a same indented 

surface.    

The investigation of the effects of the grain boundaries (GB) on the nanoindentation 

response can be grouped in two different approaches. The first approach consists in 

quantifying the role of the grain boundaries from the observation of the pop-in events. The 

second approach uses the variations of the hardness to analyze the effects of the grain 

boundaries. Examples of both approaches using Berkovich indentation are shown in Fig. 5.1. 

Two kinds of pop-in events are presented in Fig. 5.1(a): the initial pop-in, due to incipient 

plasticity, and the grain boundary pop-in. An important remark made in [82], is that the 

apparition of the grain boundary pop-in on the loading curve, depends on the distance 

between the center of the indenter and the grain boundary. Then in Fig. 5.1(b) a hardness 

profile across a boundary of Fe-Si is shown a positive distance represents an orientation in 

which one side of the residual imprint faces the grain boundary; for negative distances, an 

apex of the residual imprint points toward the grain boundary. 

 
Fig. 5.1. Analysis of the role of the grain boundaries through the Berkovich nanoindentation: 

(a) initial pop-in and grain boundary pop-in events [82], (b) hardness profile across Fe-Si 

boundary [83]. 

The analysis effectuated in this part of the study concerns only the selected reference grains. 

The objective is to find changes in the indentation response induced by the grain boundaries, 
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compared with the response inside the grain. Also the indentation loading curves were 

analyzed to detect the existence of grain boundary pop-ins and initial pop-ins.   

On the other hand, the literature reports that the grain size (GS) can influence the 

nanoindentation response [84, 85]. The studies of the effects of the grain size are performed 

on samples with ultrafine microstructures. For example, studies on nanonickel report that the 

position of the indentation inside the grain greatly influences the measure of the hardness 

[84]. The size of the residual imprint was smaller than the size of the grain (ranging from 280 

to 2500 𝑛𝑚), and the indentation was applied at the center of the grain. Fig. 5.2 shows the 

effects on the loading curve and the trend for grains of different size, the smaller being the 

harder.  

 

Fig. 5.2. Effects of the grain size of nanonickel on (a) the force-displacmeent curve and on 

(b) the hardness measured at the center of the grain [84]. 

The analysis performed in [84, 85], cannot be reproduced in the same way, because the size 

of the microstructure of the sample used in this study is not ultrafine. However it was decided 

to use the mean value of the indentation response inside the grain (excluding the grain 

boundaries and twining) of grains with different sizes. The objective is to identify if there is a 

relation between the size of the grain and the dispersion. The analysis was performed for 

both indenters, Sp2 and BKs. For each indenter six grains containing from 1 to 11 

indentations were selected. Additional information from the grains was analyzed: the grain 

area, corresponding to the total grain surface; and the equivalent radius, which is the radius 

of a circle of the same area than the selected grain.  

5.2.2 Pop-in analysis 

5.2.2.1 Pop-in events 

The pop-in phenomenon is revealed on the loading branch of the indentation curve. In load 

controlled experiments, the pop-in manifests as an abrupt displacement of the indenter 

introducing a horizontal line on the loading curve (Fig. 5.3). The deformation before the pop-

in event is considered purely elastic, and its apparition defines the onset of the plastic 

deformation [81]. 
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Fig. 5.3. Indentation curve presenting a pop-in induced at a loading force of ~6000 µ𝑁 [36]. 

From the first observation of the pop-in by Gane and Bowden in 1968 [86], pop-in becomes a 

widespread subject, and is examined theoretically and experimentally. It is observed on 

several types of materials (metals, alloys, and ceramics, among others) and sometimes 

occurs several times in the same curve. However, the loading force reached at the moment 

of the occurrence is not stable, even on same experimental conditions. For example, for 

several indentations on the same surface with the same indenter there is always dispersion 

on the peak load before the event [36]. This finding shows that there is not a critical loading 

force triggering the pop-in, forcing to search other explanations describing its apparition from 

the analysis of the effects induced by the material factors and experimental parameters.     

5.2.2.2 Physical origin of POP-IN 

a) Homogeneous nucleation of dislocations 

Several studies on materials with low dislocation density and with very smooth surfaces have 

shown that the first pop-in comes from the homogenous nucleation of dislocations in the area 

of strong stress under the tip of the indenter, caused when the shear stress is almost equal 

to the theoretical yield strength [87]. 

Indeed, the elastic part of the curve before the appearance of pop-in is generally described 

by the theory of the elastic contact of Hertz [88], whose average pressure is given by the 

relation: 

 𝑝𝑚 =
𝐹

𝜋𝑎2
=

4

3𝜋
𝐸𝑟√

ℎ

𝑅
 (5.1) 

where 𝐹 is the indentation force, ℎ the indentation depth, 𝑎 is the contact radius, 𝑅 is the 

indenter radius and 𝐸𝑟 is the reduced elastic modulus.  

The expression of the shear stress 𝜏 necessary for the homogenous nucleation of 

dislocations is deduced from the elastic self-energy stored in a dislocation loop, the 

equilibrium between the elastic energy and the work necessary to form a dislocation loop of 

the radius 𝑟 in an isotropic medium and neglecting the formation of stacking defects and 

thermal contributions [87]. It is given by the expression:  
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 𝜏 = (
2 − 𝜈

1 − 𝜈
) (

𝐺𝑏

4𝜋𝑟
)(𝑙𝑛

4𝑟

𝑟0
− 2) (5.2) 

where 𝐺 is the shear modulus, 𝑏 is the amplitude of the Burgers vector, 𝜈 is the Poisson ratio 

and 𝑟0 is the radius of the internal cutting. 

This formula is maximal if the radius of the dislocation reaches a critical value 𝑟𝑐. Then, an 

expression of the theoretical elastic limit necessary to shear a crystal in bulk and to trigger 

the homogenous nucleation of dislocations, is proposed [87]: 

 𝜏𝑐 ≈
𝐺𝑏

2𝜋𝑟𝑐
≈

𝐺

10
 (5.3) 

The moment of homogeneous nucleation of dislocations can be described by the Tresca 

criterion, 𝜏𝑇 = 0.465 𝑝𝑚 [87], but does not take into account the nature of the activated slip 

systems and other factors. On next sections some other effects found on the literature are 

presented.  

b) Effect of pre-existing dislocations 

The presence of pre-existing dislocations on the contact zone (under the indenter) has been 

studied from several perspectives [87, 89, 90, 91, 92], concluding that the apparition of the 

pop-in is reduced with the presence of such dislocations.  

This influence was studied by Zbib and Bahr [89] performing microindentation tests at high 

loads on tungsten, to develop areas of high dislocation concentrations on the surface.  Then 

they performed nanoindentation tests in the vicinity of the residual imprint, moving away 

progressively from the center of the residual imprint. The results showed that the trigger load 

decreases progressively when approaching to the altered zone. Moreover, independently of 

the trigger load, the curves of elastic and elastoplastic deformations are superimposable (Fig. 

5.4). 

Lodes et al. [91] used the same experimental principle than Zbib et al. on crystals of 𝐶𝑎𝐹2. 

Also they complemented their study with simulations of the indentation including molecular 

dynamics. They found similar results, remarking that the pop-in disappears on zones of high 

dislocation concentration. 

 
Fig. 5.4. Indentation curves of successive indentations performed along the microindentation 

residual imprint [89]. 
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From the study of several materials (𝐶𝑢,𝑁𝑖, 𝐴𝑙,𝑊, 𝑍𝑛𝑆𝑒, 𝐶𝑑𝑇𝑒, 𝐺𝑎𝐴𝑠, 𝐼𝑛𝑃, 𝐶𝑎𝐹2, 𝐵𝑎𝐹2 and 𝐺𝑎𝑃), 

Lorenz et al. [87] proposed a model to estimate the probability of a pop-in  event in function 

of the dislocation density on the contact zone, given by the expression: 

 𝑁 = 𝜌𝐴𝑐 (5.4) 

where 𝜌 is the initial dislocation density and 𝐴𝑐 is the contact area. 

If 𝑁 ≤ 0.01, there is a high probability to trigger a pop-in. If 𝑁 ≥ 1 there is no probability of 

pop-in event, therefore there is no dislocation nucleation, and the pre-existing dislocations on 

the stress field are enough to develop the observed plastic deformation (Fig. 5.5). 

 
Fig. 5.5. Probability of pop-in event (N) in function of the initial dislocation density and the 

indenter tip radius. The materials are considered on a typical density of dislocations [87]. 

c) Loading rate effects 

Other studies focused on the effects induced by the loading rate on the presence of the pop-
in event. Performing indentations on the 휁(𝐶𝑢) phase of (𝐴𝑢, 𝐶𝑢)5𝑆𝑛 using several loading 

rates (ranging from 5 𝜇𝑁/𝑠  to 800 𝜇𝑁/𝑠 in force controlled experiments, and from 1 𝑛𝑚/𝑠 to 
9 𝑛𝑚/𝑠 in load controlled experiments), Yikai Wang et al. [93] observed that the loading 
necessary to trigger the first pop-in increases with the increase of the loading rate. Also the 
pop-in becomes less visible as the speed increases. They explained this by  the preferential 
activation of pre-existing dislocations under a high load speed (Fig. 5.6). 
 

      
Fig. 5.6. Indentation curves obtained at several loading rates and peak loads: (a) peak load 

of 2 𝑚𝑁 and (b) peak load of 10 𝑚𝑁 [93]. 

Hoin-Jun et al. [94] studied the deformation rate on Cu-Sn based intermetallic. Several pop-

in are detected by varying the deformation rates up to 0.1 𝑠−1 and are no longer identifiable 

by increasing the speed. They suppose that can be related to the crystallographic 

characteristics of the intermetallic, which are themselves related to dislocation movements, 

cracking phenomena among others. 

(a) (b) 
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d) Thermal activation 

Schuh et al. [95], studied the effect of temperature variation on the pop-in trigger load in 

platinum. They found that under a load of 25 𝜇𝑁 𝑠−1 and at three different temperatures, the 

pop-in trigger load decreased with increasing temperature (Fig. 5.7). 

 
Fig. 5.7. Cumulative distribution of the load at the first displacement with 25 µN s−1 [95]. 

Lian et al. [92] conducted nanoindentation experiments on annealed materials at 

400 °𝐶, 500 °𝐶 and 600 °𝐶. They found that the pop-in disappears in the indentation curve 

obtained from the highest temperature. 

By performing nanoindentation tests in 𝑁𝑖3𝐴𝑙, at low loads and long hold time, Chiu and 

Ngan [96] observed that pop-in appears at lower loads than the loads considered in usual 

tests. They proposed a model explaining that there is a time required for the appearance of 

pop-in corresponding to the growth of a stable dislocation loop, which, crossing an energy 

barrier, becomes unstable and gives rise to new dislocations. 

e) Microstructure effects 

Ye et al. [97] performed nanoindentation tests on a high entropy alloy (HEA) with a cubic 

centered (cc) crystallographic structure. The results showed that the activation energy of 

pop-in is higher in a cc structure than in a cubic face-centered structure (fcc). They explained 

this by the fact that nucleation of complete dislocations is favored in cc-HEA structures while 

nucleation of partial dislocations is energetically favored in fcc-HEA. 

Guicciardi et al. [98] examined the pop-in events in a ceramic 𝑍𝑟𝐵2 + 5 𝑣𝑜𝑙.% 𝑆𝑖𝐶. Pop-in 

appeared in indentation curves within grains of 𝑍𝑟𝐵2, but not in 𝑆𝑖𝐶 grains or in the grain 

boundaries. 

Li et al. [99] studied theoretically and experimentally the dependence of pop-in to the crystal 

orientation on 𝑁𝑖𝐴𝑙 crystals. They showed that the trigger load of pop-in is very influenced by 

the crystallographic orientation (Fig. 5.8) and they explain that through the expression: 

 𝑃 = (
𝜏𝑐

𝑆
)
3

(
𝜋3𝑅2

6𝐸𝑟
2 ) (5.5) 

where 𝜏𝑐 is the elastic limit, 𝑆 is the Schmidt’s factor, 𝑅 is the indenter radius and 𝐸𝑟 the 

reduced elastic modulus.   



Chapter 5: Micromechanical behavior of 316L stainless steel 
__________________________________________________________________________ 

139 
 

 
Fig. 5.8. Cumulative probability of pop-in event in function of the loading axis [99]. 

Xiong and Gu [100] performed simulations of molecular dynamics on three crystals of 𝐹𝑒𝑁𝑖3 

using different orientations. They found variations between the loads and the depths of 

occurence of the first pop-in as listed in the Table 5.1. 

Contact surfaces 𝒉𝒄(𝑨) 𝑷𝒄 (µ𝑵) 𝒑𝒎(𝑮𝑷𝒂) 𝑬 (𝑮𝑷𝒂) 
(010) 3.92 0.34 43.60 461 

(110) 5.12 0.6 62.59 534 
(111) 4.33 0.49 71.87 565 

Table 5.1. The critical indentation depth (ℎ𝑐), critical load (𝑃𝑐) and critical mean contact 
pressure (𝑝𝑚) required for the first pop-in event, as well as indentation modulus (E) for 𝐹𝑒𝑁𝑖3 

single crystal [100] 

Similarly, Zhang et al. [101] performed molecular dynamics simulations on silicon crystals 

including Si (010), Si (111), and Si (110). They showed that in Si (010) there was a phase 

transformation preceding the phenomenon of pop-in, which resulted in plastic deformation in 

the material. This was not observed with Si (110) or Si (111), which again proves the role of 

microstructure in the occurence of pop-in. 

Zhenyu Zhang et al. [102], observed that pop-in event on lithium niobate (LN) is due to twin 

formation during indentation. Caer et al. [103] performed indentations on grains of different 

crystallographic orientations of a shape memory alloy and they interpreted that each pop-in is 

due to an activation of a martensite variant and it depends strongly on the orientation of the 

tested grain. 

f) Surface effect  

The nature and mode of the surface preparation for indentation influences the pop-in trigger 

load. For example, Oliver and Pharr [29] have shown that pop-in occurs regularly in an 

electro-polished tungsten surface, and entirely disappears when the surface is prepared by 

conventional mechanical polishing. Indeed, mechanical polishing introduces dislocations in 

the region close to the surface, and as a result, plastic deformation can begin at lower 

stresses by activating preexisting dislocations rather than by nucleation of new ones. 

Wang et Al. [104] tested the influence of surface preparation on the occurrence of pop-in 

events in a single crystal of Molybdenum [100]. They used electro-polishing, polishing with 

alumina, and polishing with silicon dioxide, and varying the number of polishing hours (Fig. 

5.9). They found that the pop-in is very sensitive to the surface condition: a very fine 
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polishing with 𝐴𝑙2𝑂3 of the order of 0.05 µ𝑚 (often used to give mirror finishing on metallic 

surfaces) is enough to destroy any pop-in activity on the surface of Mo. A removal of a layer 

of 0.02 µ𝑚 from the damaged surface with 𝑆𝑖𝑂2, whose polishing is based on chemical and 

mechanical processes, moderately improves the surface but does not give the characteristics 

of a material prepared with electro polishing. 

 
Fig. 5.9. Influence of polishing condition on the pop-in behavior of (001) Mo, and theoretical 

prediction of Hertzian elastic contact for a spherical indenter with radius of 211 𝑛𝑚 [104]. 

Using two polycrystalline samples of annealed and hardened aluminum, controlled in terms 

of roughness and oxide layer, Barnoush et al. [105] observed that the average load of 

occurrence of pop-in is twice higher on the surface of the annealed sample than on that of 

the hardened sample (Fig. 5.10). They concluded that it is necessary to reach the theoretical 

critical constraints to activate the homogenous nucleation of dislocations, in the case of 

absence of dislocations under contact. 

  
Fig. 5.10. Pop-in events found in the annealed sample (Al-A), and absent in the hardened 

sample (Al-F) [105]. 

5.2.3 Micropillar compression test 

5.2.3.1 Micropillar fabrication strategies 

The last decade a new technique that exploits the high precision of the nanoindentation 

machine to perform compression test on the so-called micropillar appeared [106, 107, 108]. 

The micropillars are microstructures which have an elongated shape and regular section.   
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The principle of this nanoindentation variant consists in using an indenter with a flat tip to 

compress the micropillar, which is fabricated on specific zones of the surface of the 

specimen, using a Focused Ion Beam (FIB). In general this test is referred in the literature as 

micropillar compression test, or microcompression test. 

The fabrication of the micropillars is almost always performed using a FIB. The FIB uses an 

ion beam usually of 𝐺𝑎+, which destroys the matter making it useful in the micromachining 

process, but also for the deposition of some materials as tungsten and platinum. The effects 

of damage and redeposition during FIB milling can be reduced using a deposition of tungsten 

or platinum before the milling process, but also adjusting the current [109].         

Most instruments use a liquid metal source (LMIS) to produce ions, in which the heated 

gallium is brought into contact with a tungsten tip. The latter is wetted by gallium and an 

intense electric field is formed at the tip, of the order of 1010 𝑉 per meter, causes ionization 

and emission of gallium atoms. The ions are then accelerated (5 to 30 𝑘𝑒𝑉) and focused by 

electrostatic lenses. The gallium ion 𝐺𝑎+ beam strikes the surface of the sample causing a 

small amount of the material to sputter as secondary ions, neutral atoms, and secondary 

electrons (Fig. 5.11) [109]. 

Researches focused their efforts in the study of the effects of the use of FIB to fabricate the 

micropillars. It concerns the possibility of an 𝐺𝑎+ implantation into the sample, which could 

lead to an increase in the strength, especially in pillars with low diameter. Greer et al. [110] 

compared micropillars of gold, one group fabricated with FIB and other group with a 

technique based on lithographic patterning and electroplating. They found that the 

lithographic patterned pillars also yield at stresses higher than the bulk. 

 

Fig. 5.11. Effect of the implantation in micropillars fabricated using two different techniques, 

the FIB and the lithographic pattern [110]. 

Literature sources reports that the implantation depths for 30 𝐾𝑒𝑉 𝐺𝑎+ beam are not greater 

than 60 𝑛𝑚. Arnold et al. [110] and Machalett et al. [112] demonstrated that the surface 

damage from 30 𝐾𝑒𝑉 𝐺𝑎+ beam on FIB prepared TEM (Transmission Electron Microscopy) 

specimens of Pt, W, and Au penetrated no further than 20 to 25 nm into the surface when the 

Ga beam was directed normal to the surface.  

5.2.3.2 Size and shape effet 

Some studies are focused on the size effects on fcc materials [112, 113, 114, 109, 115, 116, 

117]. On these studies they found that the elastic limit or critical resolved shear stress 
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(CRSS) decreased with the increase of the diameter of the micropillar. In some materials the 

size effects disappear from a certain diameter. For example in Ni of high purity, the diameter 

is 30 µ𝑚 [113], in the 316L 15 µ𝑚 [113], and IN718 is 3 µ𝑚 [113]. The size effect is explained 

by the dynamics, nucleation and multiplication of the dislocation in the micropillar [113]. 

5.2.3.3 Other effects 

Bei et al. [119] studied the pre-strain effects in NiAl-Mo eutectic, directionally solidified 

producing well-aligned single crystals of Mo-alloy fibers embedded in a NiAl matrix. Then 

zones in the sample were pre-strained by compression along the fiber axis. After pre-strain, 

the micropillars were etched in diameters between 360 to 1400 nm with different levels of 

pre-strain, ranging from 0 to 11%.  

On the compression test (Fig. 5.12), they found that pillars with 0% of pre-strain behaved like 

dislocation free materials, with an elastic limit approaching the theoretical strength, 

independent of the size of the micropillar. The pillars with a pre-strain of 11% behaved like 

the bulk, with reproducible stress-strain curves, with relative low strength, stable work 

hardening and no size dependence. At intermediate pre-strain between 4 to 8%, the stress-

strain curves were stochastic with scatter in strength. The scatter in strength decreased with 

increasing pre-strain and pillar size suggesting a transition from discrete to collective 

dislocation behavior. 

(a) (b) (c) 

   
Fig. 5.12. Engineering strain-stress curves: (a) pillars without pre-strain, (b) pillars with 4% 

pre-strain, (c) pillars with 11% pre-strain [119]. 

They found that the deformation field on the micropillars is heterogeneous from the start of 

the plastic flow and is confined to few deformation bands, leading to the formation of ledges 

and stress concentrations at the surface of the specimen. From the numerical simulation they 

identified discrete strain bursts, related to the distribution of the dislocations and reflected in 

a stress drop, on the strain-stress behavior that correlates with the experimental 

observations (Fig. 5.13 (a)). The strain bursts are prominent in the pillars of 0.5 µm, and 

gradually smoothen as the specimen size increases.  

On the other hand they studied the friction between the indenter and the top surface of the 

micropillar (Fig. 5.13 (b)). Two extremes were studied, the frictionless behavior and the 

sticking friction on pillars of 0.5 µm with the same initial dislocation distribution and density. 

On the first case, one slip system dominates and the deformation is localized in two adjacent 

slips bands near the bottom of the pillar, while the upper portion of the pillar glides over these 

two dominant bands and deforms elastically. 
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(a) (b) 

 
 

Fig. 5.13. (a) Effects of the dislocation distribution in 0.5 µm specimen, (b) effect of 

frictionless contact and sticking friction [120]. 

When the surfaces interaction is set to sticking friction, two slips systems are activated and 

the localization is given near the upper surface of the pillar. This observation is coherent with 

the experimental observations reported in [110, 121]. 

The last advances in the nanoindentation and microcompression includes the work of 

Guillonneau et al. [121], who presented in 2018 a new micromechanical testing device able 

to apply strain rates from the quasi-static regime (10−5 to 10−2𝑠−1) continuously up to the 

high strain rate regime. This new device is able to plot the force-displacement curves with 

high precision and was used to test nanocrystalline Nickel at strain rates up to 1000 𝑠−1 by 

nanoindentation, and strain rates up to 100 𝑠−1 by microcompression. 

5.2.3.4 Micropillar deformation modes 

In the literature the different modes of deformation in micropillars are classified. The interest 

is the deformation in crystals, where the crystal slips depend on the crystal orientation, if the 

pillar was built in a single or several crystals, among others. In the micropillars fabricated in a 

single crystal, the slips mainly depend on the crystal orientation. The modes of deformation 

include the single slip, coplanar double slip, non-coplanar double slip, multi-slip and the 

formation of a shear band, shown in  the Fig. 5.14.   

  

  
Fig. 5.14. Modes of deformation in pillars fabricated in a single crystal [113]: (a) single slip, 

(b)coplanar double slip, (c) non-coplanar double slip, (d) multi-slip and (e) formation of a 

shear band. 

(a) (b) (c) 

(d) (e) 
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 Micromechanical behavior characterization by microcompression test 5.3

In this work, the capabilities and the high precision of the indenter machine were exploited to 

compress micropillars, fabricated using a FIB on the 316L. The method of fabrication used to 

create the micropillars is detailed on next sections. Then using the force-displacement curves 

obtained from the microcompression, the elastoplastic behavior was identified by inverse 

analysis (using Crystal Plasticity FE models), and direct analysis using parameters found in 

the literature. The purpose of the use of the microcompression test is to have a reference 

strain-stress behavior to evaluate the precision on the identification of the micromechanical 

behavior by nanoindentation test.   

5.3.1 Micropillar machining  

This section explains the strategy to fabricate the micropillars used in the experimental study. 

The first step consisted in the selection of the zones to fabricate the micropillars. Then, the 

micropillars were fabricated using the annular milling strategy as explained later. 

The micropillars were fabricated inside single crystals of 316L. To select the point of 

fabrication, an EBSD cartography of a portion of the surface of the 316L was employed. Fig. 

5.15 (a) shows the references used to locate the crystals, a deep indentation on the left-

upper corner, and a crystal (enclosed with a circle) that is easily identified in the EBSD 

cartography in Fig. 5.15 (b). Also in Fig. 5.15 (b) the selected crystals to fabricate the 

micropillars are marked with crosses.  

 
Fig. 5.15. EBSD cartography used to select the crystals to fabricate the micropillars: (a) SEM 

image of the initial surface showing the indentation and the crystal used as references, (b) 

selected grains for the micropillar fabrication, (c) cartography exposing the micropillars after 

fabrication from the mean orientation, (d) EBSD cartography of the microstructure 

reconstruction after the micropillar fabrication. 

(a) 

(b) 

(d) (c) 
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After the micropillar fabrication process was made a second EBSD cartography (Fig. 5.15 (c) 

and (d)) to check if the micropillars were fabricated in the correct zone, or if they were 

fabricated on more than one crystal. This process was difficult because the redeposition 

tends to hide the microstructure and no cleaning process was used to prevent 

surface/micropillar damage. In fact the parameters of the EBSD were adjusted until the 

acquisition was enough to identify the micropillars. Note that some pillars were displaced 

from their original position, because the surface was not etched chemically, therefore the 

identification of the microstructure using only the SEM was very hard. 

As the EBSD penetrates only few nanometers into the surface of the sample, the 

cartography applied after the fabrication process helps to justify that the parameters used in 

the fabrication of the micropillar were correct, thus assuming that the redeposition from FIB 

had no effect on the mechanical response in the compression test.   

All the micropillars used in this work were made in a Dual Beam Helios NanoLab 600i build 

by the FEI Company. This machine is located at the CEMES laboratory in Toulouse, France. 

The instrument is a combination of a FIB and SEM. The method used to fabricate the 

micropillars was the annular milling [123], using the parameters determined by the software 

Nanobuilder [124].  

In general in the literature micropillars of square and circular cross section are used. 

Complex shapes can influence the measured value of some mechanical magnitudes [125], 

therefore they are avoided on this study. As the geometry has no effect on hardening [125, 

117], the circular shape was selected to fabricate the micropillars. Moreover the circular 

shape is the most used in the literature.      

The manufacturing strategy used to fabricate the micropillars used in this analysis consisted 

of three steps (Fig. 5.16), systematically applied by the software Nanobuilder. In the first step 

the main circular pool was etched using a current of 47 𝑛𝐴, following a path from the exterior 

to the interior starting with a radius of 30 µ𝑚 down to 14 µ𝑚. At the end of the first step a 

rough thick pillar having a clean surface on the top was obtained.  

In the second step, the pillar was refined using a current of 9 𝑛𝐴, following a path from the 

exterior to the interior to reach a pillar of 6 µ𝑚. At the end of this step the main body of the 

micropillar having the final height was obtained. 

The last step consisted in the finishing of the pillar using a current of 0.8 𝑛𝐴, etching from the 

exterior to the interior until the final diameter of ~4.3 µ𝑚 reached on the head of the pillar. 

These three steps allow the manufacturing of clean micropillars in about 30 min. 

    

 
Fig. 5.16. Micropillar fabrication process: (a) etching of the main pool, (b) pillar refinement, 

and (c) pillar finishing. 

(a) (b) (c) 



Chapter 5: Micromechanical behavior of 316L stainless steel 
__________________________________________________________________________ 

146 
 

In this study the size of the micropillar was imposed by the size of the microstructure of the 

316L, which is about 30 µ𝑚 for the greatest crystals, the radius of the flat indenter (10 µ𝑚), 

and the precision of the motorized table of the indentation machine (~2.5 µ𝑚). A schema of 

the nominal dimensions selected for this study is shown in the Fig. 5.17. The height of the 

micropillar was set to 11 µ𝑚.   

       

Fig. 5.17. Nominal dimensions used to fabricate the micropillars for this study. 

Some pillars have a thin residual layer (Fig. 5.18); however this residual layer is not in 

contact with the micropillar and is far enough from the top of the micropillar, therefore it does 

not represent a risk of contact with the indenter in the experimental test. 

  
Fig. 5.18. Residual layer of material near to the micropillar. 
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A total of 16 micropillars were milled on the surface of the sample (Fig. 5.19). The location of 

the micropillar was selected with the help of EBSD analysis, to build the micropillars inside a 

single crystal as explained before. 

   

Fig. 5.19. Micropillars fabricated on single crystals on the surface of the 316L. 

5.3.1.1 Dimensional control of micropillars 

After the fabrication process, the dimensions of the micropillars were controlled using a SEM. 

All micropillars are builded automatically in the same conditions using Nanobuilder Software 

[124]. We can consider that they have the same shape and dimensions. This assumption is 

verified experimentally. Indeed, the differences observed during the measurements do not 

exceed 200 𝑛𝑚. Based on this information, the final dimensions for a generic model are 

4.5 µ𝑚 for the top, 6.5 µ𝑚 for the base and 15 µ𝑚 of height, producing an aspect ratio of 

0.3.This aspect ratio in micropillars is a fundamental characteristic to prevent the buckling. 

Common values of the aspect ratio are 0.68, 0.4 and 0.29 [126]. 

 

Fig. 5.20. Determination of the micropillar dimensions: (a) height of the micropillar, and (b) 
diameter of the top and the base of the micropillar.  

 

15 µm 

(a) 
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5.3.2 Microcompression conditions 

The micropillars were compressed at room temperature in displacement control using the 

FP10 indenter with the configuration listed in the Table 5.2.  

Max depth (nm) Loading rate (nm/min) Acquisition rate (Hz) 

1500 200 30 

Table 5.2. Indentation parameters 

The microcompression was not performed on in-situ machine; in fact the indentation unit and 

the optical microscope are in separated positions in the indentation machine. To select the 

indentation point, the optical microscope, which is equipped with measurement tools and a 

reference system, was used. The selection of the indentation point was defined as a zero 

point in the motorized table. A consequence of the displacement of the table between the 

units is a deviation in the selected point using the optical unit, and the true point of 

indentation. The deviation can be reduced initializing the table and correcting the position of 

the optical unit with respect to the indentation unit with the tools provided in the control 

software of the indentation machine. However the deviation always returns after several 

displacements between units. The micropillar compression requires that the deviation be 

minimum, to align the axis of the indenter with the axis of the micropillar as much as 

possible. To solve this problem, before each microcompression test, the table was initialized 

and the position of the indentation unit was corrected with respect to the optical microscope. 

Additionally, an indentation was performed near the pool of the micropillar, and the deviation 

between the target point and the residual imprint were measured and used to correct the 

target point selected to compress the micropillar as depicted in the Fig. 5.21. This procedure 

was performed several times before the microcompression in a test specimen. It was found 

that the vector of displacement between the target and the center of the residual imprint 

varies between 0 − 2.5 µ𝑚. 

    
Fig. 5.21. Method of correction the displacement of the motorized table: (a) selection of a 

target, (b) correction of the error in the horizontal and vertical displacements. 

On the other hand, as it is not possible to see the moment when the indenter comes in 

contact with the micropillar, the configuration of the contact detection was configured to 

100%, meaning that a minimum change in the slope of the applied force represents the 

contact point. 

In general the compression test with this kind of machine is possible; however the 

preparation of the system before each microcompression takes an extra time, and also it 

needs a good knowledge of the parameters controlling the motorized table.  

5.3.3 Microcompression results analysis 

Two informations are obtained from the microcompression test: the force-displacement 

curve, and the deformed micropillar. These two informations were used to characterize the 

(a) (b) 

Residual imprint 
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mechanical response of the micropillar under uniaxial compression load. As the micropillar 

has a regular section and shape, the recorded curve can be transformed into the stress-

strain curve, which is used to determine the elastic limit, the elasticity and the hardening. 

From the deformed micropillar the nature of the crystal slips can be analyzed.    

The force-displacement curves of all tests are shown in Fig. 5.22 (a), where each micropillar 

was numbered from one to sixteen. As explained before, the position of each micropillar was 

selected using the EBSD analysis: the orientation of each micropillar is represented on pole 

figures and inverse pole figures, shown in Fig. 5.22 (b). On these images it was observed a 

relation between the orientation and the resistance of the micropillar. The two extreme 

curves are the P6 and P13. From the inverse pole figure it is observed that the pillar P6 is 

close to [1̅11] and P13 is close to [001]. Then descending from [1̅11] to [011], the 

micropillars P10, P5, P3 and P11 are found, whose curves increase gradually (except P11). 

Therefore it could be said that the resistance in function of the orientation on the inverse pole 

figure in 𝑥 follows the order: [1̅11] > [011] > [001].   

(a) (b) 

  

Fig. 5.22. Microcompression force-displacement curves linked to the crystal orientation: (a) 

force-displacement curves for all tests and (b) pole and inverse pole figures. 

5.3.4 Classification of micropillars 

The observation of the micropillars before and after deformation allowed discarding some of 

them. The problems found on these pillars can be linked to: 1) fabrication defect or 2) 

problem of concentricity/alignment of the micropillar and the indenter at the moment of the 

test. The micropillars affected by these problems were discarded for further analyses.  

The results of the remaining micropillars were grouped in three sets: 1) using as reference 

the number of grains constituting the micropillar (the pillars can be made from a single or two 

crystals), 2) micropillars exhibiting coplanar slip, and 3) micropillars exhibiting non-coplanar 

slips. The groups of deformed micropillars and their respective are presented in the following. 

5.3.4.1 Polycrystal micropillars 

These micropillars are composed by two stacked crystals. The form of deformation (Fig. 

5.23) on the top and low portion of the pillars reveals an incompatibility. The crystallographic 

orientation on these pillars was identified only on the top surface of the pillar. 
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Fig. 5.23. Micropillars constituted by two crystals: (a) force-displacement curve, (b) inverse 

pole figure and (c) deformed micropillars. 

A zoom to the pillar allowed the observation of the deformation mechanisms (Fig. 5.24). At 

the top of the pillar, coplanar slips corresponding to the first grain are observed: they are 

extended downwards until the half of the pillar. At the middle of the pillar is observed a 

division which is supposed to be a grain boundary between the two stacked grains. As the 

deformation is present in both grains, an increase in the pillar resistance could be expected.           

(a) (b) 

    
Fig. 5.24. Deformation mechanisms on a micropillar constituted by two stacked crystals. 
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5.3.4.2 Single-crystal micropillar with coplanar slip 

In this group the micropillars, exhibiting a coplanar slip and fabricated on a single crystal, 

were considered. Fig. 5.25 shows the micropillars and their respective force-displacement 

curves.      

 
Fig. 5.25. Micropillars exhibiting coplanar slips: (a) force displacement curves, (b) inverse 

pole figures and (c) deformed micropillars. 

The deformation mechanisms present in these pillars come from the mean orientation of the 

grain with respect to the loading axis (Fig. 5.26). The angle of the slips also depends on the 

orientation of the grain.  The location of the slips can appear on different points of the pillar, 

e.g. at the top, where most of the plastic deformation is located. This is the case for P16, 

where it is observed in the compression curve that the variations in the force are not 

pronounced. On the other extreme is found the P8, where the slips are found in all the body 

of the micropillar. In this case the compression curve exhibits variations in the loading force 

until 3 𝑚𝑁, which could be related to the greatest slips. The relationship between the 

variations on the loading force and the slips on the pillar are confirmed in the P10, which has 

two slips on its body, and there are two drops in the loading force in the microcompression 

curve.  

The variations on the resistance of the micropillar to the loading force are supposed to 

depend also on the crystal orientation; however as the 316L has a fcc microstructure it is 

difficult to link the resistance to the orientation due to the symmetries on this type of crystals. 

These variations are explained in the literature by the difference in the dislocation density of 

one crystal to another.   
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Fig. 5.26. Deformation mechanisms on a single grain micropillar exhibiting coplanar slip. 

 

5.3.4.3 Single-crystal micropillar with non-coplanar slip 

This group consists of the micropillars having non-coplanar slips. All the micropillars on this 

group have a uniform deformation except P13, which exhibits a non-uniform deformation on 

the base of the pillar. On this micropillar there is no observable evidence of several grains, 

therefore the mode of deformation was considered inherent to the crystallographic 

characteristics of the grain constituting the micropillar.       
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Fig. 5.27. Micropillars exhibiting non-coplanar slips: (a) force-dsiplacement curves, (b) 

inverse pole figure and (c) deformed micropillars. 

The deformation mechanisms in these pillars are also in direct relation with the crystal 

orientation of the grain. The presence of two non-coplanar slips could be related to the 

crystal symmetries (Fig. 5.28). What is hard to understand is why in some pillars the quantity 

of slips is high and in others there are only few, e.g. in P5 and P6. In these two pillars there is 

also a difference in the resistance, P5 being more resistant than P6. The increase of the 

resistance could be linked to the high quantity of slips in P5 interacting with high quantity of 

sliding planes, while in P6 there are about seven sliding planes, or even three sliding planes 

in P15: two coplanar and another one crossing the coplanar slips. 

In all the deformed micropillars it is supposed that the main deformation mechanism is the 

crystal orientation, and its symmetries. However other factors can induce effects on the 

deformation, e.g. the quantity of dislocations present in the pillar. Further analysis is needed 

to have a better understanding of the different modes of deformation.         
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Fig. 5.28. Deformation mechanisms on a single crystal micropillar exhibiting non-coplanar 

slip. 

5.3.4.4 Treatment of the microcompression curves 

The curves obtained by microcompression test were treated to correct two aspects: the initial 

contact between the indenter and the micropillar, and the fluctuations during the test. The 

treatment produced a curve that can be used to assess the elastic modulus, and that can be 

introduced in the inverse method. The procedure used in these two corrections is presented 

below.   

In the microcompression test, just at the moment where the surface of the indenter is in first 

contact with the surface of the micropillar, the parallelism between both surfaces cannot be 

warranted (Fig. 5.29 (a)), and therefore there is an evolution of the contact until both surfaces 

are in conforming contact (Fig. 5.29 (b)). This stage is reflected at the beginning of the force-

displacement curve (Fig. 5.29 (c)).  

2 µm 

5 µm 



Chapter 5: Micromechanical behavior of 316L stainless steel 
__________________________________________________________________________ 

155 
 

 
Fig. 5.29. Initial stage of contact on the microcompression test: (a) nonconforming contact, 

(b) conforming contact and (c) effect of nonconforming contact on the obtained curve. 

The introduction of this stage on the force-displacement curve implies that the whole curve is 

shifted to the right and therefore must be corrected to consider that both surfaces are in 

conforming contact from the beginning of the test. To correct this issue, the linear part of the 

curve (in conforming contact) was projected to the horizontal axis and then the shifting was 

subtracted as depicted in Fig. 5.30. 

 
Fig. 5.30. Correction of the microcompression curve: (a) projection of the linear section of the 

curve to the horizontal axis, (b) shifting correction. 

Once the shifting was corrected, the curves were filtered to eliminate the fluctuations and to 

obtain a consistent curve. This treatment was performed in three stages: the curve was 

interpolated at each 𝑛𝑚. Then, digital filtering and was applied. Finally, the “jumps” in the 

curve were corrected manually. An example of this procedure is presented in the Fig. 5.31.  

 

 
Fig. 5.31. Treatment of the Force-displacement curves: (a) curve obtained by interpolation at 

each 𝑛𝑚, (b) curve obtained from digital filtering and (c) final corrected curve.    
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Fig. 5.32 displays the treated curves organized by groups and compared with their respective 

experimental curves. Once the force-displacement curve was treated, it can be used to build 

a stress-strain curve for determining the elastic modulus and the elastic limit. Then, these 

treated curve will be introduced as input in the inverse method. 

(a) (b) (c) 

   

Fig. 5.32. Force-displacement curves by group: (a) micropillars build from two stacked 
crystal, (b) micropillars with coplanar slips and (c) micropillars with non-coplanar slips. 

5.3.4.5 Strain-stress curve 

The force-displacement curve obtained from the microcompression can be transformed into 

an engineering stress-strain curve, however it requires additional considerations because the 

strain was not measured directly. Instead the indentation depth, i.e. the displacement of the 

top surface of the indenter, was measured.  

The micropillar is connected to a substrate; therefore the total displacement in the system 

comprises the displacement of the indenter, the displacement of the micropillar and the 

displacement of the substrate, which is given by the relation [127]: 

 ℎ𝑡𝑜𝑡𝑎𝑙 = ℎ𝑖𝑛𝑑 + ℎ𝑝𝑖𝑙𝑙𝑎𝑟 + ℎ𝑠𝑢𝑏 (5.6) 

where ℎ𝑡𝑜𝑡𝑎𝑙 is the total displacement measured, ℎ𝑖𝑛𝑑 is the displacement of the indenter, 

ℎ𝑝𝑖𝑙𝑙𝑎𝑟 is the displacement of the micropillar and ℎ𝑠𝑢𝑏 is the displacement of the substrate. 

The aim is to obtain only the displacement in the pillar, therefore the elastic deformation 

introduced by both the indenter and the substrate must be removed:  

 ℎ𝑝𝑖𝑙𝑙𝑎𝑟 = ℎ𝑡𝑜𝑡𝑎𝑙 − ℎ𝑖𝑛𝑑 − ℎ𝑠𝑢𝑏 (5.7) 

The elastic deformation of the pillar into the substrate can be determined using the solution 

of Sneddon [128] for a flat-ended cylindrical punch, given by: 

 ℎ =
(1 − 𝜈)𝐹

2𝜇𝑎
 (5.8) 

where ℎ is the displacement of the flat punch into the solid, 𝐹 is the indentation force, 𝜈 is the 

Poisson ratio, 𝑎 is the diameter of the indenter (in the contact) and 𝜇 is the shear modulus 

given by: 

 𝜇 =
𝐸

2(1 + 𝜈)
 (5.9) 

Substituting equation (5.9) into equation (5.8) is obtained: 
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 ℎ =
(1 − 𝜈2)𝐹

𝐸𝑎
 (5.10) 

Then, using equation (5.10) with equation (5.7), the displacement in the pillar can be 

obtained [106, 127]: 

 ℎ𝑝𝑖𝑙𝑙𝑎𝑟 = ℎ𝑡𝑜𝑡𝑎𝑙 −
(1 − 𝜈𝑖𝑛𝑑

2 )𝐹

𝐸𝑖𝑛𝑑𝑎𝑡𝑜𝑝
−

(1 − 𝜈𝑠𝑢𝑏
2 )𝐹

𝐸𝑠𝑢𝑏𝑎𝑏𝑎𝑠𝑒
 (5.11) 

where 𝑎𝑡𝑜𝑝 is the diameter of the top surface of the micropillar and 𝑎𝑏𝑎𝑠𝑒 is the diameter of 

the base of the micropillar. The elasticity of the indenter was set to 𝐸𝑖𝑛𝑑 = 1141 𝐺𝑃𝑎 and 

𝜈𝑖𝑛𝑑 = 0.07 (provided by the manufacturer), and the elasticity of the substrate was set to 

𝐸𝑠𝑢𝑏 = 197 𝐺𝑃𝑎 and 𝜈𝑠𝑢𝑏 = 0.3. 

With the displacement on the pillar, the deformation can be obtained from: 

 휀 =
ℎ𝑝𝑖𝑙𝑙𝑎𝑟

𝐿
 (5.12) 

The measured force from the nanoindenter was transformed in stress. The average area of 

the top and bottom of the micropillar was used to calculate the engineering stress from the 

expression [129] 

 𝜎 =
𝐹

(𝐴𝑡𝑜𝑝 + 𝐴𝑏𝑎𝑠𝑒)/2
 (5.13) 

(a) (b) (c) 

   
Fig. 5.33. Stress-strain curves by group: (a) micropillars made from two crystals, (b) 
micropillars exhibiting coplanar slip and (c) micropillars exhibiting non-coplanar slips. 

The elasticity of the micropillars was determined in the same way as in the conventional 

compression test, i.e. the curve of force-displacement was transformed into stress-strain 

curve (Fig. 5.33), and then the elastic modulus was determined, as listed in Table 5.3. 

Micropillar P4 P5 P6 P8 P10 P12 P13 P14 P15 P16 

𝑬 (𝑮𝑷𝒂) 146 171 105 147 152 138 148 183 126 151 

𝝈𝒚 (𝑴𝑷𝒂) 317 307 269 272 290 312 406 310 317 300 

Table 5.3. Elastic modulus and elastic limit for micropillars without defects  

5.3.5 Micromechanical behavior identification 

To use the crystal plasticity constitutive equations, the simulation of the microcompression 

test was performed using an integration of Z-mat library in Abaqus FE code, which is 

depicted in the Fig. 5.34. In the model used in this work two input files were used, the 𝑖𝑛𝑝 

generated with Abaqus, and a Z-mat input file containing the parameters of the constitutive 

law. 
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Fig. 5.34. Abaqus-Zébulon interface [130]. 

5.3.5.1 Micromechanical constitutive law 

The constitutive law of Méric-Cailletaud [131, 132], written in the framework of viscoplasticity, 

was used in the FE model. On this law it is assumed that slip is the main deformation 

mechanism and that the law of Schmid is valid. Then the resolved shear stress is used as a 

critical variable to evaluate the inelastic flow. Also it uses a threshold in both positive and 

negative direction on each slip system. For fcc material, are considered twelve octahedral 

slip systems. Two variables are defined for each slip system 𝑠, 𝑅𝑠 and 𝑋𝑠, which are the 

isotropic hardening, and the kinematic hardening respectively.  

The system is activated when the resolved shear stress 𝜏𝑠 is greater than 𝑋𝑠 + 𝑅𝑠, or less 

than 𝑋𝑠 − 𝑅𝑠, and the slip rate will be known as long as the stress and the hardening 

variables are known. The evolution of 𝑅𝑠 and 𝑋𝑠 is defined by the state variables describing 

the accumulated slip 𝑣𝑠 for isotropic hardening, and 𝛼𝑠 for kinematic hardening. Knowing the 

stress tensor applied to the single crystal 𝝈, the resolved shear stress for the system 𝜏𝑠 can 

be defined by: 

 𝜏𝑠 = 𝝈:𝒎𝒔  (5.14) 

where 𝒎𝒔 is the orientation tensor, given by: 

 𝑚𝑖𝑗
𝑠 =

1

2
(𝑛𝑖

𝑠𝑙𝑗
𝑠 + 𝑛𝑗

𝑠𝑙𝑖
𝑠) (5.15) 

where 𝑛𝑠 is the normal vector to the slip plane, and 𝑙𝑠 the slip direction on this plane. The 

hardening variables are expressed in function of 𝑣𝑠 and 𝛼𝑠 by: 

 

𝑋𝑠 = 𝑐𝛼𝑠 

𝑅𝑠 = 𝑅0 + 𝑄 ∑ℎ𝑗𝑠 (1 − 𝑒−𝑏𝑣𝑗
)

𝑗

 (5.16) 

where ℎ𝑗𝑠 represents the interaction matrix, 𝑅0 the initial yield stress, 𝑏 is the hardening rate 

and 𝑐 is a material parameter. From their current value, the viscoplastic slip rate �̇�𝑠, and the 

viscoplastic strain rate tensor �̇�𝒑 are calculated: 
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�̇�𝑠 = �̇�𝑠𝑠𝑖𝑔𝑛(𝜏𝑠 − 𝑥𝑠) 

�̇�𝒑 = ∑𝒎𝒔�̇�𝑠

𝑠

 (5.17) 

as well as the hardening rules: 

 
�̇�𝑠 = (

|𝜏𝑠 − 𝑋𝑠| − 𝑅𝑠

𝐾
)

𝑛

 

�̇�𝑠 = �̇�𝑠 − 𝑑𝛼𝑠�̇�𝑠 

(5.18) 

where 𝑑 is a fitting parameter. In fact, 𝑐 and 𝑑 are fitting parameters whose function is to help 

to fit the transient behavior of the hysteresis loop for the stabilized cycle [16]. In summary the 

constitutive law has seven parameters:  

- 𝑛: viscous exponent 

- 𝐾: viscous stress  

- 𝑅0: initial yield stress (MPa) 

- 𝑄: isotropic hardening parameter(MPa) 

- 𝑏: isotropic hardening rate parameter 

- 𝑐: kinematic hardening fitting parameter (MPa)  

- 𝑑: kinematic hardening fitting parameter 

The constitutive law uses also the interaction matrix ℎ𝑗𝑠. The interaction matrix allows 

introducing the cross influence of the slip of the system 𝑠 on the hardening of the system 𝑗, 

belonging to the same family or not [16]. For the applications of fcc, it was considered that 

only octahedral slip is presented, restricting to a matrix of 12 × 12 [133], with six hardening 

coefficients: 

 ℎ𝑗𝑠 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 
𝑎 𝐵4 𝐵2 𝐵5 𝐷4 𝐷1 𝐷6 𝐴2 𝐴6 𝐴3 𝐶5 𝐶3 𝐶1
𝐵4 ℎ1 ℎ2 ℎ2 ℎ4 ℎ5 ℎ5 ℎ5 ℎ6 ℎ3 ℎ5 ℎ3 ℎ6

𝐵2 𝑎 ℎ1 ℎ2 ℎ5 ℎ3 ℎ6 ℎ4 ℎ5 ℎ5 ℎ5 ℎ6 ℎ3

𝐵5 𝑎 𝑎 ℎ1 ℎ5 ℎ6 ℎ3 ℎ5 ℎ3 ℎ6 ℎ4 ℎ5 ℎ5

𝐷4 𝑎 𝑎 𝑎 ℎ1 ℎ2 ℎ2 ℎ6 ℎ5 ℎ3 ℎ6 ℎ3 ℎ5

𝐷1 𝑎 𝑎 𝑎 𝑎 ℎ1 ℎ2 ℎ3 ℎ5 ℎ6 ℎ5 ℎ5 ℎ4

𝐷6 𝑎 𝑎 𝑎 𝑎 𝑎 ℎ1 ℎ5 ℎ4 ℎ5 ℎ3 ℎ6 ℎ5

𝐴2 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 ℎ1 ℎ2 ℎ2 ℎ6 ℎ5 ℎ3

𝐴6 𝑎 𝑎 𝑠𝑦𝑚 𝑎 𝑎 𝑎 𝑎 ℎ1 ℎ2 ℎ3 ℎ5 ℎ6

𝐴3 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 ℎ1 ℎ5 ℎ4 ℎ5

𝐶5 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 ℎ1 ℎ2 ℎ2

𝐶3 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 ℎ1 ℎ2

𝐶1 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 ℎ1 ]
 
 
 
 
 
 
 
 
 
 
 
 
 

 (5.19) 

When the assumption of isotropic hardening is used (Taylor model), the hardening is 

independent of the slipping system, i.e. ℎ𝑗𝑠 = 1 [16]. The slip systems and directions for the 

fcc are listed in the Table 5.4 [130]. 
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Number 1 2 3 4 5 6 7 8 9 10 11 12 

Name B4 B2 B5 D4 D1 D6 A2 A6 A3 C5 C3 C1 

Plane (111) (111) (111) (11̅1) (11̅1) (11̅1) (1̅11) (1̅11) (1̅11) (111̅) (111̅) (111̅) 

Direction [1̅01] [01̅1] [1̅10] [1̅01] [011] [110] [01̅1] [110] [101] [1̅10] [101] [011] 

Table 5.4. Slip systems in FCC crystals 

The elasticity in the model can be considered as isotropic or anisotropic. When the isotropic 

elasticity is considered, the Young modulus 𝐸 and the Poisson coefficient 𝜈 are used [130]: 

 𝐷𝑖𝑗 =
𝐸

1 + 𝜈
+

𝜈𝐸

(1 − 2𝜈)(1 + 𝜈)
𝛿𝑖𝑗 (5.20) 

Considering system symmetries, the anisotropic elasticity of the crystals is given by the cubic 

elasticity [130]: 

 𝐷 =

[
 
 
 
 
 
𝑦1111 𝑦1122 𝑦1122 0 0 0

𝑎 𝑦1111 𝑦1122 0 0 0
𝑎 𝑎 𝑦1111 0 0 0
𝑎 𝑎 𝑎 𝑦1212 0 0
𝑎 𝑠𝑦𝑚 𝑎 𝑎 𝑦1212 0
𝑎 𝑎 𝑎 𝑎 𝑎 𝑦1212]

 
 
 
 
 

 (5.21) 

5.3.5.2 Numerical modeling of micropillar compression 

For numerical simulations the micropillar was modeled as a three-dimensional body in 

Abaqus (Fig. 5.35). However the model was parameterized allowing the changes of the 

dimensions to address the simulations to a particular case if necessary. The micropillar was 

modeled on a substrate that has the same crystal orientation and hardening parameters as 

the pillar: The substrate and pillar are a single object.  

 
Fig. 5.35. Geometric characteristics of the FE model. 

The micropillars were fabricated using annular milling, which a part the taper includes some 

curvature between the substrate and the pillar. The radius between the pillar and the 

substrate was set to 30% of the diameter of the pillar base [126]. The flat punch indenter was 
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considered as a rigid surface. The surface interaction between the flat punch and the pillar 

was set using the master-slave feature in Abaqus, the flat punch being the master surface, 

and the slave the top surface of the pillar. The mesh consisted of 4876 elements (2176 for 

the pillar and 2700 for the substrate) of type C3D8 an 8-node linear brick without reduced 

integration.       

To validate the developed model, two aspects were verified on the FE model before to use it 

in the inverse analysis: 1) the effect of the friction between the indenter and the top surface 

of the micropillar, where two cases of friction were analyzed, the frictionless case and with a 

low friction coefficient of 0.1 [113], and 2) the effects of the crystal orientation on the fore-

displacement curve and on the deformed body as explained bellow. 

The FE model was considered as a single crystal. The four crystal orientations listed in the 

Table 5.5 were considered in the analysis. A name commonly used in the texture analysis of 

fcc structures was assigned to each orientation: Cube, Goss, Brass and Cube sym.  

Euler angles Cube Goss Brass Cube sym 

𝜙1 0 0 35 0 

𝜙 0 45 45 180 

𝜙2 0 0 0 0 

Table 5.5. Euler angles for the four crystal orientations 

The parameters of the constitutive law (isotropic elasticity and crystal plasticity) are listed in 

the Table 5.6, were taken from the literature for the 316L [16]. 

Isotropic elasticity Crystal plasticity 

𝑬 (𝑮𝑷𝒂) 𝝂 𝑹𝟎 (𝑴𝑷𝒂) 𝑸 (𝑴𝑷𝒂) 𝒃 𝒄 (𝑴𝑷𝒂) 𝒅 𝒏 𝑲 (𝑴𝑷𝒂) 
185 0.3 50 50 20 3000 100 25 50 

Table 5.6. Parameters of the constitutive law for 316L [16] 

In the FE model, the interaction matrix was also included, with its components taken from 

[15], and listed in the Table 5.7. 

ℎ1 ℎ2 ℎ3 ℎ4 ℎ5 ℎ6 

1 1 0.438 77.2 4.31 2.41 

Table 5.7. Components of the interaction matrix [15] 

Besides the deformed micropillar and the force-displacement-curve, the FE simulation 

produced several outputs named SDV#, where # is a sequential number assigned by the FE 

solver. These outputs includes the components of the Cauchy stress tensor, the components 

of the total deformation tensor, the components of the elastic strain tensor (SDV1 to SDV6), 

the plastic deformation on each crystallographic plane (SDV7 to SDV18) and the resolved 

shear stress on each plane (SDV38 to SDV49). 

a) Friction effects 

The analysis of the friction effects was performed using the cube orientation. When using the 

crystal plasticity formulation with isotropic elasticity and frictionless behavior, the micropillar 

exhibits a buckling. This mode of deformation may be related to the anisotropic response of 

the crystal and the freedom of the interface between the top of the pillar and the indenter.  

When using a friction in the contact, the pillar deforms uniformly without buckling and the 

contours are forming an angle of 28° with respect to the horizontal axis. The effect of the 
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friction is visible in the force-displacement curve, where there is a decrease in the 

compression force (Fig. 5.36). Therefore in the FE used to the inverse analysis a friction 

coefficient µ = 0.1 was included.      

(a) (b) (c) 

   
Fig. 5.36. Isotropic elasticity and crystal plasticity with Taylor solution in microcompression: 

(a) frictionless contact, (b) friction contact, (c) force-displacement curve. 

b) Crystal orientation effects 

The four crystal orientations considered in this section were the cube, Goss, brass and cube 

sym, as stated before. The cube sym is the same orientation as the cube but rotated of 180° 

with respect to the 𝑥 − 𝑎𝑥𝑖𝑠.  

(a) (b) (c) (d) 

    
      (e)  

 
Fig. 5.37. Deformed micropillars and Force displacement curve using different crystal 

orientations. 

The results showed that the cube and cube sym produced the same compression curve (Fig. 

5.37). The Goss and Brass produced also the same compression curve. This result is due to 

the cubic symmetry of the FCC structure. In the body of the deformed pillar the fields 
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following patterns that can be related to the slip planes present in the experimental 

micropillars are observed.  

This analysis allowed to test the crystal plasticity formulation on the Z-mat library, and to 

validate the FE simulation of the single crystal microcompression test. Also, it allowed 

understanding the effects of the friction between the top surface of the micropillar and the 

surface of the indenter. 

5.3.5.3 Configuration of the identification strategy 

Before the parameter identification using the multi-objective optimization, the genetic 

algorithm was tested in a first time; using filtered and non-filtered experimental curves using 

five generations of ten individuals (this configuration was arbitrarily selected). Then in a 

second time, based on the first test, the algorithm was tested to define the number of 

generations and individuals. 

The parameters in the genetic were defined following the Table 5.8. The kinematic hardening 

was neglected on this analysis because the pillar was loaded-unloaded only one time. 

Parameter Lower bound Upper bound 

𝑅0 (𝑀𝑃𝑎) 1 200 

𝑏 1 50 

𝑄 (𝑀𝑃𝑎) 1 200 

Table 5.8. Bounds applied to the parameters in the genetic algorithm 

Table 5.9 lists a comparative of the optimization parameters using the non-filtered and the 

filtered force-displacement curve (Fig. 5.38). The parameters found are the same, which is 

reasonable because the filtering of the curve is based on the least squares and the objective 

function also. Therefore the optimization was performed using the filtered curve. 

Parameter Non-filtered Filtered 

𝑅0 113.44 113.44 

𝑏 6.18 6.18 

𝑄 30.95 30.95 

Table 5.9. Identified parameters and the correlation coefficient identified using the non-

filtered and filtered curves 

After the analysis of the results produced by the non-filtered, and the filtered curves, the 

number of generations required to find the solution were defined. As initial guess, the 

algorithm was configured using ten generations, and a population of ten individuals. Fig. 5.39 

displays the evolution of the parameters and the correlation coefficient. This time the three 

parameters converged to a single value, therefore ten generations of ten individuals was 

defined as optimum configuration. 
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(a) Non-filtered (b) Filtered 

  

  

Fig. 5.38. Comparison of the results obtained from an optimization using a non-filtered and a 

filtered experimental curve with ten individuals and five generations 

 
Fig. 5.39. Identified parameters using ten generations of ten individuals. 

5.3.5.4 Identification using one micropillar 

This section presents the results of the parameter identification using a single micropillar and 

the genetic algorithm. The identification procedure is identical to that used in Chapter 4. In 

each case the crystal orientation of the micropillar (measured in the top of the pillar by 

EBSD) was considered. In the case of micropillars built from two crystals, the orientation on 

the top of the pillar only was considered, the orientation of the second pillar being unknown. 

Also it was considered that the entire pillar consisted of one grain, due to the complexity in 

the definition of the grain boundary between crystals. Table 5.10 lists the identified 

parameters and the orientations linked to each micropillar. For each parameter a constant 

0 500 1000
0

2

4

6

8

10

Displacement (nm)

F
o
rc

e
 (

m
N

)

 

 

Simulated

Experimental

0 500 1000
0

2

4

6

8

10

Displacement (nm)

F
o
rc

e
 (

m
N

)

 

 

Simulated

Experimental

1 2 3 4 5
-100

-80

-60

-40

-20

0

20

Generations

R
2

1 2 3 4 5
-100

-80

-60

-40

-20

0

20

Generations

R
2

0 5 10
0

50

100

150

200

Generations

R
0
 (

M
p

a
)

0 5 10
0

10

20

30

40

50

Generations

b

0 5 10
0

50

100

150

200

Generations

Q
 (

M
P

a
)

0 500 1000 1500
0

2

4

6

8

10

Displacement (nm)

F
o
rc

e
 (

m
N

)

 

 

Simulated

Experimental



Chapter 5: Micromechanical behavior of 316L stainless steel 
__________________________________________________________________________ 

165 
 

trend was observed and a large spread was obtained. That could be linked to the spread of 

the experimental compression curves showen different resistances of the micropillars. This 

difference may be due probably to the difference in the dislocation density of one micoplillier 

to another. The constitutive model used does not take into account this difference because it 

does not contain an internal variable reflecting this dislocation density. 

Parameter P16 P4 P8 P14 P12 P5 P6 P13 

(∅1, ∅, ∅2) (316, 12, 28) (72, 20, 13) (14, 29, 77) (153, 34, 24) (13, 16, 11) (110, 37, 45) (99, 28, 27) (194, 39, 3) 

𝑅0 94.48 69.57 47.64 69.57 137 100.68 47.64 63 

𝑏 22.48 17.45 7.1 16.26 17.7 7.72 7.31 40.72 

𝑄 28.35 142.86 136.41 142.86 19.41 31.97 136.41 129.83 

Table 5.10. Identified parameters using inverse analysis 

On the other hand, a difference, sometimes considerable, is observed between the shape of 

the identified curve and that of the experimental curve (Fig. 5.40). The model of crystal 

plasticity with only istropic hardening may be insufficient to reproduce this experimental 

curve. The addition of kinematic hardening will increase the number of parameters to identify 

and will pose problems in the uniqueness of the solution. 

P16 P4 P8 

   
P14 P12 P5 

   
P6 P13  

  

 

Fig. 5.40. Micro-compression curves obtained from the inverse analysis 
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5.3.5.5 Identification using multiple micropillar 

To solve the problem of difference between the parameters identified by the variance in the 

dislocation density between the micopillar, statistical processing is possible. This processing 

consists, on the one hand, to make identifications using several micropiliers (two or three). 

Then, calculate the average of the parameters obtained. The use of more than three 

micropiliers in the identification will greatly increase the calculation time. This solution is 

therefore rejected. 

A second inverse analysis was conducted using a multi-objective optimization. The goal is to 

identify the parameters of the constitutive law with a better accuracy, thus producing a best 

reference frame for the analysis of the parameter identification performed with the 

nanoindentation data. Table 5.11 lists the groups of pillars and the identified parameters. In 

this case, the spread in the parameters was reduced considerably.    

Parameter 
Coplanar slip Polycrystal Non-coplanar slip Mixed 

Mean Std 
P16, P4, P8 P14, P12 P5, P6, P13 P16, P14, P13 

𝑅0 68.1 60.45 62.85 56.42 62 4.9 

𝑏 40.1 25.72 78.56 69.52 53.5 24.7 

𝑄 43.41 89.15 114.69 136.1 95.8 39.9 

Table 5.11. Identified parameters using multi-objective optimization 

Fig. 5.41 compares the microcompression curves: numerical simulations and experimental 

curves are not always in good agreement. However this time the approximation is better. 

With this information the framework to analyze the nanoindentation identification presented in 

the next sections was defined. 

                     Coplanar slip                Polycrystal 

     
                     Non-coplanar slip                  Mixed 

  
Fig. 5.41. Compression curves obtained from the inverse analysis. 
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 Micromechanical behavior characterization by nanoindentation test 5.4

5.4.1 Effect of the microstructure heterogeneities 

This part focuses on the analysis of the effects of the mean orientation of the grain (MO), the 

intragranular misorientation (IM), grain boundaries and the area of the grain on the 

nanoindentation response. These parameters were defined in Appendix D. The study was 

performed using the Sp2 and the BKs in combination with EBSD cartographies of the 

indented surface. The details concerning the nanoindentation and the use of the EBSD 

information are explained below.  

The indentation experiments were performed using a loading force that allows several 

indentations in the same grain producing similar indentation depth between them. For both 

indenters, a matrix of 12𝑥26 indentation points was applied on the same surface, in 

contiguous zones, using the experimental conditions listed in the Table 5.12.  

Tip Fmax (mN) Loading rate (mN/min) Pause (s) Unloading rate (mN/min) 

Sp2 5 3 10 3 

BKs 3 1 10 1 

Table 5.12. Experimental conditions used to perform the indentation matrix corresponding to 
each indenter 

The surface of the sample was analyzed using the EBSD technique in two times, before 

indentation, and after indentation. The EBSD cartographies were treated using MTEX. 

The indentation grids were applied in the two enclosed zones shown in the Fig. 5.42. The 

Sp2 and the BKs were used on the left side and on the right side respectively. The 

cartography in Fig. 5.42 (a) uses colors map to distinguish the MO of each grain. In Fig. 5.42 

(b) the grain boundaries are shown and an example of the grain diameter, which is defined in 

MTEX as the longest distance between two vertices of the grain boundary, is presented.     

 

Fig. 5.42. EBSD cartography of the indented zone: (a) zones indented with Sp2 and BKs and 
(b) grain boundaries and an example of the grain diameter. 

To illustrate how the indentation points were identified on each grain, the Fig. 5.43 displays 

fractions of the two cartographies before and after indentation. In Fig. 5.43 (a) the 

cartography before the indentation experiments is shown. The EBSD data obtained after the 

indentation was used to plot the misorientation, shown in Fig. 5.43 (b), and the cartography 
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of the mean orientation after indentation is shown in the Fig. 5.43 (c). As the indentation 

induces some degree of misorientation, the exact position of the indentations can be 

determined using the Fig. 5.43 (b). Combining the cartographies, and an additional grid with 

the numbers of the indentation points, the indentation information and the EBSD information 

are fully linked.     

 

Fig. 5.43. Example of the link between the EBSD cartographies and the indentation 

experiments. 

The grains selected for the analysis are displayed in the Fig. 5.44. The MO of each grain can 

be represented as a cube whose position is defined by the Euler angles (Fig. 5.44 (a), (b)). 

For the spherical indentation, the grains 551, 610, 622 and 744 were used as the reference 

grains. The grains 515, 649, 656, 522 and 485 were used as similar grains. For the 

Berkovich indentation, the grains 609, 673, 679 and 711 were the reference grains. The 

grains 643 and 657 were analyzed as similar grains. The similar-to-reference grains for both 

indentations are explained below. 

 

Fig. 5.44: Selected grains to study the effects of the MO and IM on the spherical (left) and 

Berkovich indentation (right). 
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5.4.1.1 Effects of the mean orientation of the grain  

a) Spherical indentation case 

Fig. 5.45 displays the error bars for the grains analyzed in this section. Only were considered 

the indentations inside the grain, excluding the indentations applied in the grain boundaries 

or twinning. This figure is complemented by the Table 5.13, where the EBSD information of 

the selected grains is presented. 

The four indented grains present a different mean hardness. Associating the mean hardness 

to the angle  𝛾1, a trend can be noted: as the angle increases, the hardness decreases. On 

the other hand, associating the hardness to the  𝛾3, as the angle decreases, the hardness 

increases. For the angles  𝛾2 and 𝛾4, no trend was found. 

 

Fig. 5.45. Observable variables in the case of Sp2 indentation inside the grain. 

Grain φ1 (°) φ (°) φ 2 (°) 
IM 
(°) 

𝜸𝟏 𝜸𝟐 𝜸𝟑 𝜸𝟒 
Area 
(µm2) 

Diameter 
(µm) 

551 209 40 5 6.5 32.4 38.77 87.69 83.98 1224 50 

610 52 41 27 7.0 19.06 53.04 94.23 74.32 842 45 

622 277 16 52 6.5 38.89 58.16 70.63 54.38 632 44 

744 250 3 37 6.0 51.77 54.37 57.71 55.21 804 52 

Table 5.13. EBSD information for the analyzed grains under spherical indentation 

b) Berkovich indentation case 

In the Fig. 5.46 the indentation magnitudes obtained from the Berkovich indentation for the 

selected reference grains are shown. As in the spherical indentation, the results include only 

for the indentations inside the grain, excluding the indentations applied in the boundaries of 

the grain or in twinning. The details of the grains from the EBSD are listed in the Table 5.14.  

 

Fig. 5.46. Observable variables in the case of BKs indentation inside the grain. 

(c
) 

(c) 
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In this analysis the grains 609, 673, and 711 have a similar 𝛾1, however their mean hardness 

is variable. On the other hand, focusing on the grains 609 and 679, it can be seen that they 

share several characteristics: the mean hardness, the level of dispersion, the area and the 

diameter. However their MO and IM are different. 

Grain φ1 (°) φ (°) φ 2 (°) 
IM 
(°) 

𝜸𝟏 𝜸𝟐 𝜸𝟑 𝜸𝟒 
Area 
(µm2) 

Diameter 
(µm) 

609 22 40 2 6.5 34.3 36.85 86.65 85.16 524 37 

673 9 27 85 4.5 37 73.97 76.68 41.18 1316 63 

679 34 41 73 4.5 24.67 79.38 92.13 46.59 537 30 

711 109 24 32 5.5 31.68 52.98 78.24 63.08 833 41 

Table 5.14. EBSD information for the analyzed grains under berkovich indentation 

5.4.1.2 Effects of intragranular misorientation 

a) Spherical indentation case 

The grains 551, 610, and 622 analyzed in the previous section were used as reference to be 

compared with grains that share a similar MO. Table 5.15 lists the reference and the similar 

grains compared in this study. In all cases, the best angle of comparison is the  𝛾1. The three 

references and similar grains are grouped in three families: 𝐴, 𝐵 and 𝐶, shown in Fig. 5.47. 

 

Fig. 5.47. Comparison of similar grains, grouped in three families: 𝐴, 𝐵 and 𝐶. 

Results show that an increase in the intragranular misorientation induces an increase in the 

dispersion. For instance, comparing the grain A1 having a 𝐼𝑀 = 6.5° and A3 with 𝐼𝑀 = 4°, 

the dispersion shown in Fig. 5.47 (a) is twice higher for A1 than for A3. The most relevant 

example is the comparison between B1 and B2, both grains have a similar area: the 

dispersion in B1 is two times higher than in B2, with a difference of 𝐼𝑀 = 2° (Fig. 5.47 (a)).  

Similar 
to 

Alias Grain 
φ1 
(°) 

φ 
(°) 

φ 2 

(°) 
IM 
(°) 

𝜸𝟏 𝜸𝟐 𝜸𝟑 𝜸𝟒 
Area 
(µm2) 

Diameter 
(µm) 

551 

A1 551 124 25 15 6.5 32 39 88 84 1224 50 

A2 515 275 39 54 4.5 36 86 86 35 262 21 

A3 649 283 15 46 4 31 87 91 39 510 42 
A4 656 275 32 82 4 35 86 87 36 453 31 

610 
B1 610 22 40 2 7 19 53 94 74 842 45 

B2 620 210 46 40 5 20 52 93 74 692 42 

622 
C1 622 63 35 66 6.5 39 58 71 54 632 44 

C2 485 326 21 58 5 35 62 75 53 1173 53 

Table 5.15. EBSD information for the similar grains indented with the spherical indenter 

 

(c) 
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b) Berkovich indentation case 

Unlike the spherical indented zone, the Berkovich zone has only a few grains sharing a 

similar MO, reducing the analysis to a three similar grains: 711, 643 and 657, listed in the 

Table 5.16; the four 𝛾 angles shares a similar value for the three grains.      

Similar 
to 

Grain 
φ1 
(°) 

φ 
(°) 

φ 2 

(°) 
IM 
(°) 

𝜸𝟏 𝜸𝟐 𝜸𝟑 𝜸𝟒 
Area 
(µm2) 

Diameter 
(µm) 

711 

711 109 24 32 5.5 31.68 52.98 78.24 63 833 41 

643 282 21 55 6.5 34.19 60.78 75.47 53.86 469 42 

657 125 19 33 3 36.3 53.05 73.39 60.62 712 43 

Table 5.16. EBSD information for the similar grains indented with the Berkovich indenter 

Fig. 5.48 displays the error bars for the three grains. The IM of the grain 643 is 1° greater 

than the IM of the grain 711 and yet the dispersion is higher in grain 711. However the area 

of the grain 711 is much greater than the area of the grain 643: this could explain the high 

dispersion in the grain 711 with respect to the grain 643. IM value of the grain 657 is quite 

low, which is consistent with the low dispersion observed in Fig. 5.57.    

 
Fig. 5.48. Comparison of similar grains indented with the Berkovich indenter. 

5.4.1.3 Effects of the grain boundaries 

a) Spherical indentation case 

Fig. 5.49 shows the indentation response found in the grain boundaries of the selected 

grains, compared with the response found inside the grain. An increase in the hardness was 

detected in all the analyzed grains. 

 

Fig. 5.49. Comparaison of the indentation response on the grain boundaries with the 
intragranular indentation response. 

 

(c

) 

(c) 
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b) Berkovich indentation case 

The mechanical responses found in the grain boundaries using the Berkovich indenter are 

shown in the Fig. 5.50. A reduction of the measured hardness in the boundariescompared to 

the mean intragranular hardness was found in the four grains. This result is contradictory 

with the spherical indentation. The different response could be related to the strain field 

induced by each indenter. In fact as the Berkovich is a pyramid, the faces of the indenter 

could activate different slip systems of each grain limiting the interaction between the slip 

systems of both grains, thus decreasing the value of the hardness. 

 

Fig. 5.50. Comparison of the indentation response corresponding to the grain boundaries 

and the intragranular response. 

To conclude, the use of the spherical indenter reveals a relationship between the indentation 

response and the MO of the indented grain, specifically with respect to the angle 𝛾1 and the 

angle 𝛾3. The corresponding normal planes to these 𝑛 vectors are parallel. From [133], it is 

known that the hard orientation of the grain is found when the slip direction is perpendicular 

to the tensile axis, when the normal is coincident with the tensile axis. This condition is 

shown in the Fig. 5.45(a), grain 610, where the normal n is almost coincident with the axis z. 

On the other hand, for the Berkovich indentation it was found that the MO orientation is not 

related to the indentation response of the grain. The work shown in [59], relates the faces of 

the Berkovich indenter to the plane systems of the grain. This approach seems to be better 

adapted to analyze the microstructural effects for the Berkovich indentation, because in the 

sharp indentation the yielding point is reached very quickly, unlike for the spherical 

indentation, where the transition between the elastic to the elastic-plastic regimes is relatively 

slow [135].           

The other aspect of interest in this section was the effects of the IM on the indentation 

response. To verify the existence of this influence, several grains with different degree of IM 

where tested. For the spherical indentation, an increase of the dispersion was observed in all 

cases when the IM increases. Due to the limited experimental information, the relation 

between the IM and the dispersion of a grain was not fully demonstrated. 

Concerning the analysis of the effects of the grain boundaries on the indentation response, in 

the case of the spherical indentation, the hardness showed an increment compared to  the 

mean value found inside the grain. This finding is in agreement with the literature, with the 

difference that in the literature the results come from the Berkovich indentation.  

(c) 
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However, in the present work, a decrease of the hardness in the boundaries compared to the 

mean hardness inside the grain was found for the Berkovich indentation. This is opposite to 

what is described in the literature; however in this study the indentation depth was around 

180 𝑛𝑚 unlike the works presented in the literature, where the indentation depth exceeds the 

1000 𝑛𝑚. This could mean that on early stages of the Berkovich indentation on the grain 

boundaries, slip planes of the neighboring grains have few interactions between them, 

facilitating the penetration of the indenter introducing a “cutting effect” of the tip.       

5.4.2 POP-IN Phenomenon 

5.4.2.1 Experimental set-up 

In this section the analysis of the pop-in events detected on the indentation curves is 

presented. The curves of the indenters BKw, BKs, Sp2 and CC were analyzed to detect the 

presence of pop-in events on early stages of the loading branch. The indentation curves 

obtained for each indenter are shown in Fig. 5.51. . The optimal conditions to study the pop-

in events were respected slow loading rate (3 𝑚𝑁/𝑚𝑖𝑛), and high acquisition rate (30 𝐻𝑧). 

From the curves related to each indenter it is possible to establish a direct relationship 

between the indenter geometry and the pop-in presence. In case of sharp tips (BKs and CC) 

the pop-in is absent, that is because there is no transition (or at least not detectable) 

between an elastic contact and the start of the plastic regime. The plastic regime starts as 

soon as both surfaces (sample and indenter) come into contact. Using soft tips (BKw and 

Sp2) the elastic contact is increased originating the pop-in events. On Fig. 5.51. , it is easy to 

see that the best candidate to study the pop-in is the Sp2, where the maximum trigger load is 

~0.6 𝑚𝑁, while in BKw it is ~0.2 𝑚𝑁. The Sp2 is the best candidate because also, it is 

spherical with a known radius, while the tip of the BKw is unknown, and could have an 

irregular shape.  Therefore the analysis of the pop-in events was performed using the 

indentation and EBSD data corresponding to the Sp2 indenter.  

BKw BKs Sp2 CC 

    
Fig. 5.51. Verification of pop-in presence on indentation curves obtained from different 

indenters 

Fig. 5.52 shows the section of the first EBSD cartography containing the indentation grid 

performed with the Sp2. This figure shows the position and the number of indentations 

presenting a pop-in event marked with white circle (in blue and red the minimum and 

maximum trigger load respectively), and the selected grains used to analyze the pop-in 

presence. With these informations, the aim is to analyze if there is a relationship between the 

crystallographic characteristics, such as the orientation, the size of the grain, the location of 

the indentation inside the grain and the level of misorientation on the indented point. 
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Fig. 5.52. Section of the first EBSD cartography containing the indentation grid performed 

with the Sp2. 
 

Fig. 5.53 shows a preview of all the indentation curves obtained with the indenter Sp2a 

zooming to the portion where the pop-in events are located, the curves containing the pop-in 

and the maximum and minimum trigger load. 

 

(a) (b) (c) 

   
Fig. 5.53. Indentation curves obtained from Sp2 indentation, in red those presenting pop-in 
event: (a) preview of all curves, (b) zoom to the initial portion of the loading curve and (c) 

curves with the maximum and minimum trigger load.   

5.4.2.1 Link between the pop-in and the crystal characteristics 

Focusing on the curves where the pop-in is not present, Fig. 5.53 shows that there is a group 

of curves where there is no pop-in presence. Several hypotheses can be proposed, that hard 

crystal orientations do not favor the pop-in event, the indentation was applied on zones of 

high density of small grains, or the indentation was applied near crystal boundary, among 

others. But also, the disappearance of pop-in can be connected to the surface state such as 

a pre-hardened state. The curves without pop-in are listed in the Table 5.17. In this table the 

0 50 100 150 200 250
0

1

2

3

4

5

6

Displacement (nm)

L
o
a

d
 (

m
N

)

 

 

0 10 20 30 40 50
0

0.2

0.4

0.6

0.8

1

Displacement (nm)

L
o
a

d
 (

m
N

)

 

 

0 10 20 30 40 50
0

0.2

0.4

0.6

0.8

1

Displacement (nm)

L
o
a

d
 (

m
N

)

 

 

Ind 255

Ind 109



Chapter 5: Micromechanical behavior of 316L stainless steel 
__________________________________________________________________________ 

175 
 

indentation curves of interest grain is marked in blue and the other indentation curves of the 

studied grid in gray.  

Misorientation 
gradients 

Misorientation 
Mean 

orientation 
Indentation curves 

  
 

 

   
 

  
 

 
Table 5.17. Indentation curves without pop-in events 

The first curve without pop-in is the one whose indentation depth is minimum, i.e. the first 

curve from the left to the right. This curve corresponds to the indentation number 36 on the 

indentation grid. This indentation is inside a small grain near the grain boundary. The 

misorientation gradients on the indentation point are close to 0.6, and the misorientation 0.2°. 

These conditions are similar to those of the indentation 150, which is the next curve from the 

left to the right, and is the second case presented in the Table 5.17. An important fact is that 

indentations, 36 and 150 were applied on crystals having a similar mean orientation.    

The next cases presented are the indentation 9 and 12. These indentations were applied in 

grain boundaries. In the case of the indentation 9, the misorientation gradients reach 0.4 and 

the misorientation is of 2°. For the indentation 12, the misorientation gradient on the 

indentation point is 0.6 and the misorientation is 2°. Then, the microstructural conditions of 

the surface of these two indentations are similar.   

The last indentation analyzed is the indentation 173. This indentation is inside a grain and far 

from the grain boundary, in a point with negligible misorientation gradients and 

misorientation.  

On the other hand, Table 5.18 presents some crystals where pop-in events were detected. In 

this table, the indentation curves corresponding to studied grid are in black and the 

indentations containing the pop-in events are in red. As it can be seen the three crystals 

contain at the same time indentations with and without pop-in events. Taking as example the 

grain 991, there are indentations sharing the same microstructural characteristics but one 

has pop-in and the other not.      

[100]

-y

-z

[001]

[010]

-x

0 50 100 150 200 250
0

1

2

3

4

5

6

Displacement (nm)

L
o
a

d
 (

m
N

)

 

 

Ind 36

[100]

-y

[001]

-z

-x

[010]

0 50 100 150 200 250
0

1

2

3

4

5

6

Displacement (nm)

L
o
a

d
 (

m
N

)

 

 

Ind 150

[001]

-y

-z

[100]

[010]-x

0 50 100 150 200 250
0

1

2

3

4

5

6

Displacement (nm)

L
o
a

d
 (

m
N

)

 

 

Ind 173



Chapter 5: Micromechanical behavior of 316L stainless steel 
__________________________________________________________________________ 

176 
 

Misorientation 
gradients 

Misorientation 
Mean 

orientation 
Indentation curves 

  
 

 

  

 

 

  
 

 
Table 5.18. Selected grains containing pop-in events  

It's hard to conclude on the reason of the presence of the pop-in neither its relationship with 

other microstructural characteristics as the size of the crystal, the crystal boundary or even 

the mean orientation. In some cases the pop-in is present in zones with misorientation and 

without misorientation, making impossible to find a link between the misorientation and the 

pop-in presence. Therefore further analyses and a change in the approach must be applied 

to have a better understanding of the pop-in phenomenon. 

5.4.1 Micromechanical behavior parameter identification 

5.4.1.1 Experimental set-up 

The cartography in the Fig. 5.54 contains in the upper portion the micropillars and in the 

lower portion, indentations of Sp2 and BKs. In this cartography the aim was to obtain several 

indentations (with same indenter) inside the same crystal. 

The nanoindentation experiments were performed using the experimental conditions listed 

on the Table 5.19. The protocol was adapted to each type of indenter, considering the 

maximum indentation load.  

Cartography Indenter Fmax (mN) 
Loading 

rate 
(mN/min) 

Unloading 
rate 

(mN/min) 

Acquisition 
rate (Hz) 

1 
Sp2 5 3 3 30 

BKs 3 1 1 30 
Table 5.19. Nanoindentation experimental conditions 
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Fig. 5.54. EBSD cartographie showing the experimental zones.  

To locate the exact position of the indentations on the EBSD cartography, a combination of 

four images was used: an AFM capture of the indented zone, a section of the EBSD 

cartography using the misorientation, a transparence containing the grain boundaries, and a 

transparence containing the number of indentation, as seen in the Fig. 5.55.  

In Fig. 5.55 (a) is shown an AFM capture of the indented zone. With this image the exact 

position of each indentation on the surface is obtained. The image in Fig. 5.55 (b) contains a 

section of the EBSD cartography using the misorientation, which contains the indentation 

grid. The misorientation reveals the indentations as little points on the surface. To improve 

the detail of the indentations, the image was filtered and the contrast intensified. Then, the 

first step was to superimpose Fig. 5.55 (b) on Fig. 5.55 (a) and adjust Fig. 5.55 (b) to make 

coincident the indentations on both images. As the images were obtained by different means, 

the EBSD image was deformed in the horizontal and vertical directions to achieve the 

coincidence with the indentations by AFM.  

 
Fig. 5.55. Location of the indentations on the EBSD cartography. 
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Once the indentations by AFM and the corresponding points by EBSD were adjusted, the 

transparence containing the grain boundaries, shown in Fig. 5.55 (c) was superimposed, and 

the EBSD image in Fig. 5.55 (b) was suppressed to obtain the figure shown in Fig. 5.55 (d). 

Finally the transparence containing the numbers of indentations was superimposed to obtain 

the image shown in Fig. 5.55 (e). Then with the help of the numbered EBSD cartography 

shown in Fig. 5.55 (f), it can be accessed to all the information related to the indented point, 

and also to the information related to the indentation itself. 

This technique is well adapted to zones where the indentations are small, allowing the use of 

the AFM to obtain a capture of the indented zone. However when the indentations are deep 

and the indented zone is big, the AFM is not useful, in fact in this case the AFM is useful to 

capture only one indentation at a time.  

5.4.1.2 Grains selection 

In this section the experimental results used in the parameter identification from the data 

base generated using the three EBSD cartographies are presented. The selection of the 

crystal or the subregion to analyze depends on the parameter identification strategy. Two 

cases are addressed: the case of a single curve and the analysis of several curves coming 

from different grains.     

 Section of cartography Pole and inverse pole figures 

S
p

2
 

  

B
K

s
 

  
Table 5.20. Sections of the first EBSD cartography showing the selected grains and their 

respective pole and inverse pole figures for each kind of indentation 

The crystals containing the indentations were selected following the following criteria: 
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1. Size of the grain: the biggest grains were selected to obtain a maximum of 

indentations inside the grain when using small loads. 

2. Crystal orientation: grains with different orientations were selected to obtain a 

maximum influence on the indentation response, induced by the crystal orientation. 

A nanoindentation grid was performed using shallow indentations of BKs and Sp2 to obtain 

several indentations inside one crystal. In Table 5.20 the fractions of the first cartography 

corresponding to the three types of indentations are shown. On these sections of the 

cartography the boundaries of the selected grains are marked with thick line and their 

number is shown. Besides the section of the cartography, the grains are also represented on 

pole and inverse pole figures. In this study, these figures help to determine how similar the 

grain orientations are. 

In Table 5.21 and Table 5.22 are shown the grains individually for the Sp2 and BKs. Then, 

using the misorientation analysis on the grain, the indentations are easily distinguished. On 

these grains, the indentations were selected as far as possible from the grain boundary. 

Each indentation point on a given grain was marked using “S” for Sp2 and “B” for BKs 

indentations and also was assigned a number.    

A representation of the mean orientation of the selected crystal through a cube built from the 

Euler angles is shown also in these tables. This representation is very useful to quickly verify 

how similar are the orientation of a given grain with respect to the other selected grains. The 

final piece of information shown in the tables is the indentation response. In general all the 

curves belonging to the same crystal are close as expected.  

Grain Crystal orientation Indentation curve 
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Table 5.21. Selected crystals indented with the Sp2 indenter 

Grain Crystal orientation Indentation curve 
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Table 5.22. Selected crystals indented with the BKs indenter 

5.4.1.3 Identification results 

a) Identification using a single grain 

Two indenter geometries were used in the parameter identification: 

Berkovich: indentations coming from four different grains using the genetic algorithm. The 

results of the parameter identification showed a relative coherence between them (Fig. 5.56), 

however compared to the limits established from the micropillar compression there is a 

remarkable error. The parameter having the best approximation of 𝑏, however its minimum 

error is 34 %, which is high.      

 

Fig. 5.56. Identified parameters through inverse analysis of single Berkovich indentation. 

The nanoindentation curves obtained from the simulations (Fig. 5.57), exhibit a difference 

compared to  the experimental ones. Therefore also in this analysis the shape of the indenter 

on the FE model has an important role in the accuracy of the results obtained through 

inverse analysis. 
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G898 G861 G767 

   
G957 G977  

  

 

Fig. 5.57. Nanoindentaiton curves obtained from the inverse analysis of Berkovich 
indentation. 

Spherical: in the case of the spherical indentation, the parameters obtained from the inverse 

analysis (Fig. 5.58), are not exhibiting a trend, and for all grains the values have a high error 

with respect to the micropillar compression reference frame.  

 
Fig. 5.58. Identified parameters through inverse analysis of single spherical indentation.  

In the case of the nanoindentation curves (Fig. 5.59), it was observed that the unloading 

branch is not well represented by the simulation. In fact in none of the grains, the resulting 

simulated indentation curve was able to approximate the experimental curve with good 

accuracy. That is reflected in the high variability of the results. 
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G783 G931 G991 

   
Fig. 5.59. Nanoindentation curves obtained from the inverse analysis of the spherical 

indentation. 

5.4.1.4 Identification using multiple grains 

As the best parameter identification using a single indentation curve was performed with the 

Berkovich indenter, it was selected to be used in multi-objective optimization. The 

parameters estimated in this procedure are listed in the Table 5.23. These results show a 

high error; therefore, this time the use of a multi-objective optimization is not helping to 

improve the accuracy of the parameters respect the micropillar compression identification.  

Parameter G898-G861 Reference %err 

𝑅0 145.79 62 135 

𝑏 30.72 53.5 42.6 

𝑄 169.83 95.8 77.3 

Table 5.23. Identified parameters using the Berkovich response of two grains.  
 

However the nanoindentation curves obtained in this analysis show a better approximation to 

the experimental ones.  

 
Fig. 5.60. Nanoindentaiton curves corresponding to the solution of the multi-objective 

procedure contrasted against the experimental curve. 

 

 Conclusion 5.5

The microstructure of the 316L was characterized by micropillar compression test and 

nanoindentation test. In both cases the experimental results were used as inputs of the 

genetic algorithm (GA) to find the parameters of a micromechanical constitutive law.  

Firstly, micropillars with different characteristics (different mean orientation, different 

deformation modes, etc.) were deformed using the FP10. The results were introduced in the 

inverse method based on GA algorithm to obtain the micromechanical behavior of 

316𝐿 material. The inverse analysis produced highly dispersed results when using a single 
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pillar. Then when using several pillars the accuracy of the results was improved, reducing the 

spread on the data. A recurrent problem in the analysis of a single pillar was that the 

microcompression curve was not correctly described by the constitutive model. Then, it was 

concluded that the using crystal plasticity constitutive model with only isotropic hardening 

was not able to correctly predict the micromechanical behavior of the micropillars. Further 

studies are needed to better predict and understand the mechanical behavior of micropillars.     

On the other hand, the size of the indentations performed with both indenters allowed to 

apply several measurements on the same grain. A cartography obtained by EBSD of the 

indented zones was used in order to complete this analysis. First the effects of the 

intragranular misorientation, the mean orientation of the grain and the grain boundaries were 

analyzed. It was found that the mean orientation and the intergranular misorientation affect 

the measurements performed with the Sp2. The fcc crystals have hard and soft orientations. 

Both of them were identified with the Sp2. Then, the effects of the mean orientation may be 

related to a different yielding point of the grain, in function of its orientation. In the case of the 

BKs, no relationship was found with the mean orientation and the intragranular 

misorientation. That may be related to the high concentration of stress under the tip of the 

indenter, reaching the yielding point of the grain almost immediately.  

In addition, the effects of the grain boundaries were revealed as an increase in the 

measurements performed with the Sp2. This is coherent with the descriptions found in the 

literature. However, the measurements obtained from the BKs were lower to the mean value 

of the grain, contradicting the literature. This contradiction could be related to the indentation 

depth: the one reached in this work was close to 180 𝑛𝑚 whereas in other works, it is almost 

always higher then 1 µ𝑚. This could mean that in early stages of the indentations, the grain 

boundary is less resistant because of the interactions with each neighboring grains. Then 

these interactions grow, increasing the hardness in the grain boundary. Studies of these 

effects must be considered in future works, because it could be helpful to better understand 

the propagation of the deformation from one grain to another.  

Finally, the nanoindentation response was used as input to the inverse analysis using the 

GA. In this case the best results were obtained with the BKs. In fact the identified parameters 

were different from the reference frame; however they were close between them. Again a 

difference between the experimental and simulated curve was detected, but in general the 

experimental curve was approximated within acceptable accuracy. Unlike the BKs, the Sp2 

produced highly spread parameters without a trend, and deviated from the reference frame. 

It was concluded that there is a problem with the parameter identification using a 

micromechanical law, because the spherical indenter produced results with good accuracy 

when using a macroscopic law. 

In general, the microcharacterization through inverse analysis is a challenge. The high 

amount of variables is a major problem in this approach. Refinements in the approach are 

needed to better use the numerical tools. Also at this scale other factors as the dislocation 

density can play an important role in the deformation mechanisms. Using empirical 

constitutive model describing only the crystal slip is not enough to account for some 

observed phenomena. 
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Conclusions and perspectives 
 

 

Conclusions 

The main purpose of this Thesis is to provide a method of elastoplastic characterization, 

based on nanoindentation test, able to estimate, with an acceptable accuracy, the 

parameters of constitutive laws in the macro and micro scales. We chose for this study the 

316 L austenitic steel as a model material. It is a ductile material whose plastic deformation 

in macroscopic uniaxial tests is highly repeatable, and allows the estimation of the 

elastoplastic parameters of several constitutive laws. Furthermore, the microstructure and 

the grain size allow performing nanoindentation experiments in a wide range of depths. The 

316L is, therefore, an excellent material model for indentation investigations in multiscale 

approaches.  

Experimentally, the analysis of the nanoindentation results dispersion showed a wide 

sensitivity of the nanoindentation test to the method of surface preparation of this material. 

This analysis allowed the establishment of a preparation method to obtain a high quality 

surface for nanoindentation investigations. This result is confirmed by the EBSD analysis of 

the obtained surface and by the low value of misorientation and its gradients. The surface 

microstructures obtained are therefore assumed to be representative of the microstructure of 

the material. 

On the other hand, all the nanoindentation test conditions were configured based on 

experimental observations. It was found that high loading rates introduce dynamic effects, 

producing altered indentation curves which are not representative of the studied material. 

Also it was found that the nanoindenter must be configured according to the analysis scale, 

e.g. while intermediate loading rates are acceptable for the elastic proprieties measurements; 

the same configuration is not suitable for pop-in investigations. These precautons and 

analyzes of the experimental conditions made it possible to produce high precision test, 

which is able to perform indentations in the range of the 30 𝑛𝑚 of depth, producing 

nanoindentation curves with high resolution and free of artefacts. The microcompression 

tests have been successfully realized despite the difficulty of the development. 

Numerically, many finite element models were implemented to simulate the nanoindentation 

test. A detailed study was performed to determine all the characteristics needed to produce 

nanoindentation curves of high resolution in the minimum computational time. The perfect 

equivalence between the axisymmetric, the 3D and the 3D reduced models was analyzed 

and warranted. To reduce computational time, we proposed to use the axisymmetric model 

only for the analysis of the nanoindentation curve, and the 3D model for the analysis of the 

residual imprint. 

In addition, an inverse analysis was implemented using the two optimization algorithms: a 

gradient based algorithm and an evolutionary algorithm. The first: Levenberg-Marquardt 
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algorithm is less expensive but converges to the nearer minimum. While, the second: the 

genetic algorithm, is more expensive, but provides a global minimum of the problem.  

To obtain reliable results, these numerical tools (finite element models and the optimization 

algorithms) the numerical tools were associated with a large nanoindentation responses 

database produced by several types of indenter geometries. This experimental database was 

produced in experimentally optimum conditions. Then, the inverse analysis was conducted 

using single-objective optimization and multi-objective optimization for macroscopic 

elastoplastic model identification, and multi-objective optimization for the micromechanical 

constitutive model identification. 

Macroscopic model identification: 

Firstly, the analysis of the nanoindentation data conducted with macroscopic laws and single 

sharp indenter is not enough to estimate accurately the elastoplastic parameters. However 

using spherical indenters, the parameters have better accuracy independently of the radius 

of the indenter. Using several indenter geometries in multi-objective analysis leads to a high 

improvement in the accuracy of the solution. However, using more than three indenters in 

multi-objective optimization may degrade the accuracy of the solution.  

Then, the use of multi-objective optimization implies the selection of the best solution among 

a group of possible solutions. A method based on the analysis of the scores of these 

possible solutions was proposed, proving that is able to found the best solution even within a 

high number of objectives. 

Finally, the analyses performed with single and several indenter geometries led to elucidate 

that the main problem of the parameter identification by nanoindentation test, is the correct 

representation of the indenter in the finite element model. A new method to introduce the true 

Berkovich geometry in the finite element model was developed. This new method has proved 

that a single indenter is enough to determine with good accuracy the parameters even in 

indentations down to 30 𝑛𝑚.. 

Crystal plasticity constitutive model identification: 

The analysis conducted on the microstructure of the 316L using nanoindentation test has 

shown that the grain orientation can increase or reduce the indentation depth in force 

controlled indentation. The intragranular misorientation introduces dispersion in indentations 

conducted in the same grain. It was also found that the grain boundaries have effects 

depending on the indenter geometry: when using the spherical indentation the hardness 

increased, however when using Berkovich indentation, there is no trend. We can, therefore 

conclude that the spherical indentation is more sensitive to the microstructure than the 

Berkovich indentation. This conclusion is also supported by the presence of the pop-ins is 

more recurrent in spherical indentation. 

Unlike the macroscopic parameter identification, the parameters of the micromechanical 

constitutive model were estimated with better accuracy with the Berkovich indentation. The 

parameters estimated with the spherical indenter had high spread. Therefore, the Berkovich 

indentations of different grains with low misorientation were used as inputs of multi-objective 

optimization algorithm. The results showed a high error respect the reference frame obtained 

by compression test of several micropillars. Therefore, it was concluded that other factors as 
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the dislocation density can play an important role in the deformation mechanisms at this 

scale. This dislocation density is used in the literature to justify the dispersion on the 

micropillar compression, the dispersion in the nanoindentation data and the appearance of 

the pop-in. Using empirical constitutive model describing only the crystal slip is not enough to 

account for some observed phenomena. 

 

Perspectives 

The work presented in this thesis deserves to be completed and improved on both 

experimental and numerical aspects.  

Experimentally, further information can be extracted from the realized microscopic 

characterization. The AFM measurements of the residual imprint can be associated with 

EBSD analysis to identify the activated slip planes for each grain. This analysis can be 

completed by a study on a 316L single crystal of high purity and well defined orientations. In-

situ indentations using the image correlation method can also be performed to better define 

the origin of pop-in. These analyzes will be allowed to obtain other information necessary for 

modeling at the mesoscopic scale. 

In addition, an experimental analysis of the representativity of the indented zone can be 

performed to confirm that the dispersions obtained are mainly due to the heterogeneity of the 

microstructure. This heterogeneity is not fully included in the nanoindentation impacted area. 

Numerically, the developed tip correction method merits to be extended to other indenter 

geometries. A model of the indenter wear can be set up for this material. This model will 

make it possible to quantify the difference obtained between the new and worn tip. 

On the other hand, the identification of the micromechanical model can be performed on a 

polycrystal based on a deep indentation and identifying the impacted grains. 

Micromechanical models capable of taking into account certain phenomena related to the 

dislocation density can be used. Several existing physical models can be integrated in the 

numerical simulation, especially models that contain dislocation density as an internal 

variable. 

Finally, other numerical methods can be used such as XFEM methods and discrete methods 

that have proven their performance for contact problems.  
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Appendix A: Nanoindentation system 
The nanoindenter used for all experiments was an apparatus manufactured by CSM 

Instruments, and is located at the ICA. The central component of the nanoindentation system 

is the NHT2 nanoindentation unit. Other components included in the system are an Atomic 

Force Microscope (AFM), an optical microscope, and a motorized table. All the components 

are mounted on a single compact module installed on a damped work table called Compact 

Platform CPX (Fig. A.1). 

 
Fig. A.1. CSM nanoindentation system: (a) motorized table and the CPX chassis, (b) units 

integrated on the nanoindentation system. 

 

The NHT2 nanoindentation unit 

The NHT2 is in charge of performing the nanoindentation test. This unit uses a system where 

the indentation force is applied by an electromagnetic actuator. The indenter is mounted at 

the bottom end of the indenter axis, and the displacement of the indenter is recorded by a 

capacitive displacement sensor (Fig. A.2).  

 

 
Fig. A.2. Schematic representation of the NHT2: (a) external view and (b) internal view. 

 

The nanoindentation test is performed in two stages. The first stage consist in adjust the 

depth offset (Fig. A.3). Adjust of the depth offset, is a surface referencing technique that 

consist in perform a differential measure between the sample and the indentation depth to 
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define the position of the depth sensor. The adjust depth offset is an automated procedure 

performed in two steps: the approach with the indenter and the detection of the contact point. 

On the first step, the indenter is approached to the surface at a constant speed (Fig. A.3 (a)), 

then a change in the slope of the indenter displacement means that the indenter is in contact 

with the surface (Fig. A.3 (a) and (b)). In the second step, the displacement sensor is 

adjusted and is established the range of validity for this adjustment (e.g. 3000 𝑛𝑚).    

 
Fig. A.3. Schematic representation of the adjust depth offset: (a) approach with the indenter, 
(b) contact point detection and (c) change in the slope of the indenter displacement triggering 

the contact point detection. 

 

Thanks to this technique the thermal drift and the frame compliance (0.02 𝑛𝑚/𝑚𝑁 for this 

machine according to the manufacturer), are negligible. Other advantage that offers this 

adjustment is that in a series of indentations the time consumed in approaching the indenter 

to the surface is reduced more than 50 %, because the indenter is retracted only to the point 

of the adjustment. However, if the roughness of the surface is superior to the range of 

validity, the indentation is aborted. Therefore the surface must have the same quality in the 

tested zone.  

Once the depth offset is adjusted, the second stage is the application of an indentation 

protocol. An indentation protocol is a definition of how the indentation load will be applied 

over the time. Common protocols are based on a single loading-unloading, or a cyclic 

loading-unloading (Fig. A.4). On a single loading-unloading protocol (Fig. A.4 (a)), the peak 

load, the loading rate, the unloading rate, and the dwell time at peak load must be 

configured. On a cyclic protocol (Fig. A.4 (b)), besides the parameters already mentioned, 

the first peak load, the first unload and the dwell time between cycles must be defined.   

Typically both protocols include a dwell time at peak load (and between cycles if cyclic) to 

reduce the dynamic effects linked to the indenter displacement, but also this dwell time can 

be used to assess the indentation creep behavior of materials.  

Also, the system allows the construction of a customized protocol that can be defined 

depending on the mechanical properties to be investigated. For example, in the procedure 

proposed by Oliver and Pharr to estimate the elastic modulus [1], they recommend to apply 

this protocol: 1) three cycles of loading to peak load, and unloading to 10 % of the peak load. 

2) Dwell time of 100 𝑠 at 10 % of the peak load. 3) Loading to the peak load. 4) A full 

unloading and withdrawal of the indenter. With this protocol it is ensured that the data used 
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to determine the elastic modulus is mostly elastic, thanks to the dissipation of other effects in 

the course of the application and variation of the indentation load.           

 
Fig. A.4. Types of nanoindentation protocols: (a) simple loading-unloading, (b) cyclic loading-

unloading. 

 

The NHT2 is able to apply the loading rate in three modes. The first (and used in this work) is 

the linear mode, which obeys the linear relation 𝑃 = 𝑘𝑡. The second is the quadratic mode, 

governed by the relation 𝑃 = 𝑘𝑡2. And finally, the third mode is a constant strain rate, defined 

by (𝑑𝑃/𝑑𝑡)1/𝑃 = 𝑐𝑡𝑒. The use of these modes is linked to the nature of the studied material, 

and the combination of them on the same indentation protocol is possible.   

The parameters described above are limited by the specifications of the NHT2, listed in the 

Table A.0.1.   

 

 
Force 
(mN) 

Displacement 
(nm) 

Acquisition rate 
(Hz) 

Loading rate 
(mN/min) 

Unloading rate 
(mN/min) 

Max 500 200000 400 2500 2500 

Min 0.1 - 1 0.1 0.1 
Resolution 0.00001 0.01 - - - 

Table A.0.1. Specifications of the NHT2 nanoindentation unit 

 

After apply the nanoindentation test, is possible to obtain an image of the residual imprint. 

This image can be obtained by optical or by AFM means. The next section describes the 

AFM unit integrated in the nanoindentation system used in this work.  

The Atomic Force Microscope 

The images obtained by Atomic Force Microscopy, are images generated artificially, 

meaning that there is not a direct optical capture. This kind of microscopy belongs to the 

family of Scanning Probe Microscopes (SPM). In these systems the probe gathers the 

information from a rastering motion point-to-point across a small surface. The interaction in 

the near field of the probe and the surface allows the measure of the variables of interest at 

each point. Then the gathered information is transformed in to an image using specialized 

software, where the values of brightness or color in each pixel are directly linked with the 
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magnitudes measured in each point by the probe. In the general sense, the term “probe” is 

used for all possible kinds of pointwise measuring sensors. 

There are several special terms used in the SPM, which are classified according with its 

recording characteristics or its measuring modes. The AFM unit installed in the 

nanoindentation system used in this work belongs to the Cantilever Based Scanning Probe 

Microscopy (Fig. A.5). Cantilever Based SPM uses as a probe a very small tip installed at the 

end of a beam (the cantilever). The tip is pressed towards the surface of the sample through 

the cantilever. A load force results from the deflection of the cantilever described by Hook’s 

law. The deflection of the cantilever is measured by a special sensor. The sensor uses a 

laser beam pointing towards the surface of the cantilever through an optical fiber. Then, the 

laser beam is reflected by the surface of the cantilever. The relative position between the end 

surface of the optical fiber and the surface of the cantilever gives access to the value of the 

deflection at each point of measure. The scales of the structures that can be measured with 

this type of microscope are nearby the size of the atoms. The interaction between the 

surface and the probe is based on inter atomic forces; hence these types of measuring 

systems are called Atomic Force Microscopes.    

The maximum area that can be scanned with the AFM used in this work is 80 𝑥 80 µ𝑚 in 𝑥, 𝑦 

directions respectively. In the 𝑧 direction the range is 6 µ𝑚. The maximum resolution is 

1024 𝑥 1024 for square scans. 

 

 
Fig. A.5. Surface scanning by a Cantilever Based SPM. 

 

The goal of using AFM images is to access to the topography of the residual imprint, 

because in metallic materials, the mechanical response in the surface not always is the 

same, impacting on the estimation of the mechanical properties. Another important use of the 

AFM images is to relate the residual imprint and the displacements on the surface to the 

crystallographic characteristics of the material [59].       

- Capture of the residual imprint by AFM microscopy 

From the point of view of the nanoindentation test, the AFM microscopy is very useful 

because the gathered data can be used to explore the topography with great detail. Actually 
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the main object of study of the residual imprint by AFM is the mode of deformation around 

the contact between the indenter and the surface.  

There are two modes of deformation, the “sinking-in” and the “pile-up” (Fig. A.6). Using as 

example the indentation of a cone on a flat surface, in sinking-in, the matter deforms inward 

the surface making the idealized contact point between the indenter and the sample to be 

under the mean surface of the sample. In the case of the pile-up, the matter deforms 

outwards, causing the contact point to be above the mean surface.  

These two modes of deformation are a critical issue in the determination of the hardness and 

the elastic modulus, because in their assessment is used the projected area of the indenter 

at the contact point. Some methods have been developed to improve the detection of the 

contact point thanks to the use of the AFM microscopy [136, 137, 138, 27]. In our 

experimental work, the AFM captures are also used to explore the interior of the residual 

imprint.  

 

 
Fig. A.6. Representation of the sinking-in and the pile-up in the indentation test. 

 

The information captured by AFM may contain some errors (artefacts). These artefacts are 

the result of the state of the surface and the acquisition method used in the scanning of 

surface. Correct these errors help to improve the quality of the data gathered by the AFM 

microscope.   

 

- Common artefacts in AFM captures 

In experimental work were found three artefacts: 1) deformed surface (Fig. A.7 (a)), 2) the 

“flying tip” (Fig. A.7 (b)), and 3) static noise/floor noise (Fig. A.7 (c)). The deformed surface is 

an artifact where a flat surface seems to be curved. The origin of this artefact is unknown, but 

the SPM software can solve it easily. The flying tip is an artifact that occurs when a relative 

high scanning speed is used, causing that the tip loses the contact when hits some 

imperfection on the surface. This kind of artefact is hard to correct, and depending on the 

place of occurrence, sometimes the capture must be repeated at a lower speed. The last 

artefact is the noise. The noise can come from static electricity or from vibrations (people 

walking or talking around the microscope for example). The easiest way to eliminate this 
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artefact is using an ionizer fan before the capture, and taking the capture when the ambient 

is quiet.  

 
Fig. A.7. Common artefacts in AFM: (a) deformed surface, before and after correction, (b) 

flying tip and (c) vibration (thick lines) and static electricity (wavy surface). 

 

A complete guide to obtain exploitable AFM captures are found in [139], and Gwyddion is 

free software that can be used to treat the AFM images [140], it includes a nanoindentation 

module.  

The optical unit 

The nanoindentation system is equipped with an optical unit (as mentioned above) with two 

objectives of 5𝑥 (work distance 22.50 𝑚𝑚) and 100𝑥 (work distance 0.3 𝑚𝑚). The optical unit 

is mainly used to select the zone where the indentation going to be performed, and to inspect 

the residual imprint. 

The CPX 

The platform of measurements used in the nanoindentation system is a very important 

component because it allows the displacement of the sample between units with great 

precision. For example, the optical unit is used to select a point in the surface to perform an 

indentation, then the table displaces the sample under the NHT2 to apply the indentation, 

and finally the sample is displaced under the AFM to take a capture of the residual imprint. 

The specifications of the CPX are listed in the Table A.0.2.  

Displacement 
tables 

Range of CPX 
(mm) 

Resolution (µm) 
High resolution     

(µm) 

x 120 0.25 0.1 
y 20 0.25 0.1 

z 30 0.010 - 

Table A.0.2. Specifications of the CPX 

 

Indenter specifications  

The indenter tips used in this work belong to both axisymmetric and non-axisymmetric types. 

In the axisymmetric types are found the spherical and flat punch, and in non-axisymmetric, 
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the Berkovich and the cube corner. The next sections present the indenters in detail, starting 

with the axisymmetric tips.  

- Axisymmetric indenters 

a) Spherical indenter 

Three spherical indenters of different diameter were used in the experiments (Fig. A.8). The 

spherical part of the indenter is mounted on a conical section (Fig. A.9). That is why often in 

the literature they are referred as sphero-conical indenters. In this work only the spherical 

part of the tip was used.  All the characteristics of the spherical indenters are listed in the 

Table A.0.3. 

Tip radius (µm) Designation Angle of the conical section Material E (GPa) ν 

2 Sp2 60 Diamond 1141 0.07 

10 Sp10 60 Tungsten 650 0.24 
50 Sp50 90 Tungsten 650 0.24 

100 Sp100 90 Tungsten 650 0.24 
Table A.0.3. Characteristics of the spherical indenters 

 

 
Fig. A.8. SEM micrographs of the spherical indenters: (a) Sp2, (b) Sp10 and (c) Sp50. 

 
Fig. A.9. Geometrical characteristics of spherical indenters: (a) geometric description and (b) 

geometric parameters. 

 

The two geometric specifications for the spherical indenters are the projected contact area, 

𝐴𝑝, and the radius of the projected contact circle, 𝑎. The projected contact area is defined by 

the relation 
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 𝐴𝑝 = 2𝜋𝑅ℎ𝑐  

 

with 𝑅 as the radius of the sphere and ℎ𝑐 the indentation contact depth. The radius of the 

projected contact circle is obtained from the equation 

 𝑎 = √2𝑅ℎ𝑐 − ℎ𝑐
2  

 

b) Flat punch indenter 

A characteristic of the flat punch used in this work, is that is a truncated cone with a flat 

surface on top (Fig. A.10), and not a cylinder as often described in the literature. Its 

characteristics are summarized in the Table A.0.4. 

Tip radius (µm) Designation Angle of the conical section Material E (MPa) ν 

5 FP10 60 Diamond 1141 0.07 

Table A.0.4. Characteristics of the flat punch indenters 

 
Fig. A.10. Characteristics of the flat punch indenter: (a) SEM micrograph, (b) geometric 

characteristics. 

In this kind of indenters, the projected contact area is defined by 

 𝐴𝑝 = 𝜋𝑎2  

where 𝑎 is the radius of the projected contact circle, and is equivalent to the radius of the 

circle at the flat end of the indenter. 

- Non-axisymmetric indenteur 

a) Berkovich indenter 

The Berkovich indenter is probably the most popular indenter tip used in the nanoindentation 

test (Fig. A.11). In this work two Berkovich indenters were used, one of them with a sharp tip 

and another one with a worn tip. The characteristics of both are specified in the Table A.0.5. 

Indenter Tip radius Designation Material E (MPa) ν 

Sharp Berkovich <10 nm BKs Diamond 1141 0.07 

Worn Berkovich >100 nm BKw Diamond 1141 0.07 
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Table A.0.5. Characteristics of the Berkovich indenters 

 
Fig. A.11. Berkovich indenter: (a) SEM micrograph, (b) geometric characteristics. 

In the Berkovich indenter, the projected contact area is given by the relation 

 𝐴𝑝 = 24.5ℎ𝑐
2 

 

b) Cube corner indenter 

The cube corner indenter has a very sharp geometry (Fig. A.12). Initially it was designed to 

assess the fracture toughness, but also is used in the inverse problems, sometimes in 

conjunction with other indenter shapes [7]. The designation for the cube corner indenter is 

CC, and it is made in diamond. 

 
Fig. A.12. Cube corner indenter: (a) SEM micrograph, (b) geometric characteristics. 

 

The projected contact area for the cube corner indenter is found with the expression 

 𝐴𝑝 = 2.598ℎ𝑐
2  

The cube corner has a triangular base as the Berkovich indenter, the difference between 

them is the angle of the tip.  
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Appendix B: Analytical methods 
The objective of the development of the analytical methods is to obtain a set of functions that 

eliminate the need to perform numerical simulations after the nanoindentation test, and at the 

same time to extract with precision the plastic parameters of the material analyzed in a 

systematic way. 

Principle of analytical methods 

The principle of analytical methods is to analyze the parameters of the nanoindentation 

curve, obtained with specific indenter geometry, applying a set of dimensionless equations, 

to determine the parameters of the constitutive law of the material. The equations that 

constitute the analytical method are obtained through the dimensional analysis explained 

below. 

The main interest of these models is that they can be applicable to most engineering metals. 

The direct and inverse algorithms are built on the basis of dimensionless functions, 

generated using the Vachy-Buckingham theorem [5]. 

This theorm can be sinthesized as follows. Let 𝑎1, 𝑎2 … , 𝑎𝑛 , 𝑛 physical quantities whose the 

first 𝑝 are related to distinct fundamental units and  (𝑛 − 𝑝)  to derived units (example: 𝑎1 

mass, 𝑎2 length, 𝑎3 time and (𝑛 − 3) other units derivatives such as a force or a velocity). If 

there exists a function 𝐹(𝑎1, 𝑎2 … , 𝑎𝑛) = 0 this function can be reduced to (𝑛 − 𝑝)  

parameters such that 𝐹(𝑥1, 𝑥2 … , 𝑥𝑛) = 0  with 𝑥𝑖 function monomials of 𝑎1, 𝑎2 … , 𝑎𝑛 such that 

𝑥𝑖 = 𝐴. 𝑎1
𝛼1 . 𝑎2

𝛼2 …𝑎𝑛
𝛼𝑛. 𝜎𝑟 

Initially the idea of a representative stress, 𝜎𝑟, for a given indentation geometry, was 

introduced by Tabor [63]. Under this concept Tabor showed that in the conic indentation 

applied to metals, the hardness is approximately three times 𝜎𝑟 with corresponding 

deformation value between 8 to 10 %. 

The pair (휀𝑟, 𝜎𝑟) represents a particular point in the strain-stress curve, in which for a given 

value of 𝐸, and an effective indenter angle 휃, all laws passing through the point (휀𝑟, 𝜎𝑟) 

produce the same indentation curve as illustrated in Fig. B.1 [8]. 

 

Fig. B.1. Different rheologies producing the same indentation response. 

 

An example of the determination of representative deformation is found in the work of Dao et 

al.  [8], where they determined that the Berkovich indenter responds to a representative 
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deformation of 3.3 % as explained with the help of the Fig. B.2 (b) where it is shown that the 

function becomes independent of 𝑛 when 휀𝑟 = 0.033.  

It is important to note that in this figure 𝐶 represents the curvature of the loading curve, and 

in this formulation 𝐸∗ represents the combined modulus of elasticity, composed by the 

elasticity of the indenter and the elasticity of the material. 

 

Fig. B.2. Representative deformation 휀𝑟 associated to the Berkovich indenter [8]. In (a) low 
values of 𝑛 increase the function, in (b) for a 휀𝑟 = 0.033 the functiones becomes independent 

of 𝑛, in (c) high values of 휀𝑟 decreases the value of the function.  

The values of the representative deformation for the effective angles of indenters most 

commonly used are reported in the literature [10, 8, 48]. These values are listed in the Table 

B.0.1. 

Angle (°) 80 70,3 60 50 42,3 

𝜺𝒓 (%) 0,017 0,033 0,057 0,082 0,126 

Table B.0.1. Representative deformation linked to common commercial indenters 

In all analytical methods, an elastoplastic description of the material is employed that uses 

four basic parameters: 𝑛 (the hardening exponent), 𝜎𝑦 (the elastic limit), 𝐸 (the elastic 

modulus) and 𝜈 (the Poisson ratio). These parameters are integrated in the constitutive law 

of Hollomon in the form 

 𝜎 = {
𝐸휀, 𝜎 ≤ 𝜎𝑦

𝑅휀𝑛, 𝜎 ≥ 𝜎𝑦
 (B.1) 

When 𝜎𝑦 is reached, the stress can be defined as 

 𝜎𝑦 = 𝐸휀𝑦 = 𝑅휀𝑦
𝑛 (B.2) 

The total deformation is the sum of the elastic deformation, comprised between the start of 

the deformation until the first yielding point, denoted by 휀𝑦, and the plastic deformation, after 

the yielding point, denoted by 휀𝑝 given by 

 휀 = 휀𝑦 + 휀𝑝 (B.3) 

Then combining (B.2) and (B.3) when 𝜎 > 𝜎𝑦, the equation (B.1) can be expressed as 

 𝜎 = 𝜎𝑦 (1 +
𝐸

𝜎𝑦
휀𝑝)

𝑛

 (B.4) 

With this formulation the plastic behavior is defined by the three parameters  , 𝜎𝑦 and 𝐸. 

Often the elasticity of the indented material is combined with the elasticity of the indenter 

(reduced elastic modulus) with the expression 
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 𝐸𝑟 = [
1 − 𝜈2

𝐸
+

1 − 𝜈𝑖
2

𝐸𝑖
]

−1

 (B.5) 

With this definition, all the four parameters describing the elastoplastic behavior in the 

nanoindentation test are included.  

The dimensional analysis was introduced by Cheng et al. [141] to study the nanoindentation 

curve from the parameters of the material and the characteristics of the indenter used in the 

experiment. The first stage in this analysis consists in the study of the loading curve. 

In Fig. B.3 the conical indentation of angle 휃 is illustrated, where it can be noted that the 

force 𝐹 and the contact depth ℎ𝑐 are two dependent variables, which can be written in the 

form of a function depending on the material parameters, the depth of indentation and the 

effective angle of the indenter as follows 

 
𝐹 = 𝐹(𝐸, 𝜈, 𝜎𝑦, 𝑛, , ℎ, 휃) 

ℎ𝑐 = ℎ𝑐(𝐸, 𝜈, 𝜎𝑦, 𝑛, , ℎ, 휃) 
(B.6) 

Also from Fig. B.3 it can be established that 

 
𝑎 = ℎ𝑐𝑡𝑎𝑛휃 

𝐻 =
𝐹

𝜋𝑎2
 

(B.7) 

where 𝐻 represents the hardness of the material, 𝑎 is the contact radius at maximum 

indentation load. 

 

Fig. B.3. Schema of a conical indenter of angle 휃 penetrating the surface of the studied 
material [141]. 

 

From (B.2) it is evident that the dimensions of the elastic modulus and the elastic limit are the 

same. Applying the Π theorem of the dimensional analysis [5], it can be determined the 

dimensionless functions for 𝜎𝑦 𝐸⁄ , 𝐹 and ℎ𝑐 
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were Π2 = 𝐹 𝐸ℎ2⁄ , Π3 = ℎ𝑐 ℎ⁄  and 𝜈, 𝑛, 휃 are all dimensionless quantities. 

From the dimensional analysis it can be observed that 𝐹 is proportional to the square of the 

displacement of the indenter and that ℎ𝑐 is proportional to the displacement of the indenter, 
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therefore the relation ℎ𝑐 ℎ⁄  is independent of the indentation depth, but it is dependent on 

𝜎𝑦 𝐸⁄ , 𝜈, 𝑛 for a conical indenter of angle 휃. This means that the hardness, 𝐻, is independent 

of 𝐹 and consequently also of ℎ. 

This first stage in the work proposed by Cheng serves to describe only the loading curve as a 

function of the parameters of the material and the indenter. The proposed analysis continues 

with the study of the unloading curve, in which the indenter reaches the maximum 

displacement ℎ𝑚𝑎𝑥. 

The unloading branch of the nanoindentation curve starts when the indentation experiment 

reaches the maximum indentation load, and starts to withdraw the indenter. At this point 𝐹, 

renamed 𝐹𝑢, is defined by a new function 

 𝐹𝑢 = 𝐹𝑢(𝐸, 𝜈, 𝜎𝑦, 𝑛, ℎ, ℎ𝑚𝑎𝑥, 휃) (B.11) 

from which the dimensional analysis produces 
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Unlike the loading curve, the unloading curve is now not only dependent on the square of the 

displacement, but also on the ratio ℎ ℎ𝑚⁄ . 

Considering the slope of the discharge 𝑑𝐹 𝑑ℎ⁄  and evaluating it in ℎ𝑚, (B.12) becomes 
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which is independent of the ratio ℎ ℎ𝑚⁄  but is proportional to ℎ𝑚. 

At this point in the analysis proposed by Cheng et al. it is demonstrated that the curvature of 

the loading curve, the slope of the unloading curve and that the ratio ℎ ℎ𝑚⁄  are three 

independent quantities that can be obtained directly from a single nanoindentation curve. 

Later in the same work, using finite element simulations with a conical indenter of = 68° , a 

series of combinations of 𝜎𝑦, 𝐸 for the indented material, , and varying 𝑛 from 0 to 0.5, they 

were able to demonstrate that the loading curve can be fitted with the exponential function 

𝐹 = 𝐶ℎ𝑥, where 𝐶 and 𝑥 are fitting parameters. In this fitting procedure they found values of 𝑥 

between 1.98 and 2.03, demonstrating that 𝐹  is proportional to the square of the 

displacement, as predicted by the dimensional analysis, for a homogeneous material with or 

without work hardening. 

On the other hand, plotting 𝐹 𝐸ℎ2⁄  vs 𝜎𝑦 𝐸⁄ , shown in Fig. B.4 (in which according to the 

notation used in this document   𝑌 = 𝜎𝑦 ), is shown that 𝐹 𝐸ℎ2⁄  is a function of 𝜎𝑦 𝐸⁄  and 𝑛. 
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Fig. B.4. Scaling relationship between  𝜎𝑦 𝐸⁄  and 𝐹 𝐸ℎ2⁄  [141].  

This observation is very important since it allows to affirm that in general the loading curve by 

itself is not sufficient to determine uniquely  𝜎𝑦 𝐸⁄  and  𝑛. In Fig. B.4, they observed that there 

is an approximate scale relationship between 𝐹 𝐸ℎ2⁄  and  𝜎𝑦 𝐸⁄ . Then they introduced an 

effective elastic limit   𝜎𝑦
∗ given by the relationship 

 𝜎𝑦
∗ = (𝜎𝑦𝐾)

1 2⁄
 (B.14) 

where 𝐾 is a constant. Plotting 𝐹 𝐸ℎ2⁄  vs 𝜎𝑦
∗ 𝐸⁄ , in Fig. B.5, the function remains on roughly 

the same curve, regardless of the value of 𝑛. This observation makes it possible to establish 

that the value of  𝐸 can be uniquely determined if  𝜎𝑦
∗  is known, and conversely, 𝜎𝑦

∗ can be 

determined  uniquely if 𝐸 is known 

 

Fig. B.5. Approximative scaling relationship between  𝜎𝑦
∗ 𝐸⁄  and 𝐹 𝐸ℎ2⁄  [141]. 

From the analysis proposed by Cheng et al. it can be concluded that the indentation curve 

has three independent parameters: the curvature of the loading branch, the slope of the 

unloading curve at maximum load, and the ratio between the displacement and the maximum 

depth. Also by normalizing  𝜎𝑦
∗ 𝐸⁄  ,it is possible to make the relationship between 𝐹 𝐸ℎ2⁄  and 

 𝜎𝑦 𝐸⁄  independent of  𝑛. These are the fundamental bases for the creation of new methods, 

where the difference between them is the effective indenter angle, the formulation of the 

dimensionless functions, and the stress used to normalize one of the dimensionless 

functions. The next sections present the common analytical methods found in the literature. 
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Analytical methods available in the literature 

In the literature there are two types of analytical methods: the ones based on a single 

indenter geometry, and the others based on multiple indenter geometries. 

In the first case, the authors perform the analysis of the indentation curve obtained with a 

single indenter, and with the help of the dimensionless functions and finite element 

simulations, they establish the coefficients of the equations that, when resolved, produce the 

elastoplastic parameters of the material. The great disadvantage of using a single indenter 

geometry, is the risk of finding an infinite number of solutions. 

In the case of methods based on two indenter geometries, the principle is similar except that 

two values of representative stress are used to normalize two dimensionless functions, 

generating two pairs  (휀𝑟 , 𝜎𝑟) as it is illustrated in Fig. B.6. The goal behind this strategy is to 

include two points in the stress-strain curve in order to find a unique set of parameters of the 

law of the material. 

 

Fig. B.6. Representative strain 휀𝑟 linked to two indenters of different angle 휃. 

A possible disadvantage of the use of two indenters is that it is necessary to indentate at two 

different points of the material, which implies a combination of properties from two different 

points. In spite of the hypothesis of homogeneity and isotropy, in practice nanoindentation is 

a punctual test, in which the properties of the material can change from one point to another 

because of the roughness, the residual stress state or due to pre-hardening. In addition it is 

necessary to have two different indenters, which need to be exchanged, increasing the 

duration of the test. 

- Analytical methods based on single indentation geometry 

a) Dao’s method 

The method of Dao et al. [8] is based on the following hypothesis: 

- The analyzed material is a homogeneous and isotropic power law elastoplastic solid 

- The dimensionless functions were constructed from the analysis of the loading curve, 

unloading curve, the slope of the unloading curve and the ratio ℎ𝑝 ℎ𝑚𝑎𝑥⁄  

- Berkovich or Vickers indenter is used in the experiments and simulations 

- 76 combinations of the elastoplastic parameters of the material were used in the finite 

element simulations: 10 ≤ 𝐸 ≤ 210 𝐺𝑃𝑎, 30 ≤ 𝜎𝑦 ≤ 3000 𝑀𝑃𝑎, and  0 ≤ 𝑛 ≤ 0.5; with 

 𝜈 = 0.33 in all cases 

In this analysis the combined elasticity was used (Eq. (B.5)). From the dimensional analysis 

the following list of dimensionless functions is proposed.  
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Applying the Π − 𝑡ℎ𝑒𝑜𝑟𝑒𝑚 to the function 𝐹 = 𝐹(ℎ, 𝐸𝑟 , 𝜎𝑟, 𝑛) for the loading curve, the function 

Π1 is obtained 

 
𝐶

𝜎𝑟
= Π1 (

𝐸𝑟

𝜎𝑟
) (B.15) 

The slope of the unloading curve is given by the function 𝑑𝐹𝑢 𝑑ℎ⁄ = 𝑑𝐹𝑢 𝑑ℎ⁄ (ℎ, ℎ𝑚𝑎𝑥, 𝐸𝑟 , 𝜎𝑟, 𝑛), 

then applying the Π − 𝑡ℎ𝑒𝑜𝑟𝑒𝑚 

 
𝑑𝐹𝑢

𝑑ℎ
|
ℎ=ℎ𝑚𝑎𝑥

= 𝐸𝑟ℎ𝑚𝑎𝑥Π2 (
𝐸𝑟

𝜎𝑟
, 𝑛) (B.16) 

The unloading curve is expressed by the function 𝐹𝑢 = 𝐹𝑢(ℎ, ℎ𝑚𝑎𝑥 , 𝐸𝑟 , 𝜎𝑟, 𝑛), then when 𝐹𝑢 =

0, ℎ = ℎ𝑝, producing 

  
ℎ𝑝

ℎ𝑚𝑎𝑥
= Π3 (

𝜎𝑟

𝐸𝑟
, 𝑛) (B.17) 

Also from the unloading curve, but computationally derived, when 0.5 ≤ ℎ𝑝 ℎ𝑚𝑎𝑥 ≤ 0.98⁄ , Π4 

is valid and has the form 

 
𝑝𝑎𝑣𝑒

𝐸𝑟
= Π4 (

ℎ𝑝

ℎ𝑚𝑎𝑥
) (B.18) 

where 𝑝𝑎𝑣𝑒 is the average pressure in the contact zone. In the same way Π5 was obtained for 

the same interval than Π4, showing that 𝑊𝑝𝑙𝑎𝑠𝑡 𝑊𝑒𝑙𝑎𝑠𝑡 = ℎ𝑝 ℎ𝑚𝑎𝑥⁄⁄  is only valid when the ratio 

ℎ𝑝 ℎ𝑚𝑎𝑥⁄ ≈ 1 

 
𝑊𝑝𝑙𝑎𝑠𝑡

𝑊𝑡𝑜𝑡𝑎𝑙
= Π5 (

ℎ𝑝

ℎ𝑚𝑎𝑥
) (B.19) 

The last dimensionless function relates the combined elastic modulus, the projected contact 

area and the slope of the unloading curve. In this relation it is necessary to include a factor to 

obtain the correct value of the elasticity (shape factor described by Oliver and Pharr [29]) 

  Π6 =
1

𝐸𝑟√𝐴𝑝

𝑑𝐹𝑢

𝑑ℎ
|
ℎ=ℎ𝑚𝑎𝑥

= 𝑐∗ (B.20) 

In equation (B.20) 𝑐∗ is a constant derived from the large deformation elastoplastic solution, 

produced from the fitting of the function to the 76 finite element cases, where the values for 

the Berkovich indenter and Vickers indenter are 1.2370 and 1.2105 respectively. 

The coefficients of the polynomial form of the dimensionless functions are obtained by fitting 

procedure of the 76 finite element simulations. For example, with the functional form of Π1 it 

was determined that 휀𝑟 = 0.033, which is independent of 𝑛 as shown in the Fig. B.7. 

Following the notation of this document 𝐸∗ = 𝐸𝑟. This procedure reveals that the 

representative plastic strain 휀𝑟 = 0.033 is the representative strain linked to the Berkovich 

indenter. 
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Fig. B.7. Dimensionless function Π1independent of 𝑛 when 휀𝑟 = 0.033. 

The polynomial obtained in this procedure is 

 
Π1 =

𝐶

𝜎0.033
= −1.31 [𝑙𝑛 (

𝐸𝑟

𝜎0.033
)]

3

+ 13.635 [𝑙𝑛 (
𝐸𝑟

𝜎0.033
)]

2

− 30.594 [𝑙𝑛 (
𝐸𝑟

𝜎0.033
)]

+ 29.267 

(B.21) 

 

This polynomial and its coefficients are used in one of the steps of the method to extract the 

parameters of the constitutive law. The same procedure is applied to the other functions. The 

complete list of the six functions and its coefficients is found in [8]. 

From the dimensionless functions arranged in a closed form, and considering 휀𝑟 = 0.033 for 

the Berkovich indenter, it is possible to extract the material parameters solving the equations 

in the specific method presented in the Fig. B.8. 

 

Fig. B.8. Algorithm based on the Π functions used to extract the elastoplastic parameters of 
metals. 

 



 

xxxvii 
 

b) Ogasawara’s method 

In this work, Ogasawara et al. [65], propose a method of identification based on the use of 

the indentation work obtained from the loading curve 𝑊𝑡𝑜𝑡𝑎𝑙, and the slope of the unloading 

curve 𝑑𝐹 𝑑ℎ⁄ . 

The method is based on the following hypothesis: 

- Berkovich indenter is used in the experimental work and modeled as a rigid cone with 

effective tip angle 휃 = 70.3° 

- The indented material is a homogeneous and isotropic power law elastoplastic solid 

- A total of 60 simulations with combinations of 3 ≤ 𝐸 𝜎𝑟 ≤ 3300⁄ , 0 ≤ 𝑛 ≤ 0.5, 

Coulomb’s friction coefficient of 𝜇 = 0.15 for all cases, and a Poisson ratio of 𝜈 = 0.33 

also for all cases has been performed 

The analysis proposed by Ogasawara et al. includes a different definition of the 

representative strain inspired by the fact that the conical indentation is axisymmetric; they 

propose to define 휀𝑟 as the plastic strain 

 휀𝑟 ≡ 휀𝑝 = 휀 − 휀𝑒 (B.22) 

In this definition 휀 is the equi-biaxial strain, and the corresponding representative stress 𝜎𝑟 is 

given by 

 𝜎𝑟(휀𝑟) = 𝑅(2휀𝑒 + 2휀𝑟)
𝑛 (B.23) 

According to the authors, this expression has a better physical meaning and works well in a 

wide range of material properties 3 ≤ 𝐸 𝜎𝑟 ≤ 3300⁄  and 0 ≤ 𝑛 ≤ 0.5. By varying the angle 휃 of 

conical indenters and using extensive numerical analyses they found 

 휀𝑟 = 0.0319𝑐𝑜𝑡휃 (B.24) 

From this relation, the Berkovich indenter has 휀𝑟 = 0.0115. 

The dimensional analysis proposed in this work produces the dimensionless function from 

the loading branch of the nanoindentation curve 

 
𝐶

𝜎𝑟
= Π(

�̅�

𝜎𝑟
) (B.25) 

with �̅� = 𝐸/(1 − 𝜈2). 

Under the definition of indentation work, the total work, 𝑊𝑡𝑜𝑡𝑎𝑙, is the sum of the elastic work 

𝑊𝑒𝑙𝑎𝑠𝑡 and the plastic work 𝑊𝑝𝑙𝑎𝑠𝑡: 𝑊𝑡𝑜𝑡𝑎𝑙 = 𝑊𝑝𝑙𝑎𝑠𝑡 + 𝑊𝑒𝑙𝑎𝑠𝑡, 𝑊𝑡𝑜𝑡𝑎𝑙 being the integration area 

under the loading curve, and 𝑊𝑒𝑙𝑎𝑠𝑡, the integration area under the unloading curve, then 

from equation (B.25) 

 𝑊𝑡𝑜𝑡𝑎𝑙 = ∫ 𝐹𝑑ℎ
ℎ𝑚𝑎𝑥

0

= ∫ 𝜎𝑟Π(
�̅�

𝜎𝑟
)ℎ2𝑑ℎ

ℎ𝑚𝑎𝑥

0

= 𝜎𝑟ℎ𝑚𝑎𝑥
3 Π1 (

�̅�

𝜎𝑟
) (B.26) 

Applying the fitting to the finite element simulations the polynomial form is obtained 

 Π1 =
𝑊𝑡𝑜𝑡𝑎𝑙

ℎ𝑚𝑎𝑥
3 𝜎0.0115

= −0.20821𝜉3 + 2.6502𝜉2 − 3.7040𝜉 + 2.7725 (B.27) 
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with 𝜉 = 𝑙𝑛(�̅� 𝜎0.0115⁄ ). That is the first dimensionless function used in the method. Then, they 

normalized the contact stiffness with the maximum depth and �̅�, and fitting with the results of 

the finite element simulations 

 Π2 =
𝑆

2ℎ𝑚𝑎𝑥�̅�
= 𝐴𝜉3 + 𝐵𝜉2 + 𝐶𝜉 + 𝐷 (B.28) 

where 𝐴 = −0.04783𝑛2 + 0.04667𝑛 − 0.01906, 𝐵 = 0.6455𝑛2 − 0.6325𝑛 + 0.2239, 𝐶 =

−2.298𝑛2 + 2.025𝑛 − 0.4512 and 𝐷 = 2.050𝑛2 − 1.502𝑛 + 2.109.  

Finally is possible to determinate the elastic limit by solving 

 𝜎𝑟 = 𝜎𝑦 (
𝐸

𝜎𝑦
)

𝑛

(2휀𝑒 + 2휀𝑟)
𝑛 (B.29) 

The method of Ogasawara is relatively short because it is composed only by three equations, 

however is necessary to know 𝐸 of the material before to apply the method. That can be 

achieved using the method of Oliver and Pharr [1]. 

c) Giannakopoulos’s method  

In 1999 Giannakopoulos and Suresh [10] released a work in which they presented a general 

theoretical framework for instrumented sharp indentation and outlined a method which 

enables the determination of the elastic and plastic properties of the indented material. 

The hypotheses used in this method are: 

- The indenter used is sharp with an equivalent angle 휃 

- For a given sharp indenter, the expression relating the true contact area and the 

indentation depth is known a priori  

- For a given indenter with a given effective tip angle 휃, the average contact pressure 

is independent of the indentation load or the true contact area, and depends only 

on the angle 휃 of the indenter 

- The tip radius of the sharp indenter, 𝑅𝑠𝑖, has a negligible effect on the indentation 

curve when the indentation depth reaches ℎ > 𝑅𝑠𝑖 40⁄   

- Adhesion and friction between the indenter and the tested surface have small 

effects on the hardness and on the indentation curve, therefore both are negligible 

- The representative strain is fixed 휀0.29 

Following the analysis proposed by the authors, the curvature 𝐶 of the loading indentation 

curve can be expressed by the relation: 

 𝐶 =
𝑃

ℎ2
= 𝑀1𝜎0.29 {1 +

𝜎𝑦

𝜎0.29
} {𝑀2 + 𝑙𝑛 (

𝐸𝑟

𝜎𝑦
)} , 𝑓𝑜𝑟 0.5 ≤

𝑝𝑎𝑣𝑒

𝜎𝑦
≤ 3.0 (B.30) 

where the 𝑝𝑎𝑣𝑒 is the average pressure in the contact, the constants 𝑀1 = 6.618 and 

𝑀2 = −0.875 for the Berkovich indenter, and 𝑀1 = 7.143 and 𝑀2 = −1 for the Vickers 

indenter.  

Using three-dimensional finite element simulations, taking into account the effects of pile-up 

and sinking in on the true contact area, the authors derived a relationship between ℎ𝑚𝑎𝑥  

and 𝐴𝑝: 
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𝐴𝑝

ℎ𝑚𝑎𝑥
2 = 9.96 − 12.64(1 − 𝑆) + 105.42(1 − 𝑆)2 − 229.57(1 − 𝑆)3

+ 157.67(1 − 𝑆)4 

(B.31) 

  where 𝑆 = 𝑝𝑎𝑣𝑒 𝐸𝑟⁄ . From the ratio between the remnant depth and the maximum depth 

ℎ𝑝 ℎ𝑚𝑎𝑥⁄  the relation can be constructed 

 
𝜎0.29 − 𝜎𝑦

0.29𝐸𝑟
= 1 − 0.142

ℎ𝑝

ℎ𝑚𝑎𝑥
− 0.957(

ℎ𝑝

ℎ𝑚𝑎𝑥
)

2

 (B.32) 

In this expression two limits can be identified. The first limit is when ℎ𝑝 = 0; the right side of 

the equation is then reduced to 1, meaning that 𝐸𝑟 = (𝜎0.29 − 𝜎𝑦)/0.29 for a linear elastic 

response. The second limit is given when ℎ𝑝 = ℎ𝑚𝑎𝑥 ; the right side then reduces to zero, 

denoting a rigid-perfectly plastic material, therefore indicating no strain hardening in such 

response.  

The finite element simulations used in this work also reveal that 

 
ℎ𝑝

ℎ𝑚𝑎𝑥
= 1 − 𝑑∗

𝑝𝑎𝑣𝑒

𝐸𝑟
= 1 − 𝑑∗𝑆 (B.33) 

where 𝑑∗ = 4.678 for the Berkovich indenter, and 𝑑∗ = 5 for a Vickers indenter. According to 

the authors, the combination of the Eqs. (B.31) and (B.33) provides a unique relationship 

between 𝐴𝑝 and ℎ𝑚𝑎𝑥, then the true contact area can be calculated without any observation 

of the residual imprint, and independently of the presence of a pile-up or sinking-in. 

On the other hand, they argue that the measure of ℎ𝑝 could be modified by the experimental 

conditions, as the roughness. Then they demonstrate a direct equivalence between the 

plastic energy and the remnant depth ℎ𝑝. 

Given the total indentation work 𝑊𝑡𝑜𝑡𝑎𝑙 by 

 𝑊𝑡𝑜𝑡𝑎𝑙 = ∫ 𝐹(ℎ)𝑑ℎ = ∫ 𝐶ℎ2𝑑ℎ
ℎ𝑚𝑎𝑥

0

ℎ𝑚𝑎𝑥

0

=
𝐶ℎ𝑚𝑎𝑥

3

3
=

𝐹𝑚𝑎𝑥ℎ𝑚𝑎𝑥

3
=

𝐹𝑚𝑎𝑥
1.5

3√𝐶
 (B.34) 

assuming that 𝐹 = 𝐶ℎ2 for the sharp indenter. Decomposing the total indentation work in the 

plastic and elastic parts 𝑊𝑡𝑜𝑡𝑎𝑙 = 𝑊𝑝𝑙𝑎𝑠𝑡 + 𝑊𝑒𝑙𝑎𝑠𝑡 

 
𝑊𝑒𝑙𝑎𝑠𝑡

𝑊𝑡𝑜𝑡𝑎𝑙
= 1 −

𝑊𝑝𝑙𝑎𝑠𝑡

𝑊𝑒𝑙𝑎𝑠𝑡
= 1 −

ℎ𝑝

ℎ𝑚𝑎𝑥
= 𝑑∗

𝑝𝑎𝑣𝑒

𝐸𝑟
= 𝑑∗𝑆 (B.35) 

This formulation is important because produce accurately the ℎ𝑝, and as the ℎ𝑚𝑎𝑥  can be 

obtained accurately from the indentation curve, the dimensionless ratio ℎ𝑝 ℎ𝑚𝑎𝑥⁄  is obtained 

with high precision. 

Finally the methodology proposed by Giannakopoulos et al. is presented in the Fig. B.9. 
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Fig. B.9. Algorithm proposed by Giannakopoulos used to extract the elastoplastic parameters 
of a given solid. 

- Analytical methods based on multiple indenter geometries 

As stated before, the use of a single homothetic indenter to extract the elastoplastic 

properties of an isotropic homogeneous solid depends on a definition of the representative 

stress linked to the angle 휃 of the selected indenter.  

All power laws crossing the point formed by the representative stress-strain produce the 

same indentation loading curve. That means that the use of a single indenter could lead to 

an infinite number of set of parameters for the same indentation response.  

To prevent this problem, some authors propose the use of two indenters with different 

effective angle, to get two points in the strain-stress curve, producing a single set of 

parameters for a given pair of indentation responses.     

a) Bucaille’s method 

The first presented method based on the use of several indenter geometries, is the method 

proposed by Bucaille et al. [48]. As stated by the authors, this work is an extension of the 

work proposed by Dao et al. This method has the advantage of being able to use two 

common commercial pyramidal indenters: the Berkovich and the cube corner.  

The hypotheses used by this method are the following: 
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- The indenters used in the experiments have the following angles: 휃 =

70.3, 60, 50,42.3, where the 휃 = 70.3 corresponds to an equivalent Berkovich indenter, 

and the 휃 = 42.3 corresponds to an equivalent cube corner indenter 

- The elastoplastic response is described by the elastic modulus 𝐸, the elastic limit 𝜎𝑦 

and the strain hardening exponent 𝑛 

- 24 finite element cases with 10 ≤ 𝐸 ≤ 210 𝐺𝑃𝑎, 30 ≤ 𝜎𝑦 ≤ 2000 𝑀𝑃𝑎 and 0 ≤ 𝑛 ≤ 0.5 

are simulated 

- An axisymmetric finite element model with a rigid indenter is used, with a maximum 

depth of 15 𝜇𝑚 where at least 20 nodes are in contact 

- The contact between the indenter and the specimen is considered frictionless  

- For all the finite simulations, the Poisson’s ratio is fixed 𝜈 = 0.3  

As the indenters used in the finite element model were homothetic, they report that the law of 

Kick 𝐹 = 𝐶ℎ2 reproduced correctly the loading curve with an exponent 2 in all cases. Then 

the dimensionless function 

 
𝐶

𝜎𝑟
= Π1 (

𝐸𝑟

𝜎𝑟
, 𝑛) (B.36) 

was used to construct the polynomial form of Π1 with the help of the finite element simulation 

for the indenters 휃 = 60°, 50°, 42.3°. The representative strains linked to each indenter 

identified using Π1 are: 휀𝑟 = 0.033 for an angle 휃 = 70.3°, 휀𝑟 = 0.0537 for an angle 휃 = 60°, 

휀𝑟 = 0.082 for an angle 휃 = 50° and 휀𝑟 = 0.126 for an angle 휃 = 42.3°. From this piece of 

information they found that the representative strain increases as the angle 휃 decreases, 

following the rule 

 휀𝑟 = 0.105𝑐𝑜𝑡휃 (B.37) 

With this information Bucaille et al. complemented the method of Dao as depicted in the Fig. 

B.10. In this method they fixed the Berkovich indenter and combine it with the other 

indenters, which have an angle 휃 inferior. 

An inherent characteristic of this method is that the elastic properties of both indenters used 

in the experiments must be the same. This can be seen in the second system of equations in 

the Fig. B.10, where 𝐸𝑟 is shared by the two expressions for the loading curve. If 𝐸𝑟 is not the 

same for both indenters, then this system of equations has no solution.    
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Fig. B.10. Algorithm of Bucaille using dual indenters to determine the elastoplastic properties 
of a solid. 

b) Gao’s method  

The model proposed by Gao et al. [9] is different from those presented previously. In this 

work the authors chose another approach, the Expanding Cavity Model (ECM) proposed by 

Johnson [63]. In this formulation it is no longer the experimental indentation curve that is 

studied; instead the state of stress and strain in the material around the indented point is 

used. Using this method, from the hardness, the modulus of elasticity and the angle of the 

indenter, the elastic limit and the strain hardening exponent are determined. 

This method is based on the following hypotheses: 

- Two indenters are used: a cone of effective angle 휃 and a sphere of radius 𝑅 

- The indented material is a linear hardening isotropic solid, or an exponential 

hardening isotropic solid 

To implement the method of Gao, information about the spherical indentation and the conical 

indentation is needed. In the case of the conical indentation the maximum force 𝐹max _𝑐, the 

projected contact area 𝐴𝑝_𝑐, and the angle of the effective cone 휃 must be provided. For the 

spherical indenter the maximum indentation force 𝐹max _𝑠, the projected contact area 𝐴𝑝_𝑠, the 

radius of the spherical indenter 𝑅, and the contact radius 𝑎 are needed. 

The steps needed to determine the parameters using the method of Gao are listed in the Fig. 

B.11. This method has the advantage of producing in only two steps the parameters of the 

constitutive law. However it is necessary to know the elasticity of the indented material, 

which can be done from the indentation data through a method like the Oliver and Pharr [1].  
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The inconvenient is that the projected contact area of both indenters must be known before 

applying the method, which can be a problem when working in the nanoindentation due to 

the presence of pile-up or sinking-in.  

 

Fig. B.11. Algorithm of Gao based on the conical and spherical indentation. 
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Appendix C: optimization algorithms 
Before to present the optimization algorithms used to assess the constitutive parameters 

through nanoindentation test, a brief introduction to the single-objective and the multi-

objective optimization is presented below. 

The single-objective optimization problem 

A single-objective optimization problem is defined as the minimization or maximization of a 

scalar objective function 𝑓(𝑥), subjected to inequality constraints 𝑔𝑖(𝑥) ≤ 0, 𝑖 = 1,… ,𝑚, and 

equality constraints ℎ𝑗(𝑥) = 0, 𝑗 = 1,… , 𝑝, where 𝑥 is a n-dimensional vector of design 

parameters from some universe Ω. Ω contains all possible 𝑥 that can be evaluated in 𝑓(𝑥) 

and its constraints. Also the problem can be subjected to parameter bounds, 𝑥𝑙 for the lower 

bound and 𝑥𝑢 for the upper bound. 

Then, a general single-optimization problem can be stated as: 

 

min
𝑥

𝑓(𝑥) 

𝑆𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 
𝑔𝑖(𝑥) ≤ 0, 𝑖 = 1,… ,𝑚 
ℎ𝑗(𝑥) = 0, 𝑗 = 1,… , 𝑝 

(C.1) 

If the objective function and the constraints are linear functions of the design variables, the 

problem is known as a linear programming problem. In quadratic programming problems, a 

quadratic objective function is linearly constrained. Nonlinear programming is a kind of 

problem where the objective function and constraints can be nonlinear functions of the 

design variables. 

When an objective function is minimized or maximized, the goal is to found a minimum (or 

maximum) of such function. However the objective function can have more than one 

minimum (or maximum), i.e. can have local minima or (maxima) and global minima (or 

maxima). 

The minima and maxima of a given function are the largest and smallest values of the 

function, within an interval (local) or on the entire domain of the function (global). An example 

of an objective function having one local minimum (and maximum), and one global minimum 

(and maximum) is shown in Fig. C.1.   

The method for finding the global minimum of any function is referred in the literature as 

Global Optimization. In general the global minimum of a single-objective problem is: 

Given a function 𝑓:Ω ⊆ ℝ𝑛 → 𝑅, Ω ≠ ∅, 𝑓𝑜𝑟 𝑥 ∈ Ω the value 𝑓∗ ≜ 𝑓(𝑥∗) > −∞ is called a 

global minimum if and only if ∀𝑥 ∈ Ω: 𝑓(𝑥∗) ≤ 𝑓(𝑥). 

Where 𝑥∗ is by definition the global minimum solution, 𝑓 is the objective function and the set 

Ω is the feasible region of 𝑥. 
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Fig. C.1. Objective function exhibiting a local minimum and a global minimum. 

The multi-objective optimization problem 

The solution of Multi-objective optimization problems involves the minimization or 

maximization of a set of objective functions. In multi-objective optimization the problem has a 

number of constraints that must be satisfied by any feasible solution.  

The general form of a multi-objective problem is 

 

𝑓𝑚(𝑥),𝑚 = 1,2, . . , 𝑚 
𝑆𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 
𝑔𝑗(𝑥) ≥ 0, 𝑗 = 1,2,… , 𝑗 

ℎ𝑘(𝑥) = 0, 𝑘 = 1,2,… , 𝑘 
𝑥𝑖

𝑙 ≤ 𝑥𝑖 ≤ 𝑥𝑖
𝑢, 𝑖 = 1,2, . . , 𝑛  

(C.2) 

Where solution of the problem is a vector 𝑥 of 𝑛 parameters 𝑥 = [𝑥1, 𝑥2, … , 𝑥𝑛]𝑇. The last set 

of constraints in equation (C.2) denotes the parameter bounds. These bounds constitute the 

decision space. If any solution 𝑥 satisfies all constraints and variable bounds, it is known as a 

feasible solution. The set of all feasible solutions is called the feasible region.   

Because 𝑓𝑚(𝑥) is a vector, if each of the components of 𝑓𝑚(𝑥) are competing, there is no 

unique solution to this problem. Instead, the concept of Pareto optimality (or noninferiority) 

must be used to characterize the objectives. A noninferior solution is one in which the 

improvement in one objective requires a degradation of another. To define this concept, 

consider a feasible region Ω in the parameter space. 𝑥 is an element of the n-dimensional 

real numbers 𝑥 ∈ ℝ𝑛 that satisfies all the constraints, i.e. Ω = {𝑥 ∈ ℝ𝑛} subjected to the 

constraints defined in (C.2). 

This allows the definition of the corresponding feasible region for the objective function space 

Δ, where Δ = {𝑦 ∈ ℝ𝑚: 𝑦 = 𝑓(𝑥), 𝑥 ∈ Ω}. The vector 𝑓(𝑥) maps the parameter space into the 

objective function space, as illustrated in the Fig. C.2in two dimensions.  

 

Fig. C.2. Mapping from the parameter space into the objective function space on a multi-
objective problem. 
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Then, the definition of a noninferior solution point is that: the point 𝑥∗ ∈ Ω is a noninferior 

solution if for some neighborhood of 𝑥∗ there does not exist a 𝜌𝑥 such that (𝑥∗ + 𝜌𝑥) ∈ Ω and 

 
𝑓𝑖(𝑥

∗ + 𝜌𝑥) ≤ 𝑓𝑖(𝑥
∗), 𝑖 = 1,2,… ,𝑚 ; 𝑎𝑛𝑑 

𝑓𝑗(𝑥
∗ + 𝜌𝑥) < 𝑓𝑗(𝑥

∗) 𝑓𝑜𝑟 𝑎𝑡 𝑙𝑒𝑎𝑠𝑡 𝑜𝑛𝑒 𝑗 
(C.3) 

In the representation of the objective function space shown in the Fig. C.2, the set of 

noninferior solutions lies on the curve between the points 𝐴 and 𝐷, as illustrated in the Fig. 

C.3. 

 

Fig. C.3. Set of noninferior solution in the objective function space. 

In Fig. C.3, B and C are noninferior solution points because an improvement in one objective 

𝑓1 requires the degradation of the objective 𝑓2 i.e. 𝑓1𝐶 > 𝑓1𝐵 and 𝑓2𝐶 < 𝑓2𝐵.  

Noninferior solutions are also called Pareto optima, then, in multi-objective optimization the 

aim is to construct the Pareto optima. 

The Levenberg-Marquardt algorithm 

The main application of the Levenberg-Marquardt algorithm [142, 143] is the solution of 

least-squares problems of nonlinear parameters. The characteristics of this method are: 

- It solves only unconstrained optimization problems 

- It solves undetermined systems 

- Can solve complex-valued problems 

- Can solve integer-valued problems  

To implement the algorithm of Levenberg-Marquardt, some pieces of information are 

needed. These pieces are explained below. 

The least-squares problems are problems where the objective function has a form of 

summation of the squares of differences. In this kind of problems the objective is to adjust 

the parameters of a model function to best fit the experimental data set. If (𝑥𝑖, 𝑦𝑖), 𝑖 =

1, 2, … , 𝑛, is an experimental data set with 𝑥𝑖 as the independent variable, then the model 

function has the form 𝑓(𝑥, 𝛽), where 𝛽 is the vector containing the adjustable parameters.  

The measure of how well the model fits the experimental data is measured through a 

residual 𝑟, defined as the difference between the current value of the experimental 

dependent variable and the value predicted by the model 

 𝑟𝑖 = 𝑦𝑖 − 𝑓(𝑥𝑖, 𝛽) (C.4) 
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Now the least-squares problem can be stated as a problem where the objective function has 

the form 

 𝑓(𝑥) =
1

2
∑𝑟𝑖

2

𝑛

𝑖=1

 (C.5) 

All the individual components of the objective function (C.5) can be collected on a single 

residual vector 𝑅 as follows 

 𝑅(𝑥) = [𝑟1(𝑥1), 𝑟2(𝑥2),… 𝑟𝑛(𝑥𝑛)]𝑇 (C.6) 

Then, the derivatives of the objective function can be expressed with the Jacobian matrix 𝐽 

 𝐽 =
𝜕𝑅

𝜕𝑥
=

[
 
 
 
 
 
 
𝜕𝑟1
𝜕𝑥1

𝜕𝑟1
𝜕𝑥2

…
𝜕𝑟1
𝜕𝑥𝑛

𝜕𝑟2
𝜕𝑥1

𝜕𝑟2
𝜕𝑥2

…
𝜕𝑟2
𝜕𝑥𝑛… … … …

𝜕𝑟𝑛
𝜕𝑥1

𝜕𝑟𝑛
𝜕𝑥2

…
𝜕𝑟𝑛
𝜕𝑥𝑛]

 
 
 
 
 
 

 (C.7) 

 

The gradient of the function can be written in terms of 𝐽 as 

 ∇𝑓(𝑥) = ∑𝑟𝑖
𝜕𝑟𝑖
𝜕𝑥

= ∑𝑟𝑖

[
 
 
 
 
 
 
𝜕𝑟𝑖
𝜕𝑥1

𝜕𝑟𝑖
𝜕𝑥2…
𝜕𝑟𝑖
𝑥𝑛 ]

 
 
 
 
 
 

𝑛

𝑖=1

= 𝐽𝑇 ∙ 𝑅

𝑛

𝑖=1

 (C.8) 

And the Hessian matrix of second derivatives of the objective function is obtained from 

 ∇2𝑓(𝑥) = ∑
𝜕𝑟𝑖
𝜕𝑥

∙ (
𝜕𝑟𝑖
𝜕𝑥

)
𝑇

+

𝑛

𝑖=1

∑𝑟𝑖
𝜕2𝑟𝑖
𝜕𝑥2

= 𝐽(𝑥)𝑇 ∙ 𝐽(𝑥) +

𝑛

𝑖=1

∑𝑟𝑖
𝜕2𝑟𝑖
𝜕𝑥2

𝑛

𝑖=1

≈ 𝐽(𝑥)𝑇 ∙ 𝐽(𝑥) (C.9) 

Besides the 𝐽, ∇𝑓 and ∇2𝑓, the algorithm of Levenberg-Marquardt uses a damping factor 𝜆 

which is adjusted on each iteration. If the objective function decreases quickly, the value of 𝜆 

is diminished, approximating the algorithm to the algorithm of Gauss-Newton. If the objective 

function decreases slowly, then the value of 𝜆 is augmented, approximating the algorithm to 

the gradient algorithm. With all the necessary parts, the algorithm of Levenberg-Marquardt 

can be implemented as shown in the Fig. C.4.  

The stop criteria used in the Levenberg-Marquardt algorithm include: 

- The function converged to a solution. 

- Change in 𝑓(𝑥) and 𝑥 was less than specified tolerances. 

- Change in 𝑟 was less than specified tolerance. 

- Number of iterations exceeded. 

- Output function terminated the algorithm. 

The changes in 𝑓(𝑥) and 𝑥 are used as the function tolerance and the step tolerance, 

illustrated in the Fig. C.5. If the algorithm attempts to take a step that is smaller than ‖𝑥𝑖 −

𝑥𝑖+1‖, the step tolerance, the iterations end. The function tolerance is a lower bound on the 
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change in the value of the objective function during a step, if ‖𝑓(𝑥𝑖) − 𝑓(𝑥𝑖+1)‖ is inferior to 

the function tolerance, the iterations end. 

 

Fig. C.4. Algorithm of Levenberg-Marquardt used to solve nonlinear least-
squares problems. 

 

 

Fig. C.5. Function tolerance and step tolerance used to stop the algorithm. 

 

The algorithm used in this work was set with a step tolerance and function tolerance of 

1𝑒 − 14. Changes in 𝑟 was set with a value of 1𝑒 − 6, and the number of iterations was set as 

infinite. Also an output function was used to stop the algorithm.  
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On this output function was used as criterion the value of the correlation, 𝑅2, between the 

experimental loading curve, 𝐷𝑒𝑥𝑝, and the simulated loading curve, 𝐷𝑛𝑢𝑚, then 𝑅2 is given by 

 𝑅2 = 1 −
∑(𝐷𝑒𝑥𝑝 − 𝐷𝑛𝑢𝑚)

2

∑(𝐷𝑒𝑥𝑝 − 𝑚𝑒𝑎𝑛(𝐷𝑒𝑥𝑝))
2 (C.10) 

This expression is a measure of how well the model fits the experimental data. Values 

closest to 1 represent a better description. Then, the stop criterion based on 𝑅2 was set in 

two ways: first, if 𝑅2 = 1, the iterations end because the experimental data is fully described 

by the model. Second, if the last ten iterations contain at least 5 equal values of 𝑅2 (limited to 

four decimals), the iterations end because it can be considered that current changes in the 

parameters are not improving the solution.  

The genetic algorithm 

The creation of the genetic algorithms (GA) is based on a mimic of the natural selection, 

which is the process that drives the biological evolution [143]. The GA modifies a population 

of individual solution at each iteration. On each step individuals from the current population 

are selected to be parents, and from them the children for the next generation are created. 

Then the population evolves to the optimal solution of the problem. The GA can be used to 

solve constrained and unconstrained optimization problems, where the objective function is 

discontinuous, stochastic, nondifferentiable or nonlinear. 

In GA there is a terminology used to identify its components: 

- Fitness function: the objective function i.e. the function to be minimized.  

- Individual: any point where the fitness function can be applied. 

- Score: the value of the fitness function for an individual. 

- Population: the set of individuals. If the population has 𝑚 individuals, and the 

variables in the fitness function are 𝑛, the population is represented by a matrix of 

𝑚 × 𝑛 elements. 

- Generation: the new population generated from the current population at each step.   

- Diversity: the distance between the individuals in a population. The population has 

high diversity if the average distance is large and low diversity otherwise. Diversity is 

essential because it enables the algorithm to search a larger region of the space. 

- Fitness value:the value of the fitness function for a given individual. 

- Best fitness values: the smallest fitness values for any individual in the population. 

- Parents and children: the parents are the individuals selected to generate the 

children for the next generation. 

GA algorithms use three rules to generate the next generation from the current population: 

- Selection: the rule applied to select the parents. 

- Crossover: the rule that defines the combination of two parents to form children. 

- Mutation: a random change applied for a single parent to form a new child. 

Also the GA can include children that pass directly from the current generation to the next 

generation. These individuals are denominated Elite children. Then the three types of 

children used to create the next generation are illustrated in the Fig. C.6. 
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Fig. C.6. Creation of the children to form the next generation from the current population. 

 

- The selection rule 

The GA used in this work is a controlled elitist genetic algorithm, which always favors 

individuals with better fitness value. But also favor individuals that can help increase diversity 

of the population even if they have a bad fitness value. The algorithm uses a combination of 

rules to integrate the selection rule: the selection tournament, dominance, and the crowding 

distance. The selection tournament is used to define who will be the parents to form the next 

generation. The dominance and the crowding distance are used to eliminate the weak 

individuals and preserve the size of the population in an extended population i.e. a 

population combining the current population and the children.  

a) Tournament selection 

The selection process starts with a tournament selection. This method of selection consists 

of running several tournaments among some individuals extracted randomly from the current 

population. Then the winner of each tournament, which is the one with the best fitness value, 

is selected. A characteristic of this rule is the selection pressure. The selection pressure is 

adjusted by the size of the tournament e.g. the number of individuals in the tournament. Then 

if the size of the tournament is large, the probability of a weak individual to be eliminated by a 

strong individual is high; therefore there is a high pressure in the selection process.  

b) Dominance 

A point 𝑥 dominates a point 𝑦 for a vector-valued objective function 𝑓 when 

 {
𝑓𝑖(𝑥) ≤ 𝑓𝑖(𝑦) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖

𝑓𝑗(𝑥) ≤ 𝑓𝑗(𝑦) 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑗
 (C.11) 

under this definition 𝑥 dominates 𝑦 when 𝑦 is inferior to 𝑥. A nondominated set among a set 

of points 𝑀 is the set of points 𝑄 in 𝑀 that are not dominated by any point in 𝑀. The 

dominance is used to determine the rank for feasible individuals. Individuals of rank 1 are not 

dominated by any other individuals. Individuals with rank 2 are dominated only by rank 1 

individuals. Then rank 𝑘 individuals are dominated only by individuals in rank 𝑘 − 1 or lower 

(Fig. C.7). The individuals having lower rank have higher chance to remain in the population.    
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Fig. C.7. Rank of individauls.  

 

c) The crowding distance  

The crowding distance is the measure of the closeness of an individual to its neighbors. This 

algorithm measures the crowding distance between individuals of the same rank. The 

distance of the extreme individuals is set as infinite. Then the individuals in the same rank 

with higher distance have a higher chance to be selected to remain in the population.  

From the crowding distance is calculated the spread. The spread is a movement of the 

Pareto set. First the algorithm calculates the standard deviation 𝜎 of the crowding distance of 

the elements in the Pareto front with finite distance. Then evaluates 𝜇, which is the sum over 

the 𝑘 objective function indices of the norm of the difference between the current minimum-

value Pareto point for that index and the minimum point for that index in the previous 

iteration. Then the spread is given by 

 𝑆𝑝𝑟𝑒𝑎𝑑 =
𝜇 + 𝜎

𝜇 + 𝑘𝜎
 (C.12) 

If the points of the Pareto front are spread evenly, 𝜎 is small. If the extreme objective function 

has small changes between iterations, 𝜇 is small. As the spread is a measure of the evolution 

of the Pareto front, it can be used as a stop condition.  

- The crossover rule 

The crossover function takes an entry (gene) from one of the parents and assigns it at the 

same position in the child. The rule of selection employed in the algorithm used in this report 

is as follows. A random binary vector is created, then the genes where the vector is a 1 from 

the first parent and the genes where the vector is 0 from the second parent are selected. For 

example, consider two parents 𝑃1, 𝑃2 to form a child 𝐶1 using the binary vector 𝐵1: 

 

𝑃1 = [𝑎 𝑏 𝑐 𝑑 𝑒] 
𝑃2 = [1 2 3 4 5] 
𝐵1 = [1 0 1 0 0] 
𝐶1 = [𝑎 2 𝑐 4 5] 

(C.13) 
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- The mutation rule 

The mutation rule introduces small random changes to an individual to create a mutation 

child. The algorithm adds a random number taken from a Gaussian distribution with mean at 

0 to each entry of the individual. The standard deviation of this distribution is controlled by 

the parameters scale and shrink. The scale is the standard deviation applied to the Gaussian 

distribution only in the first generation. Then each step uses shrink, defined at the 𝑘 

generation as: 

 𝜎𝑘 = 𝜎𝑘−1 (1 − 𝑆ℎ𝑟𝑖𝑛𝑘
𝑘

𝐺𝑒𝑛𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠
) (C.14) 

- Integration of a new generation 

Each new generation is integrated by elite children, crossover children and mutation children. 

The algorithm was configured to have a population of 20 individuals. In this population, every 

new generation has 1 elite child, 16 crossover children and 3 mutation children.  

- The stop criteria in the GA 

The GA stops when the algorithm falls in one of the next states: 

- The geometric average of the relative change in value of the spread is less than a 

given tolerance, and the final spread is less than the mean spread over a given 

number of past generations. 

- The maximum number of generations is exceeded. 

- No feasible point found. 

- Time limit exceeded. 
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Appendix D: Grain orientation 
The mechanical response of a crystal in uniaxial tension is linked to its orientation with 

respect with the loading direction. The Schimd’s law (Fig. D1), states that crystallographic 

slip is initiated when the shear stress 𝜏𝑛𝑠 on a slip plane 𝑛 in a slip direction 𝑠 reaches a 

critical value: 

 𝜏𝑛𝑠 = 𝜎𝑐𝑜𝑠𝜆𝑐𝑜𝑠𝜑  

𝜎 is the applied uniaxial stress; 𝑐𝑜𝑠𝜆 is the cosine of the angle between the tensile axis and 

the slip direction; 𝑐𝑜𝑠𝜑 is the cosine of the angle between the tensile axis and the normal to 

the slip plane. In general, the minimum yield stress is found when both the slip plane normal 

and the slip direction are oriented at 45° (soft orientation) [133].  

 

Fig. D.1. Uniaxial tensile of a crystal, illustration of the Schimd's law. 

Fig. D.2 shows a representation of an fcc grain (corresponding to 316𝐿) aligned with the 

sample reference frame. In this representation the vector 휂[111] is the normal to the 

plane (111) and has an angle 𝛾1 with respect to the axis 𝑧. In the position of the grain shown 

in the Fig. D.1, slip will occur on the (111) plane in the [01̅1] direction when the normal stress 

reaches 𝜏𝑛𝑠/𝑐𝑜𝑠𝛾𝑐𝑜𝑠𝜑, being this position where the yielding point is the smaller [133].  

To explore the mechanical response of the grain, the vectors 휂 and the angles 𝛾  presented 

in the Fig. D.1 were used to define the position of the grain with respect to the indentation 

axis 𝑧. The coordinate system in brackets corresponds to the grain reference frame, and the 

coordinate system in parenthesis corresponds to the sample reference frame. The rotation of 

the coordinate system of the grain with respect to the coordinate system of the sample 

defines the mean orientation (MO) of the grain. This rotation is given in Euler angles using 

Bunge convention (𝜙1, Φ, 𝜙2).  

Isolating a particular grain, the MO can be used to determine the intragranular 

misorientations (IM), which are small rotations with respect to the grain reference frame that 

are distributed randomly along the grain.  
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Fig. D.1. Representation of the grain orientation coincident with the sample reference frame. 

An objective of this study is to investigate the relationship between the indentation response 

and the MO of the indented grain. At the same time it could be interesting to verify if the 

dispersion found inside an indented grain is related to the IM.  The analysis of the selected 

grains was done isolating each single reference and similar grain. An example of how each 

grain was isolated is presented in the Fig. D.3, where the IM before and after 

nanoindentation is shown for the same grain. The indentation induces some degree of 

misorientation, which can be used to locate the exact position of the indents as explained 

later. The MO and the IM used in the analysis is obtained from the EBSD information before 

indentation. 

 

Fig. D.3. Example of the selection of a single grain to be analyzed: (a) grain before 

indentation and (b) same grain after indentation. 

 


